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EuqaristÐec

Me thn eukairÐa thc olokl rwshc thc diplwmatik c mou ergasÐac sto Tm ma Mhqanik¸n Oiko-
nomÐac kai DioÐkhshc, ja  jela na ekfr�sw tic jermèc mou euqaristÐec proc ton epiblèponta
kajhght  mou k. Mpalt� Iw�nnh gia thn suneq  kajod ghs  tou se ì,ti qrei�sthka kat� thn
ekpìnhsh thc paroÔsac diplwmatik c ergasÐac. EpÐshc ofeÐlw na euqarist sw jerm� kai touc
kajhghtèc tou tm matoc, k. BasileÐou Eu�ggelo kai k. KoÔtra BasÐleio oi opoÐoi dèqjhkan na
summet�sqoun sthn trimel  epitrop  axiolìghshc thc ergasÐac mou, all� kai gia tic gn¸seic pou
mou metèdwsan kat� ta èth foÐths c mou sthn sqol . Tèloc, ja  jela na euqarist sw thn oi-
kogènei� mou kai touc fÐlouc mou gia thn polÔpleurh st rixh kai tic sumboulèc pou mou pareÐqan
kat� thn di�rkeia olokl rwshc thc ergasÐac.
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PerÐlhyh

'Ena dikaÐwma proaÐreshc eÐnai ènac tÐtloc (èna qrhmatooikonomikì par�gwgo proðìn) metaxÔ dÔo
antisumballomènwn, tou pwlht  kai tou agorast  tou dikai¸matoc, pou problèpei thn agora-
pwlhsÐa enìc upokeÐmenou tÐtlou/agajoÔ se mia prokajorismènh mellontik  tim  kai stigm  sto
mèllon. To basikì qarakthristikì tou dikai¸matoc eÐnai pwc o agorast c apokt¸ntac ton tÐtlo
autì sthn katoq  tou, apokt� to dikaÐwma ex�skhshc (dhlad  agorapwlhsÐac tou upokeÐmenou
tÐtlou/agajoÔ), se antÐjesh me ton pwlht  pou se perÐptwsh ex�skhshc eÐnai upoqrewmènoc na
thr sei ta sumfwnhjènta. Miac kai o agorast c brÐsketai thn stigm  sÔnayhc thc sÔmbashc
aut c se pleonektik  jèsh, gia na l�bei ton tÐtlo autì sthn katoq  tou ja prèpei na katab�lei
èna antÐtimo, gnwstì kai wc asf�listro   tim  tou dikai¸matoc.

'Enac apì touc pio gnwstoÔc kai eurèwc efarmosmènouc trìpouc ektÐmhshc thc tim c aut c,
eÐnai me ta legìmena dèndra timolìghshc: (a) to diwnumikì montèlo timolìghshc, ìpwc prot�jhke
arqik¸c apì ton Sharpe to 1978 [27] kai argìtera apì touc Cox, Ross kai Rubinstein [19] to
1979, kai (b) to triwnumikì montèlo timolìghshc, ìpwc prot�jhke apì ton Boyle [16] to 1986
kai argìtera apì touc Kamrad & Ritchken [24] to 1991. To diwnumikì montèlo timolìghshc
basÐzetai se mÐa polÔ apl  upìjesh anaforik� me ton trìpo me ton opoÐo exellÐsetai ston qrì-
no h tim  enìc upokeÐmenou agajoÔ (èstw metoq ) p�nw sto opoÐo eÐnai grammèno to dikaÐwma.
Ousiastik� aut  h upìjesh mac lèei pwc thn epìmenh qronik  stigm  h tim  thc metoq c mporeÐ
na p�rei dÔo mìno timèc, mia anodik  kai mia kajodik . To triwnumikì montèlo timolìghshc eÐnai
mia �mesh epèktash tou diwnumikoÔ montèlou, ìpou prostèjhke mÐa akìmh kat�stash (ìti thn
epìmenh qronik  stigm  h metoq  ja meÐnei amet�blhth). Par� to aplì tou qarakt ra touc, ta
upodeÐgmata aut� mporoÔn na epektajoÔn se pollèc qronikèc periìdouc, sqhmatÐzontac ètsi ènan
orÐzonta me perissìtera pijan� sen�ria gia thn telik  tim  tou upokeÐmenou tÐtlou (katast�seic
thc oikonomÐac), dÐnontac me ton trìpo autì perissìtero realistik� apotelèsmata. AxÐzei na
shmeiwjeÐ pwc mèqri kai s mera h timolìghsh dikaiwm�twn proaÐreshc tìso EurwpaðkoÔ (ex�skh-
sh mìno sthn l xh) kai Amerik�nikou (ex�skhsh opoted pote mèqri kai thn l xh) tÔpou, gÐnetai
apotelesmatik� me ta upodeÐgmata aut�. Qarakthristikì eÐnai pwc sto Qrhmatist rio Parag¸-
gwn Ajhn¸n, ta dikai¸mata AmerikanikoÔ tÔpou timologoÔntai me thn bo jeia tou diwnumikoÔ
upodeigmatoc timolìghshc.

Ta montèla timolìghshc pou perigr�yame parap�nw leitourgoÔn polÔ apl� kai apotelesma-
tik�, ìtan to dikaÐwma eÐnai grammmèno se ènan mìno tÐtlo. Sto shmeÐo autì ìmwc genn�tai to
er¸thma: Ti sumbaÐnei an to dikaÐwma to opoÐo jèloume na timolog soume eÐnai grammèno se para-
p�nw apì mia metoqèc. To er¸thma autì den eÐnai tìso �meso an apanthjeÐ kaj¸c apaiteÐtai mia
ìqi tìso profan c epèktash twn parap�nw upodeigm�twn. H paroÔsa ergasÐa èqei wc stìqo thn
melèth tou probl matoc autoÔ, gia thn perÐptwsh Eurwpaðk¸n kurÐwc dikaiwm�twn proaÐreshc,
ta opoÐa eÐnai grammèna p�nw se dÔo metoqèc oi apodìseic twn opoÐwn emfanÐzoun metaxÔ touc
susqètish. Pio sugkekrimèna sthn paroÔsa ergasÐa ja asqolhjoÔme me tic ex c arijmhtikèc
mejìdouc apotÐmhshc dikaiwm�twn proaÐreshc:

• Diwnumik� dèndra grammèna se mÐa metoq .

• Triwnumik� dèndra grammèna se mÐa metoq .
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• Diwnumik� dèndra grammèna se dÔo metoqèc.

• Triwnumik� dèndra grammèna se dÔo metoqèc.

Ta upodeÐgmata aut� ja ta exet�soume tìso jewrhtik� ìso kai arijmhtik� (melet¸ntac thn euai-
sjhsÐa touc wc proc tic di�forec upokeÐmenec paramètrouc), me stìqo na d¸soume mia oloklhrw-
mènh eikìna sto prìblhma pou melet�me.

H dom  thc ergasÐac aut c èqei wc ex c. Katarq�c, sthn pr¸th enìthta, pou eÐnai eisagwgik ,
ja k�noume mia mikr  eisagwg  sto ti eÐnai ta par�gwga qrhmatooikonomik� proðìnta, ja doÔme
tic kÔriec kathgorÐec aut¸n, ja mil soume gia ta dikai¸mata proaÐreshc (me twn opoÐwn thn
timolìghsh èqei na k�nei h ergasÐa) kai ta basik� touc qarakthristik�. Ja doÔme touc tÔpouc
twn dikaiwm�twn aut¸n kai k�poiec epiplèon kathgorÐec ektìc twn Eurwpaik¸n kai Amerik�nikwn.
EpÐshc ja mil soume gia tic jèseic ìpou k�poioc mporeÐ na l�bei sta dikai¸mata proaÐreshc kai
thn pijan  apìdosh pou ja èqei. Apì kei kai pèra, h ergasÐa apoteleÐtai apì dÔo mèrh. Sto
pr¸to mèroc exet�zoume to prìblhma timolìghshc dikaiwm�twn pou eÐnai grammèna p�nw se mÐa
metoq  me b�sh to diwnumikì kai to triwnumikì upìdeigma timolìghshc. Pio sugkekrimèna, sto
deÔtero kef�laio k�noume mÐa eisagwg  sto diwnumikì montèlo timolìghshc (sÔmfwna me touc
Cox, Ross & Rubinstein [19]) kai sto trÐto exet�zoume to triwnumikì montèlo timolìghshc (to
gnwstì upìdeigma twn Kamrad & Ritchken [24]) wc mÐa �mesh epèktash tou diwnumikoÔ montèlou.
To pr¸to mèroc kleÐnei me mÐa stoiqei¸dh arijmhtik  melèth thc sumperifor�c twn upodeigm�twn
aut¸n wc proc thn metabol  twn paramètrwn touc. To deÔtero mèroc epikentr¸netai apokleistik�
sthn perÐptwsh timolìghshc Eurwpaðk¸n dikaiwm�twn pou eÐnai grammèna se parap�nw apì mÐa
metoqèc (sugkekrimèna exet�zoume thn perÐptwsh dÔo metoq¸n). To deÔtero mèroc den eÐnai
tÐpota �llo par� mÐa �mesh epèktash twn upodeigm�twn pou parousi�sthkan sto pr¸to mèroc
thc ergasÐac. Sugkekrimèna, sto pèmpto kef�laio ja parousi�soume thn epèktash tou diwnumikoÔ
upodeÐgmatoc grammèno se dÔo metoqèc (to upìdeigma twn Boyle, Evnine, Gibbs [13]). Katìpin,
sto èkto kef�laio, ja parousi�soume thn epèktash tou triwnumikoÔ upodeÐgmatoc grammèno se
dÔo metoqèc (to upìdeigma twn Kamrad & Ritchken [24]). 'Opwc kai sto pr¸to mèroc, ètsi
kai ed¸ kleÐnoume me thn arijmhtik  melèth thc sumperifor�c twn dÔo aut¸n upodeigm�twn. H
paroÔsa ergasÐa oloklhr¸netai me thn sugkentrwtik  parousÐash twn sumperasm�twn kai thn
parousÐash twn programm�twn (se perib�llon Matlab) gia ta kef�laia tèssera kai ept�.

H paroÔsa ergasÐa eÐnai grammènh sto LaTeX.

x



Summary

An option, is a financial title (financial product) between two parties, the buyer of the option
and the seller of the option, in order to buy or sell an underlying asset in a specific time and
price in the future. The basic characteristic of an option is that the holder of the option has the
right to exercise (that is, the right to buy or sell the underlying asset), in contrast to the seller
(writer of the option), who, in case of exercise, she is obliged to follow the agreement. Since
the holder of the option, at the beginning of this agreement, is in an advantageous position, in
order to possess this title, must pay to the seller of the option a compensation fee, known as
the premium (or option price).

One of the most known and widely applied ways of estimating the option price, is by following
the so-called lattice methods: (a) The binomial pricing model, as introduced by Sharpe [27]
in 1978 and further developed by Cox, Ross & Rubinstein [19], in 1979, and (b) the trinomial
pricing model, as introduced by Boyle [16] in 1986, and further developed by Kamrad & Ritchken
[24] in 1991. The binomial option pricing model is based on a very simple assumption, regarding
the way in which the price of the underlying asset (on which the option is written), evolves in
time. Substantially, this dictates that the underlying stock, can move in two distinct ways
in the future, namely, to move upwards or downwards. The trinomial option pricing model
is a direct extension of the binomial option pricing model by considering one more potential
future movement of the underlying stock (the stock price does not change). Despite their simple
structure, these models can be extended to include more than one time possible scenarios for
the final price of the underlying asset (i.e., different states of the economy), provinding this way
more realistic results. At this point, it is worth to mention that until today the pricing of the
European options (exercise at expiry time) and American type options (exercise whenever until
the expiry time) is efficiently carried out with these models. Furthermore, it has to be stated
that American option pricing in the Athens Derivatives Exchange, is carried out by resorting
to the binomial option pricing model.

When the option is written only on one underlying asset, the above mentioned pricing
models, work in a simple and effective way. However, at this point an interesting question
arises, concerning the pricing of options written on more than one underlying assets. This
in not a simple question, as it demands the extension (not in an obvious way) of the above
models. This thesis aims to answer this question in the case of European options written on
two correlated stocks. More specifically, we will work with the following numerical methods of
options pricing:

• Binomial trees written in one stock.

• Trinomial trees written in one stock.

• Binomial trees written in two stocks.

• Trinomial trees written in two stocks.

These option pricing model will be examined from both theoretical and numerical (by examining
the sensitivity of the option price to the change of the underlying parameters) point of view, in
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order to provide a complete answer to the above problem.
An outline of the present thesis, is as follows: First of all, in the first section, we will make a

brief introduction to financial derivative products, their main categories, and focus on options
(as the pricing of this kind of derivatives is the main subject of the present work) and their
basic characteristics. We will present the main option types and some additional categories
other than European and American options. Finally, we will briefly discuss about the positions
that someone can take in the options market and the possible payoff from this position. This
thesis consists of two parts. The first part is concerned with the problem of option pricing
for options written on one underlying stock, based on the binomial and trinomial models. To
be more precise, in Chapter two, we make a brief introduction to the binomial option pricing
model (according to Cox, Ross & Rubinstein [19]), and in the third chapter, we present the
trinomial option pricing model (according to Kamrad & Ritchken [24]), as a direct extension
of the binomial option pricing model. The first part is concluded with an simple numerical
study of the behavior of these models with respect to the underlying parameters. The second
part exclusively focus on the pricing of European options written on more than one underlying
stocks (here we consider the case of two stocks). The second part is a direct extension of the
option pricing models presented in the first part of this thesis. To be more precise, in the fifth
chapter, we will present the extension of the binomial option pricing model for options written
on two stocks (the model of Boyle, Evnine & Gibbs [13]). Then, in the sixth chapter, we will
present the extension of the trinomial option pricing model for options written on two stocks
(the model of Kamrad & Ritchken [24]). As in the first part, this part is also concluded with
the numerical study of the behavior of these two models. The thesis is conmpleted with the
presentation of the main conclusions and the codes (in Matlab) for chapters four and seven.

xii



1

Basikèc ènnoiec twn parag¸gwn

'Ena qrhmatooikonomikì par�gwgo proðìn (  par�gwgoc tÐtloc) apoteleÐ èna sumbìlaio tou opoÐ-
ou h axÐa par�getai apì thn axÐa �llwn qrhmatooikonomik¸n metablht¸n, p�nw sta opoÐa eÐnai
domhmèno (grammèno). Oi metablhtèc autèc mporeÐ na eÐnai metoqèc, sun�llagma, deÐktec, epitìkia,
emporeÔmata (ìpwc kafèc, kalampìki   bamb�ki) k.a. 'Ena par�gwgo sumbìlaio apoteleÐtai apì
dÔo antisumballìmenouc, ton agorast  kai ton pwlht  tou sumbolaÐou. O agorast c tou para-
g¸gou sumbolaÐou èqei thn upoqrèwsh (  to dikaÐwma) na exask sei to sumbìlaio pou agìrase,
en¸ o pwlht c tou sumbolaÐou èqei thn upoqrèwsh na ektelèsei touc ìrouc tou sumbolaÐou, e�n
autì exaskhjeÐ apì ton agorast . To pr¸to par�gwgo proðìn emfanÐzetai sthn arqaÐa Ell�da
kai sugkekrimèna apì to Jal  ton Mil sio, perÐpou to 600 p.Q. 'Opwc anafèrei o Aristotèlhc
sto èrgo {Politik�} (biblÐo I kef.11), o Jal c o Mil sioc  tan autìc o opoÐoc sunètaxe to
pr¸to par�gwgo sumbìlaio prin apì perÐpou 2.500 qrìnia. Autì sugkekrimèna aforoÔse thn
sugkomid  eli�c. Se antÐjesh me thn koin  gn¸mh kai me touc idiokt tec elaiotribeÐwn o Jal c
pÐsteue ìti h sodei� thc epìmenhc qroni�c ja  tan polÔ kal . Aut  bèbaia h prìbleyh phg�ze apì
tic jèseic kai tic kin seic twn �strwn, mÐa akìma epist mh sthn opoÐa o Jal c eÐqe proqwr sei
polÔ bajei�. 'Etsi, èqontac k�nei mÐa kal  prìbleyh, sÔnaye sumfwnÐa me touc idiokt tec ìlwn
twn elaiotribeÐwn thc perioq c gia thn apokleistik  diaqeÐris  touc. M�lista, autì fusik� ègine
me to an�logo kìstoc. Oi idiokt tec twn elaiotribeÐwn problèpontac mÐa kak  qroni� gia thn
sodei� thc eli�c, paraq¸rhsan ta elaiotribeÐa ston Jal  (o opoÐoc eÐqe problèyei kal  sodei�),
ènanti k�poiou antitÐmou, protim¸ntac ètsi k�poia sÐgoura qr mata t¸ra par� mÐa pijan  zhmi�.
O Jal c bèbaia b�sei sumfwnÐac, e�n den epijumoÔse, den ja èkane qr sh twn elaiotribeÐwn.
Parìla aut� h prìbleyh tou Jal  apodeÐqjhke swst  miac kai h sodei�  tan kal  telik�, me
apotèlesma na ask sei to dikaÐwma pou tou èdine to par�gwgo sumbìlaio kai na qrhsimopoi sei
ta elaiotribeÐa. Autì eÐqe wc apotèlesma na kerdÐsei polÔ perissìtera qr mata apì aut� pou
katèbale stouc idiokt tec twn elaiotribeÐwn ¸ste na tou ta paraqwr soun. AutoÐ bèbaia eisè-
praxan to antÐtimo to opoÐo ìmwc  tan polÔ mikrìtero sugkritik� me to kèrdoc pou ja eÐqan e�n
den paraqwroÔsan ta elaiotribeÐa ston Jal . Bèbaia, se antÐjeth perÐptwsh e�n h prìbleyh
tou Jal   tan lanjasmènh kai h sodei� den  tan kal , tìte ja mporoÔse na mhn ask sei th
sumfwnÐa kai me ton trìpo autì na zhmiwnìtan mìno to arqikì posì pou èdwse stouc idiokt tec
twn elaiotribeÐwn. Qrìnia met�, h pr¸th diapragm�teush parag¸gwn sumbolaÐwn se upotup¸dec
qrhmatist rio ègine th dekaetÐa tou 1630 sto Amsterdam, me thn qarakthristik  perÐptwsh thc
agorapwlhsÐac bolb¸n toulÐpac (manÐa thc toulÐpac), en¸ apì to 1973 kai èpeita leitoÔrghse
kai to pr¸to qrhmatist rio parag¸gwn sto Chicago. Sthn Ell�da h pr¸th agor� parag¸gwn
pragmatopoi jhke to 1999, met� kai th dhmiourgÐa tou QrhmatisthrÐou Parag¸gwn Ajhn¸n. Gia
perissìterec plhroforÐec anaforik� me ta par�gwga, th dom , touc trìpouc kai touc tìpouc
sunallag c touc, o endiaferìmenoc anagn¸sthc mporeÐ na diab�sei ta biblÐa twn Aggelìpoulou
[1], Lib�nh & N. Gewrgi�dh [3], Poufin� & Fl¸rou [9], Hull [22, 8] kai James [23].
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Kef�laio 1 Basikèc ènnoiec twn parag¸gwn

1.1 Par�gwga qrhmatooikonomik� proðìnta

'Ena apì ta pio shmantik� kai endiafèronta probl mata thc qrhmatooikonomik c mhqanik c a-
poteleÐ h timolìghsh parag¸gwn qrhmatooikonomik¸n proðìntwn kurÐwc lìgw thc polÔplokhc
dom c touc, all� kai tou trìpou me ton opoÐo exelÐssetai sto qrìno h tim  tou upokeÐmenou
tÐtlou p�nw ston opoÐo eÐnai grammèna. Gia na antimetwpÐsoume to prìblhma autì, eÐnai aparaÐth-
toc ènac sunduasmìc teqnik¸n tìso thc Statistik c kai twn Pijanot twn ìso kai teqnik¸n tou
programmatismoÔ.

Ti ennooÔme ìmwc lègontac par�gwgo qrhmatooikonomikì proðìn?

'Opwc eÐpame kai parap�nw, èna par�gwgo qrhmatooikonomikì proðìn eÐnai ènac qrhmatooikonomi-
kìc tÐtloc metaxÔ dÔo antisumballomènwn, tou agorast  kai tou pwlht  tou sumbolaÐou. 'Ena
tètoio sumbìlaio problèpei thn agorapwlhsÐa miac prokajorismènhc posìthtac enìc agajoÔ  
tÐtlou se mia prokajorismènh qronik  tim  kai stigm  sto mèllon. Up�rqoun tèssera basik�
eÐdh parag¸gwn sumbolaÐwn (ta opoÐa parousi�zoume parak�tw), ta projesmiak� sumbìlaia, ta
sumbìlaia mellontik c ekpl rwshc, ta sumbìlaia antallag c kai ta dikai¸mata proaÐreshc. Ta
sumbìlaia aut� diapragmateÔontai eÐte se organwmèna qrhmatist ria parag¸gwn, eÐte se exw-
qrhmatisthriakèc agorèc (Over The Counter - OTC). Stic agorèc OTC, se antÐjesh me tic
qrhmatisthriakèc agorèc, ta sumbìlaia den eÐnai tupopoihmèna (dhlad  sumbìlaia me prokajo-
rismènouc ìrouc kai qarakthristik�), all� oi ìroi touc gÐnontai antikeÐmeno diapragm�teushc
metaxÔ tou agorast  kai tou pwlht  oi opoÐoi na mporoÔn na touc prosarmìsoun me b�sh tic an�-
gkec touc. Sta organwmèna qrhmatist ria up�rqoun austhroÐ kanìnec oi opoÐoi diasfalÐzoun th
swst  t rhsh twn sunallag¸n, epikrateÐ diaf�neia kai par�llhla meÐwsh tou kindÔnou antisum-
ballomènou. Ta par�gwga sumbìlaia apoteloÔn èna polÔ shmantikì qrhmatooikonomikì ergaleÐo,
miac kai brÐskoun efarmog  eÐte gia lìgouc kerdoskopÐac, eÐte gia thn exasf�lish twn ependut¸n
ènanti twn diafìrwn qrhmatooikonomik¸n kindÔnwn stouc opoÐouc upìkeintai, afoÔ summetèqontac
stic qrhmatooikonomikèc agorèc, eÐnai ektejeimènoi sth metablhtìthta pou tic qarakthrÐzei.

1.1.1 KÔriec kathgorÐec parag¸gwn proðìntwn

Ta par�gwga qrhmatooikonomik� proðìnta diakrÐnontai se di�forec kathgorÐec, an�loga me ta
basik� qarakthristik� touc, tic upoqre¸seic twn antisumballomènwn, tou qrìnou ex�skhshc, to
qrhmatooikonomikì proðìn p�nw sto opoÐo par�gontai, klp. H pio basik  di�krish eÐnai aut  pou
ta qwrÐzei sta projesmiak� sumbìlaia, sta dikai¸mata proaÐreshc kai sto sunduasmì twn dÔo
(Gia perissìterec plhroforÐec bl. Poufin� & Fl¸ro [9]). Up�rqoun loipìn ta akìlouja basik�
eÐdh parag¸gwn:

1. Ta Sumbìlaia Mellontik c Ekpl rwshc (Future Contracts) . ApoteloÔn mÐa sumfwnÐa me-
taxÔ dÔo sumballomènwn, gia thn par�dosh miac sugkekrimènhc posìthtac agajoÔ/tÐtlou
se mÐa prokajorismènh qronik  stigm  kai tim  sto mèllon. Prìkeitai gia sumfwnÐec oi opoÐ-
ec diapragmateÔontai se organwmènec qrhmatisthriakèc agorèc kai upìkeintai se hmer sio
diakanonismì (apotÐmhsh) me b�sh thn prìsfath tim  sthn agor�. Oi ìroi twn sumbo-
laÐwn aut¸n, den kajorÐzontai apì touc antisumballìmenouc, (kaj¸c èqoun tupopoihmèna
qarakthristik�) all� apì to qrhmatist rio.

2. Ta Projesmiak� Sumbìlaia (Forward Contracts) . ApoteloÔn mÐa sumfwnÐa metaxÔ dÔo
antisumballomènwn, gia thn agorapwlhsÐa miac sugkekrimènhc posìthtac agajoÔ/tÐtlou
se mÐa prokajorismènh qronik  stigm  kai tim  sto mèllon. EÐnai sumfwnÐec oi opoÐec dia-
pragmateÔontai tìso entìc ìso kai ektìc qrhmatisthriak¸n agor¸n (OTC). 'Ena basikì
qarakthristikì twn projesmiak¸n sumbolaÐwn eÐnai pwc oi ìroi touc den eÐnai tupopohmè-
noi, ìpwc twn SumbolaÐwn Mellontik c Ekpl rwshc, all� mporoÔn na gÐnoun antikeÐmeno
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diapragm�teushc metaxÔ tou agorast  kai tou pwlht  tou sumbolaÐou b�sei twn anagk¸n
touc.

3. Ta Sumbìlaia Antallag c (Swaps). Prìkeitai gia mia sÔmbash antallag c qrhmatoro¸n
(taktik¸n plhrwm¸n) sugkekrimènhc onomastik c axÐac, metaxÔ dÔo mer¸n. Ta sumbìlaia
aut�, gÐnontai antikeÐmeno diapragm�teushc se exwqrhmatisthriakèc (OTC) . Den eÐnai tu-
popoihmèna sumbìlaia kai mporoÔn na tropopoihjoÔn kat�llhla ètsi ¸ste na kalÔyoun tic
an�gkec twn antisumballomènwn. KÔria paradeÐgmata apoteloÔn ta Interest Rate Swaps -
IRS pou problèpoun antallag  tìkwn (gia par�deigma kumainìmenou epitokÐou me plhrwmèc
stajeroÔ epitokÐou) kai ta Credit Default Swaps - CDS ta opoÐa eÐnai èna eÐdoc asf�leiac.
Sta CDS o pwlht c, analamb�nei thn upoqrèwsh na plhr¸sei ston agorast  tic ap¸leiec
pou ja uposteÐ apì èna pistwtikì gegonìc (e�n sumbeÐ), ènanti miac periodik c plhrwm c
asfalÐstrwn.

4. Ta Dikai¸mata ProaÐreshc (Options) . ApoteloÔn mia sumfwnÐa metaxÔ dÔo antisumbal-
lomènwn, gia thn agorapwlhsÐa miac sugkekrimènhc posìthtac enìc agajoÔ/tÐtlou se mÐa
prokajorismènh qronik  stigm  kai tim  sto mèllon. EÐnai mÐa sumfwnÐa, h opoÐa dÐnei
ston agorast  to dikaÐwma all� ìqi thn upoqrèwsh na agor�sei ton upokeÐmeno tÐtlo, en¸
antÐjeta o pwlht c tou dikai¸matoc analamb�nei thn upoqrèwsh na poul sei ton upokeÐ-
meno tÐtlo, efìson o agorast c apofasÐsei na exask sei to dikaÐwm� tou. Prìkeitai gia
sumfwnÐec oi opoÐec diapragmateÔontai entìc qrhmatisthriak¸n agor¸n. 'Opwc kai ta Sum-
bìlaia Mellontik c Ekpl rwshc, oi ìroi touc eÐnai tupopoihmènoi kai kajorÐzontai apì to
qrhmatist rio.

Up�rqoun k�poiec basikèc diaforèc metaxÔ twn Projesmiak¸n SumbolaÐwn kai twn Sumbo-
laÐwn Mellontik c Ekpl rwshc, oi opoÐec eÐnai oi ex c:

• Ta Sumbìlaia Mellontik c Ekpl rwshc eÐnai tupopoihmèna sumbìlaia miac kai eÐnai sumbì-
laia entìc qrhmatisthriak¸n agor¸n, en antijèsei me ta Projesmiak� Sumbìlaia twn opoÐwn
ta qarakthristik� prosarmìzontai stic an�gkec twn antisumballomènwn, afoÔ apoteloÔn
idiwtikèc sumfwnÐec.

• H agor� twn SumbolaÐwn Mellontik c Ekpl rwshc emfanÐzei megalÔterh reustìthta apì
thn agor� twn projesmiak¸n sumbolaÐwn.

• Stic qrhmatisthriakèc agorèc up�rqei austhrìterh epopteÐa (oÐkoc ekkaj�rishc) apì ì-
ti up�rqei stic exwqrhmatisthriakèc agorèc, me apotèlesma o kÐndunoc ajèthshc na eÐnai
(jewrhtik�) megalÔteroc sta Projesmiak� Sumbìlaia. Bèbaia, apì thn pagkìsmia qrhma-
topistwtik  krÐsh kai èpeita, h epopteÐa èqei auxhjeÐ kai stic OTC agorèc.

• Sta Sumbìlaia Mellontik c Ekpl rwshc o diakanonismìc twn jèsewn gÐnetai hmerhsÐwc me
thn diadikasÐa thc kajhmerin c apotÐmhshc, en¸ sta Projesmiak� Sumbìlaia o qrhmatikìc
diakanonismìc (  h par�dosh) gÐnetai sth l xh.

Mia �llh endiafèrousa di�krish èqei na k�nei me to upoqrewtikì tou qarakt ra twn par�gwgwn
qrhmatooikonomik¸n sumbolaÐwn. 'Etsi loipìn diakrÐnontai sta:

• Par�gwga projesmiak c b�shc.

• Par�gwga proairetik  b�shc.

Ta par�gwga projesmiak c b�shc eÐnai ta Projesmiak� Sumbìlaia, ta Sumbìlaia Mellontik c
Ekpl rwshc kai ta Sumbìlaia Antallag c. Ousiastik�, upoqre¸noun ton ènan antisumballìme-
no na agor�sei kai ton �llo na poul sei (me mhdenikì arqikì kìstoc sÔnayhc thc sumfwnÐac) mia
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sugkekrimènh posìthta tou upokeÐmenou agajoÔ/tÐtlou, se kajorismènh tim  kai hmeromhnÐa pa-
r�doshc. AntÐjeta, ta par�gwga proairetik c b�shc (dhlad  ta Dikai¸mata ProaÐreshc), dÐnoun
to dikaÐwma kai ìqi thn upoqrèwsh ston k�toqì touc na agor�sei   na poul sei mia kajorismènh
posìthta tou upokeimènou proðìntoc se kajorismènh tim  kai hmeromhnÐa par�doshc me to antÐ-
stoiqo ìmwc kìstoc sÔnayhc thc sumfwnÐac. Sta par�gwga projesmiak c b�shc den eÐnai dunat 
h apoq¸rhsh apì th sumfwnÐa (me exaÐresh ta sumbìlaia mellontik c ekpl rwshc), se antÐjesh
me ta par�gwga proairetik c b�shc, ìpou up�rqei dunatìthta apoq¸rhshc.

1.2 Dikai¸mata proaÐreshc

Prohgoumènwc anafèrame tic shmantikìterec kathgorÐec par�gwgwn qrhmatooikonomik¸n proðì-
ntwn, pou gÐnontai antikeÐmeno diapragm�teushc tìso endoqrhmatisthriak�, ìso kai exwqrhma-
tisthriak�. Apì aut�, antikeÐmeno thc paroÔsac ergasÐac apoteloÔn ta dikai¸mata proaÐreshc,
ìpou sÔmfwna me aut� pou eÐpame, apoteloÔn mÐa dimer  sÔmbash metaxÔ tou agorast  kai tou
pwlht  gia thn agorapwlhsÐa miac sugkekrimènhc posìthtac enìc agajoÔ/tÐtlou se mÐa prokajo-
rismènh qronik  stigm  kai tim  kai me sugkekrimèno trìpo sto mèllon. 'Ena dikaÐwma proaÐreshc
apoteleÐ mÐa polÔ endiafèrousa perÐptwsh parag¸gou sumbolaÐou, kaj¸c h katoq  tou apaiteÐ thn
katabol  enìc antitÐmou, gnwstì kai wc asf�listro. Pio sugkekrimèna, o agorast c tou dikai¸-
matoc plhr¸nei to asf�listro kai apokt� to dikaÐwma ex�skhshc, en¸ o pwlht c tou dikai¸matoc
eispr�ttei to antÐtimo kai analamb�nei thn upoqrèwsh na thr sei ta sumfwnhjènta, an kai mìno
an h antÐjeth jèsh (o agorast c tou dikai¸matoc) apofasÐsei na to exask sei. To antÐtimo autì,
lègetai kai asf�listro kai apoteleÐ èna eÐdoc apozhmÐwshc gia ton pwlht  tou dikai¸matoc epeid 
mpaÐnontac se aut  thn sÔmbash analamb�nei qrhmatooikonomikì kÐnduno. Epomènwc, apì ed¸ kai
sto ex c ìtan anaferìmaste sthn timolìghsh dikaiwm�twn proaÐreshc, ennooÔme thn ektÐmhsh
autoÔ tou antitÐmou.

Sthn ergasÐa aut  ja asqolhjoÔme me thn timolìghsh dikaiwm�twn proaÐreshc, grammèna
p�nw se metoqèc, ta opoÐa apoteloÔn èna apì ta dhmofilèstera eÐdh parag¸gwn sumbolaÐwn. Ta
basik� domik� qarakthristik� twn dikaiwm�twn proaÐreshc eÐnai ta ex c:

• H trèqousa tim  thc metoq c p�nw sthn opoÐa eÐnai grammèno to dikaÐwma (th sumbolÐzoume
me S0).

• H tim  ex�skhshc tou dikai¸matoc (Strike Price -th sumbolÐzoume me K).

• O qrìnoc èwc th l xh tou dikai¸matoc (ton sumbolÐzoume me T ).

• H metablhtìthta twn tim¸n thc upokeÐmenhc metoq c (th sumbolÐzoume me σ > 0).

• To epitìkio qwrÐc kÐnduno (to sumbolÐzoume me r > 0).

Parìlo pou ìlec oi parap�nw metablhtèc eÐnai shmantikèc kai ephre�zoun me �meso trìpo thn
exèlixh thc tim c enìc dikai¸matoc, idiaÐtero endiafèron parousi�zoun h metablhtìthta twn tim¸n
thc upokeÐmenhc metoq c kai to epitìkio dÐqwc kÐnduno. H metablhtìthta, apoteleÐ èna mètro abe-
baiìthtac gia th mellontik  kÐnhsh thc upokeÐmenhc metoq c. Kaj¸c h metablhtìthta aux�netai,
h pijanìthta na anèbei   na pèsei h tim  thc metoq c aux�netai. Ac upojèsoume pwc èqoume l�bei
jèsh agorast  se dikaÐwma agor�c (dhlad  èqoume apokt sei to dikaÐwma na agor�soume sto
mèllon mÐa posìthta enìc sugkekrimènou agajoÔ   tÐtlou). 'Etsi, gia ton k�toqo thc jèshc ago-
r�c, up�rqei ìfeloc apì thn �nodo thc tim c, h opoÐa lìgw thc auxhmènhc metablhtìthtac, èqei
perissìterec pijanìthtec na xeper�sei thn tim  ex�skhshc kai na katal xei se jetik  qrhmatoro 
(In the money). EpÐshc, o agorast c èqei prostasÐa apì thn endeqìmenh pt¸sh thc tim c kai
to mègisto to opoÐo mporeÐ na q�sei eÐnai to antÐtimo pou pl rwse gia to dikaÐwma. Dhlad  o

4



Kef�laio 1 Basikèc ènnoiec twn parag¸gwn

Sq ma 1.1: EpÐdrash twn metabol¸n thc metablhtìthtac kai tou epitokÐou mhdenikoÔ kindÔnou
stic timèc twn dikaiwm�twn gia S0 = 50, K = 50, r = 0.05, σ = 0.3, T = 1. (Hull [22])

k�toqoc thc jèshc agor�c, parathroÔme pwc brÐsketai se pio eunoðk  jèsh apì ton k�toqo thc
jèshc p¸lhshc. KatalabaÐnoume dhlad  pwc h tim  tou dikai¸matoc agor�c, eÐnai mÐa aÔxousa
sun�rthsh thc metablhtìthtac. 'Omoia sumper�smata mporoÔn na prokÔyoun gia jèsh agor�c se
dikaÐwma p¸lhshc, h opoÐa epÐshc apoteleÐ aÔxousa sun�rthsh thc metablhtìthtac.

AxÐzei na shmeiwjeÐ pwc sthn perÐptwsh thc metabol c tou epitokÐou dÐqwc kÐnduno to na
diapist¸soume tuqìn monotonÐa den eÐnai tìso eÔkolo ìso kai sthn perÐptwsh thc metablhtìthtac.
Apì th mÐa, (a) an auxhjoÔn ta epitìkia h anamenìmenh apìdosh pou apaitoÔn oi ependutèc apì thn
metoq  teÐnei na aux�netai. Apì thn �llh, (b) mia aÔxhsh twn epitokÐwn ja odhg sei se meÐwsh
thc paroÔsac axÐac twn mellontik¸n qrhmatoro¸n twn katìqwn twn dikaiwm�twn proaÐreshc.
'Oson afor� ta dikai¸mata p¸lhshc, ta pr�gmata eÐnai Ðswc lÐgo pio xek�jara kai epomènwc,
upojètontac pwc oi upìloipec metablhtèc plhn tou epitokÐou paramènoun stajerèc, mÐa aÔxhsh
twn epitokÐwn odhgeÐ se meÐwsh thc tim c touc. 'Omwc, an èqoume èna dikaÐwma agor�c, den up�rqei
k�poia xek�jarh t�sh: To (a) teÐnei na aux�nei thn tim , en¸ to (b) teÐnei na thn mei¸nei. Sto
Sq ma 1.1 parousi�zoume èna sugkekrimèno par�deigma anaforik� me thn metablhtìthta kai to
epitìkio qwrÐc kÐnduno, pou sumfwneÐ me thn parap�nw an�lush (gia perissìterec plhroforÐec
sto jèma autì bl. Fl¸roc [10],   Hull [8]).

'Opwc  dh anafèrame, up�rqoun dÔo tÔpoi dikaiwm�twn proaÐreshc an�loga me ton trìpo
ex�skhshc tou dikai¸matoc:

• To dikaÐwma agor�c (call option): dÐnei ston agorast  to dikaÐwma all� ìqi thn upoqrèwsh,
na agor�sei ton upokeÐmeno tÐtlo/agajì se mÐa prokajorismènh tim  kai qronik  stigm 
sto mèllon. Gia na èqei to dikaÐwma autì, o agorast c, katab�lei èna posì, to legìmeno
asf�listro tou dikai¸matoc (premium). O pwlht c enìc dikai¸matoc agor�c, èqei thn
upoqrèwsh na poul sei ton upokeÐmeno tÐtlo/agajì ston agorast  tou dikai¸matoc, an
autìc apofasÐsei na exask sei to dikaÐwm� tou sthn prokajorismènh tim  ex�skhshc K,
en¸ eispr�ttei to asf�listro.

• To dikaÐwma p¸lhshc (put option): dÐnei ston agorast  to dikaÐwma, all� ìqi thn upoqrèw-
sh, na poul sei ton upokeÐmeno tÐtlo/agajì se mÐa prokajorismènh tim  kai qronik  stigm 

5



Kef�laio 1 Basikèc ènnoiec twn parag¸gwn

sto mèllon. Gia na èqei to dikaÐwma autì, o agorast c, katab�lei èna posì, to legìmeno
asf�listro tou dikai¸matoc (premium). O pwlht c enìc dikai¸matoc p¸lhshc, èqei thn
upoqrèwsh na agor�sei ton upokeÐmeno tÐtlo apì ton agorast  tou dikai¸matoc, ìtan kai
efìson autìc exask sei to dikaÐwm� tou na poul sei ton tÐtlo sthn prokajorismènh tim 
ex�skhshc K.

Up�rqoun dÔo basikoÐ tÔpoi dikaiwm�twn proaÐreshc agor�c kai p¸lhshc b�sei tou qrìnou
ex�skhshc kai eÐnai oi ex c:

• To dikaÐwma EurwpaðkoÔ tÔpou, to opoÐo dÐnei ston k�toqì tou to dikaÐwma ex�skhshc mìno
kat� thn prokajorismènh hmeromhnÐa l xhc T.

• To dikaÐwma Amerik�nikou tÔpou, to opoÐo dÐnei ston k�toqì tou to dikaÐwma ex�skhshc
opoiad pote stigm  autìc jèlei mèqri kai thn hmeromhnÐa l xhc.

Tèloc, up�rqoun dÔo �llec jemeli¸deic kathgorÐec dikaiwm�twn proaÐreshc tic opoÐec diakrÐnoume
an�loga me th genikìterh dom  touc eÐnai oi akìloujec:

• Ta apl� dikai¸mata proaÐreshc (plain vanilla options) . Sthn kathgorÐa aut  apì ta dika-
¸mata pou èqoume  dh anafèrei brÐskontai ta dikai¸mata proaÐreshc eurwpaðkoÔ tÔpou.

• Ta exwtik� dikai¸mata proaÐreshc (exotic options) . Prìkeita gia ta dikai¸mata proaÐreshc
pou den eÐnai apl�, dhlad  ì,ti den eÐnai eurwpaðkoÔ tÔpou qarakthrÐzetai wc exwtikì. H
dom  touc eÐnai pio polÔplokh apì aut  twn Eurwpaðk¸n kai sun jwc gÐnontai antikeÐmeno
diapragm�teushc exwqrhmatisthriak� (ektìc apì ta Amerik�nika). Orismènoi gnwstoi tÔ-
poi exwtik¸n dikaiwm�twn eÐnai, ta Asiatik� dikai¸mata (Asian options), ta dikai¸mata me
fr�gmata (Barrier options), ta duadik� dikai¸mata (Binary options) k.a. Gia perissìterec
plhroforÐec anaforik� me ta exwtik� dikai¸mata kai thn timolìghs  touc, bl. Hull [8].

1.3 Jèseic se dikaiwm�ta proaÐreshc

Sto shmeÐo autì ja anaferjoÔme stic pijanèc jèseic tic opoÐec mporeÐ na l�bei k�poioc ependut c
p�nw sta dikai¸mata proaÐreshc.

Ti ennooÔme ìmwc ìtan lème jèsh?

Ousiastik�, o ìroc autìc ekfr�zei thn protijèmenh sunallag  ìpou prìkeitai na gÐnei, ètsi ìpwc
sumfwneÐtai apì to antÐstoiqo par�gwgo. Oi jèseic tic opoÐec mporeÐ na l�bei ènac ependut c se
èna dikaÐwma proaÐreshc eÐnai dÔo: h jèsh agor�c (long position) kai h jèsh p¸lhshc (short po-
sition) . O ependut c pou lamb�nei jèsh agor�c, apofasÐzei gia to e�n ja exask sei to dikaÐwma
pou agìrase. Apì thn �llh, o k�toqoc thc jèshc p¸lhshc eÐnai autìc pou eispr�ttei to asf�li-
stro eÐnai upoqrewmènoc na agor�sei/poul sei efìson o agorast c apofasÐsei na exask sei to
dikaÐwm� tou. Gia ton k�toqo thc jèshc p¸lhshc lème ìti èqei gr�yei to dikaÐwma.

Sunep¸c, oi pijanèc jèseic pou mporeÐ na l�bei ènac ependut c p�nw se dikai¸mata proaÐreshc
eÐnai oi ex c:

• Jèsh agor�c se dikaÐwma agor�c (long call). O k�toqoc thc jèshc aut c apokt� to dikaÐwma
na agor�sei mia posìthta enìc agajoÔ   tÐtlou se mia sugkekrimènh tim  kai qronik  stigm 
sto mèllon.
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• Jèsh p¸lhshc se dikaÐwma agor�c (short call): O k�toqoc thc jèshc aut c analamb�nei
thn upoqrèwsh na poul sei mia posìthta enìc agajoÔ   tÐtlou se mia sugkekrimènh tim 
kai qronik  stigm  sto mèllon. Gia thn upoqrèwsh aut  eispr�ttei èna antÐtimo thn stigm 
tou sumbolaÐou.

• Jèsh agor�c se dikaÐwma p¸lhshc (long put). O k�toqoc thc jèshc aut c apokt� to
dikaÐwma na poul sei mia posìthta enìc agajoÔ   tÐtlou se mia sugkekrimènh tim  kai
qronik  stigm  sto mèllon.

• Jèsh p¸lhshc se dikaÐwma p¸lhshc (short put). O k�toqoc thc jèshc aut c analamb�nei
thn upoqrèwsh na agor�sei thn upokeÐmenh posìthta agajoÔ   tÐtlou, an h antÐjeth jèsh
tou dikai¸matoc apofasÐsei na poul sei. Gia thn upoqrèwsh aut  eispr�ttei èna antÐtimo
thn stigm  tou sumbolaÐou.

Pwc ìmwc gÐnetai h epilog  thc kat�llhlhc jèshc? Autì sqetÐzetai me tic ektim seic tou k�je
ependut  gia to pwc ja kinhjeÐ h agor�. Pio sugkekrimèna:

• An o ependut c ektim� ìti h tim  tou upokeÐmenou tÐtlou/agajoÔ ja anèbei arket�, tìte ja
mporoÔse na p�rei jèsh agor�c se dikaÐwma agor�c. Me autì ton trìpo suneqÐzei na èqei
prìsbash sta kèrdh apì thn �nodo twn tim¸n kai prostasÐa sthn pt¸sh. Me th jèsh tou
sto dikaÐwma, to perissìtero to opoÐo mporeÐ na q�sei eÐnai to antÐtimo pou èdwse to opoÐo
eÐnai kat� polÔ mikrìtero apì thn tim  tou upokeÐmenou tÐtlou.

• An o ependut c ektim� ìti h tim  tou upokeÐmenou tÐtlou/agajoÔ ja anèbei lÐgo, tìte ja
mporoÔse na l�bei jèsh p¸lhshc se dikaÐwma p¸lhshc. Me autì ton trìpo katafèrnei na
eispr�xei to asf�listro (se perÐptwsh pou den pèsei h tim  tou upokeÐmenou stoiqeÐou) elpÐ-
zontac ìti h tim  tou upokeÐmenou stoiqeÐou den ja pèsei. Bèbaia, up�rqei o kÐndunoc zhmi�c
me to na exaskhjeÐ to dikaÐwma apì ton agorast  se perÐptwsh ìpou h tim  upoqwr sei
arket�.

• An o ependut c ektim� ìti h tim  tou upokeÐmenou tÐtlou/agajoÔ ja upoqwr sei arket�, tìte
ja mporoÔse na l�bei jèsh agor�c se dikaÐwma p¸lhshc. Me autì ton trìpo suneqÐzei na
èqei prìsbash sta kèrdh apì thn pt¸sh thc tim c tou upokeÐmenou stoiqeÐou kai tautìqrona
prostasÐa sthn �nodo, afoÔ th jèsh aut  to perissìtero to opoÐo mporeÐ na q�sei eÐnai
to antÐtimo pou katèbale to opoÐo eÐnai kat� polÔ mikrìtero apì thn tim  tou upokeÐmenou
tÐtlou.

• Tèloc, an o ependut c ektim� ìti h tim  tou upokeÐmenou tÐtlou ja pèsei lÐgo, tìte ja
mporoÔse na l�bei jèsh p¸lhshc se dikaÐwma agor�c. Me autì ton trìpo katafèrnei na
eispr�xei to asf�listro elpÐzontac ìti h tim  tou upokeÐmenou stoiqeÐou den ja anèbei.
Bèbaia, up�rqei o kÐndunoc zhmi�c me to na exaskhjeÐ to dikaÐwma apì ton agorast  se
perÐptwsh ìpou h tim  anèbei polÔ.

1.3.1 Jèseic kai sq mata plhrwm¸n

'Estw ìti èqoume èna dikaÐwma proaÐreshc agor�c EurwpaðkoÔ tÔpou, me tim  ex�skhshc K, to
opoÐo eÐnai grammèno p�nw se mia metoq , h tim  thc opoÐac eÐnai s mera Ðsh me S0 (trèqousa
tim  thc metoq c), en¸ h hmeromhnÐa l xhc tou dikai¸matoc isoÔtai me T . Kat� thn hmeromhnÐa
l xhc T o agorast c ja prèpei na apofasÐsei gia to an ja exask sei to dikaÐwm� tou   ìqi. To
logikì eÐnai na exask sei to dikaÐwma agor�c, ìtan h tim  thc metoq c ston qrìno T , dhlad 
ST , eÐnai megalÔterh apì thn tim  ex�skhshc K, miac kai ètsi ja eispr�xei �mesa ST − K > 0.
Se antÐjeth perÐptwsh, ìtan h tim  thc metoq c ston qrìno T , dhlad  ST , eÐnai mikrìterh apì
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thn tim  ex�skhshc K, o agorast c den ja exask sei to dikaÐwma kai den ja eispr�xei tÐpota.
Epomènwc, h plhrwm  (thn opoÐa sumbolÐzoume me P ) enìc tètoiou dikai¸matoc agor�c, ja eÐnai
gia ton k�toqo jèshc agor�c Ðsh me:

P = max(ST −K, 0).

Sthn perÐptwsh ìpou ST = K, o ependut c eÐnai adi�foroc. Me ton Ðdio trìpo, mporoÔme na
orÐsoume kai thn plhrwm  gia èna dikaÐwma p¸lhshc, me th diafor� pwc gia na exask sei o
agorast c to dikaÐwma, ja prèpei h tim  thc metoq c ston qrìno T , dhlad  ST , na eÐnai mikrìterh
apì thn tim  ex�skhshc K. Epomènwc, h plhrwm  enìc tètoiou dikai¸matoc p¸lhshc ja eÐnai gia
ton k�toqo thc jèshc agor�c Ðsh me:

P = max(K − ST , 0).

To kajarì kèrdoc   zhmÐa, prokÔptei an afairèsoume (  prosjèsoume) apì thn plhrwm  to asf�-
listro pou dìjhke arqik� apì ton agorast , ston pwlht  tou dikai¸matoc. Me ton trìpo autì,
to kèrdoc gia ton k�toqo thc jèshc agor�c enìc dikai¸matoc agor�c (PC) kai to antÐstoiqo gia
ton k�toqo enìc dikai¸matoc p¸lhshc (PP ) orÐzontai wc ex c:

PC = max(ST −K, 0)− C0,

kai
PP = max(K − ST , 0)− P0,

ìpou C0 kai P0 to asf�listro enìc dikai¸matoc agor�c kai enìc dikai¸matoc p¸lhshc, antÐstoiqa.
Sthn pr¸th perÐptwsh, èqoume kèrdoc ìtan ST > K +C0, en¸ sthn deÔterh ìtan ST < K − P0.
AntÐstoiqa, to kèrdoc gia ton k�toqo thc jèshc p¸lhshc enìc dikai¸matoc agor�c orÐzetai wc

PC = −max(ST −K, 0) + C0,

kai gia ton k�toqo thc jèshc p¸lhshc se dikaÐwma p¸lhshc orÐzetai wc

PP = −max(K − ST , 0) + P0.

Sthn pr¸th perÐptwsh, èqoume kèrdoc ìtan ST < K +C0, en¸ sthn deÔterh ìtan ST > K − P0.
Ta antÐstoiqa graf mata twn parap�nw plhrwm¸n faÐnontai kai sto Sq ma 1.2.

Tèloc, ta dikai¸mata proaÐreshc qarakthrÐzontai apì thn qrhmatoro  pou prokÔptei apì thn
�mesh ex�skhs  touc, an sugkrÐnoume thn tim  ex�skhshc me thn trèqousa tim  tou upokeÐmenou
tÐtlou.

• 'Otan h ex�skhsh tou dikai¸matoc odhgeÐ se jetik  qrhmatoro , tìte h kat�stash sthn
opoÐa briskìmaste lègetai In the money (ITM).

• 'Otan h ex�skhsh tou dikai¸matoc odhgeÐ se arnhtik  qrhmatoro , tìte h kat�stash sthn
opoÐa briskìmaste lègetai Out of the money (OTM).

• 'Otan h ex�skhsh tou dikai¸matoc odhgeÐ se mhdenik  qrhmatoro , tìte h kat�stash sthn
opoÐa briskìmaste lègetai At the money (ATM).

'Ena DikaÐwma prèpei na exaskeÐtai mìno ìtan eÐnai ITM.
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Sq ma 1.2: Kèrdoc   zhmÐa apì tic jèseic se Eurwpaðk� dikai¸mata proaÐreshc (Poufin�c &
Fl¸roc [9])

1.4 Basik� shmeÐa kefalaÐou

Sto kef�laio autì ègine mia sÔntomh eisagwg  sta par�gwga qrhmatooikonomik� proðìnta, me
idiaÐterh èmfash sta dikai¸mata proaÐreshc kaj¸c apoteloÔn to antikeÐmeno thc ergasÐac aut c.
Pio sugkekrimèna eÐdame:

• Ton orismì tou qrhmatooikonomikoÔ parag¸gou.

• Tic basikèc kathgorÐec twn parag¸gwn proðìntwn kai ta basik� touc qarakthristik�.

• Tic basikèc ènnoiec twn dikaiwm�twn proaÐreshc, ta domik� touc qarakthristik� kai tic
basikèc kathgorÐec stic opoÐec diakrÐnontai.

• Tic jèseic tic opoÐec mporeÐ na l�bei k�poioc sta dikai¸mata proaÐreshc kai ton trìpo me
ton opoÐo ja gÐnei h kat�llhlh epilog  aut¸n.

• Tic plhrwmèc pou prokÔptoun apì thn katoq  jèshc se dikai¸mata proaÐreshc.
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Mèroc I

Dikai¸mata se mÐa metoq 
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2

To diwnumikì upìdeigma timolìghshc

'Ena apì ta basikìtera probl mata pou apasqoloÔse thn episthmonik  koinìthta apì ta pr¸ta
kiìlac qrìnia pou genn jhke h Qrhmatooikonomik  Mhqanik , tìso apì jewrhtik c ìso kai pra-
ktik c pleur�c, eÐnai h kataskeu  enìc majhmatikoÔ montèlou/upodeÐgmatoc, me b�sh to opoÐo
exelÐssontai ston qrìno oi timèc twn upokeÐmenwn periousiak¸n stoiqeÐwn (pq. metoq ). Sthn
prosp�jeia aut , èqoun protajeÐ kai qrhsimopoihjeÐ p�ra poll� montèla, �lla sÔnjeta kai �lla
tìso apl� ìpwc o aplìc tuqaÐoc perÐpatoc, ton opoÐo prìteine pr¸toc o G�lloc majhmatikìc
Louis Bachelier [11] sth didaktorik  tou diatrib  (me tÐtlo ’Theorie de la Speculation’) to 1900.
Ousiastik� o Bachelier  tan o pr¸toc pou prìteine èna majhmatikì upìdeigma gia na perigr�yei
thn exèlixh twn tim¸n twn axiogr�fwn sto qrìno kai m�lista to upìdeigma autì apotèlese thn
b�sh gia mÐa polÔ shmantik  stoqastik  diadikasÐa, thn kÐnhsh Brown. Bèbaia apì tìte mèqri
kai s mera èqoun up�rxei kai pio aneptugmèna montèla (ìpwc pq. montèla stoqastik c metablh-
tìthtac). To pio aplì Ðswc upìdeigma pou ja mporoÔse k�poioc na fantasteÐ (kai par� ton aplì
tou qarakt ra tou paÐzei kajoristikì rìlo sto pedÐo thc timolìghshc twn dikaiwm�twn proaÐre-
shc all� kai thc Qrhmatooikonomik c Mhqanik c), eÐnai to upìdeigma kat� to opoÐo h tim  thc
metoq c thn epìmenh qronik  stigm  mporeÐ na p�rei dÔo diaforetikèc timèc: eÐte na anèbei eÐte
na pèsei, k�ti pou mporeÐ na akoÔgetai aplì all� ìpwc ìmwc ja doÔme parak�tw fti�qnei èna
polÔ realistikì plaÐsio gia thn thn timolìghsh enìc dikai¸matoc proaÐreshc. To upìdeigma autì
apoteleÐ ènan apì touc pio gnwstoÔc kai eurèwc efarmosmènouc trìpouc gia thn timolìghsh enìc
dika¸matoc proaÐreshc kai prot�jhke arqik� apì ton Sharpe [27] to 1978 kai argìtera epekt�jh-
ke apì touc Cox, Ross kai Rubinstein [19] to 1979 kai  rje sth morf  pou eÐnai s mera, gnwstì
wc to legìmeno diwnumikì montèlo timolìghshc   diwnumikì dèndro timolìghshc. To diwnumikì
montèlo timolìghshc basÐzetai Ðswc ston pio aplì trìpo gia na perigrafeÐ h exèlixh thc tim c tou
upokeÐmenou agajoÔ (èstw metoq ) sto qrìno. Upojètei, ìti thn epìmenh qronikh stigm  h tim 
thc metoq c p�nw sthn opoÐa eÐnai grammèno to dikaÐwma eÐte ja anèbei eÐte ja pèsei (gia autì
lègetai kai diwnumikì). Ac upojèsoume ìti èqoume èna diwnumikì dèntro se mÐa perÐodo, epomènwc
èqoume dÔo pijan� sen�ria gia thn èkbash thc metoq c thn epìmenh qronik  stigm , epomènwc kai
dÔo pijanèc katast�seic gia to dikaÐwma. Autì bèbaia den eÐnai realistikì, kaj¸c èqoume mìno
dÔo pijanèc katast�seic thc oikonomÐac. MÐa pou antistoiqeÐ sthn anodik  poreÐa thc metoq c
p�nw sthn opoÐa eÐnai grammèno to dikaÐwma kai mÐa sthn kajodik  thc poreÐa. Idanik� ja jèlame
poll� sen�ria, ¸ste na k�noume ta pr�gmata pio realistik�. 'Enac trìpoc gia na to k�noume
autì eÐnai na jewr soume pollèc qronikèc periìdouc kai autì mporeÐ na sumbeÐ qwrÐzontac to
di�sthma zw c tou dikai¸matoc se polÔ mikr� komm�tia, dhmiourg¸ntac me ton trìpo autì pollèc
upoperiìdouc kai upojètontac ìti k�je mÐa apì autèc mporeÐ na eÐnai h perÐodoc sunallag c. 'Etsi
katafèrnoume na fj�soume sto tèloc tou dèndrou kai na èqoume p�ra poll� diaforetik� sen�ria
gia thn telik  tim  thc metoq c kai epomènwc kai gia to dikaÐwma. Gia par�deigma, an qwrÐsoume
to dèndro se pènte upoperiìdouc katal goume se èxi pijan� sen�ria anaforik� me thn telik  tim 
thc metoq c. H timolìghsh dikaiwm�twn proaÐreshc EurwpaðkoÔ (ex�skhsh mìno sthn l xh) kai
Amerik�nikou (ex�skhsh opoted pote mèqri kai thn l xh) tÔpou, gÐnetai s mera apotelesmatik�
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me thn bo jeia tou upodeÐgmatoc autoÔ.
Sto shmeÐo autì kai prin proqwr soume perissìtero sthn an�lus  mac ja anaferjoÔme se

k�poiec upojèseic - aplousteÔseic tic opoÐec ja akolouj soume sto montèlo:

• Sthn agor� den up�rqoun kìsth sunallag¸n kai fìroi.

• Oi sunallassìmenoi mporoÔn na daneÐzoun kai na daneÐzontai me to Ðdio epitìkio mhdenikoÔ
kindÔnou, r > 0.

• Oi ependutèc eÐnai oudèteroi wc proc ton kÐnduno.

• Epitrèpetai to short selling∗, ìpwc epÐshc kai h katoq  posostoÔ enìc tÐtlou.

• H tim  p¸lhshc eÐnai Ðdia me thn tim  agor�c gia ìlouc touc tÐtlouc.

• MporoÔme na agor�soume   na poul soume sthn agor� ì,ti posìthtec epijumoÔme.

• MporoÔme na daneistoÔme ìsa qr mata epijumoÔme apì thn tr�peza.

• O upokeÐmenoc tÐtloc (metoq ) den plhr¸nei merÐsmata.

TonÐzoume tèloc pwc se ìti akoloujeÐ sthn ergasÐa aut  ja k�noume suneq  anatokismì gia
eukolÐa pr�xewn me to epitìkio qwrÐc kÐnduno, ìpou r > 0.

2.1 To diwnumikì upìdeigma se mÐa perÐodo

JewroÔme èna Eurwpaðkì dikaÐwma proaÐreshc agor�c pou eÐnai grammèno se metoq  pou den
plhr¸nei mèrisma me arqik  tim  S0, tim  ex�skhshc K kai qrìno èwc th l xh T = 1, to opoÐo
den plhr¸nei mèrisma. Arqik� ja exet�soume to diwnumikì dèntro miac periìdou. JewroÔme
èna qronikì di�sthma m kouc δt > 0, metaxÔ twn qronikwn stigm¸n t = 0 kai t = t1 > 0.
SumbolÐzoume thn trèqousa tim  thc metoq c thn qronik  stigm  t = 0 me S0, (me S0 > 0) en¸
me St1 := S1 > 0 sumbolÐzoume thn tim  thc metoq c thn qronik  stigm  t = t1. Arqik� h tim 
thc metoq c mac eÐnai gnwst  mèsw thc parat rhs c thc sthn qrhmatisthriak  agor�, en¸ sth
sunèqeia lìgw thc abebaiìthtac se sqèsh me thn exèlixh twn mellontik¸n tim¸n thc, den mporoÔme
na gnwrÐzoume me bebaiìthta thn tim  thc kat� th qronik  stigm  t = t1, miac kai prìkeitai gia mÐa
tuqaÐa metablht . 'Opwc anafèrame parap�nw, mÐa apì tic basikìterec upojèseic tou diwnumikoÔ
upodeÐgmatoc timolìghshc eÐnai pwc h exèlixh thc upokeÐmenhc metoq c p�nw sthn opoÐa eÐnai
grammèno to dikaÐwma mporeÐ na p�rei mìno dÔo diaforetikèc timèc kaj¸c phgaÐnoume apì thn
qronik  stigm  t = 0 sthn qronik  stigm  t = t1: mÐa anodik  kai mÐa kajodik . 'Etsi thn qronik 
stigm  t = 0, h tim  thc metoq c eÐnai S0 kai thn epìmenh qronik  stigm  (t = t1) mporeÐ na
kinhjeÐ anodik� kai na gÐnei: Su = S0u, me pijanìthta Pu, eÐte kajodik� kai na gÐnei Sd = S0d, me
pijanìthta Pd. Oi posìthtec u kai d apoteloÔn tic paramètrouc anodik c kai kajodik c kÐnhshc
thc metoq c antÐstoiqa kai upojètoume ìti isqÔei u > 1 > d > 0. Anaforik� me tic paramètrouc
autèc, oi opoÐec ìpwc ja doÔme sth sunèqeia paÐzoun kajoristikì rìlo sthn timolìghsh me to
upìdeigma autì, ja epektajoÔme sthn sunèqeia (bl. Par�grafo 2.5.3). 'Etsi, ta dÔo pijan�
sen�ria gia thn axÐa tou dikai¸matoc sto qrìno l xhc (Sq ma 2.1) eÐnai ta ex c:

• Na auxhjeÐ h tim  thc metoq c, opìte h apìdosh tou dikai¸matoc eÐnai Ðsh me

Cu = max(Su −K, 0) = max(S0u−K, 0).

• Na meiwjeÐ h tim  thc metoq c, opìte h apìdosh tou dikai¸matoc eÐnai Ðsh me

Cd = max(Sd −K, 0) = max(S0d−K, 0).
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Sq ma 2.1: To diwnumikì dèndro se mÐa perÐodo.

'Opwc  dh èqoume anafèrei, to jèma me to opoÐo ja asqolhjoÔme sth sunèqeia, eÐnai o trì-
poc me ton opoÐo ja upologÐsoume thn tim  C0, h opoÐa antistoiqeÐ sthn axÐa tou dikai¸matoc
th qronik  stigm  t = 0. MÐa jèsh thn opoÐa ja mporoÔsame na l�boume gia thn timolìghsh
tou dikai¸matoc eÐnai h jèsh tou pwlht  sto parap�nw dikaÐwma. O pwlht c tou dikai¸matoc
eispr�ttei èna qrhmatikì posì C0 (asf�listro) wc ant�llagma gia thn upoqrèwsh pou analam-
b�nei th qronik  stigm  t = 0, gia na thr sei thn sumfwnÐa. E�n o agorast c apofasÐsei na
exask sei to dikaÐwma (kai autì sumbaÐnei ìtan to dikaÐwma l xei ITM), tìte o pwlht c eÐnai
upoqrewmènoc na tou parad¸sei thn upokeÐmenh metoq  ston qrìno t = t1 sthn tim  K. Me �lla
lìgia, efìson up�rxei �nodoc sthn tim  thc metoq c apì S0 se S0u, kai isqÔei ìti S0u > K (dh-
lad  to dikaÐwma l xei ITM), tìte o pwlht c prèpei na paraqwr sei th metoq  ston k�toqo tou
dikai¸matoc sthn prosumfwnhmènh tim  K. Gia ton parap�nw lìgo, dhlad  gia thn exasf�lish
ìpwc eÐpame tou pwlht  apì ton kÐnduno ston opoÐo eÐnai ektejeimènoc (dhlad  na anagkasteÐ na
poul sei thn metoq  se mÐa mh sumfèrousa tim ), o pwlht c apofasÐzei na k�nei antist�jmish
mèsw thc kataskeu c enìc qartofulakÐou. DhmiourgoÔme èna qartoful�kio to opoÐo apoteleÐtai
apì dÔo basikoÔc tÐtlouc thc agor�c (metoq , omìlogo). Pio sugkekrimèna, to qartoful�kio ja
apoteleÐtai apì tic ex c jèseic:

• ∆0 komm�tia thc upokeÐmenhc metoq c p�nw sthn opoÐa eÐnai grammèno to dikaÐwma, me arqik 
tim  S0.

• 'Enan tÐtlo qwrÐc kÐnduno (omìlogo), me arqikì posì B0 = 1, ston opoÐo èqei ependujeÐ
posì Ψ.

'Etsi h axÐa tou qartofulakÐou th qronik  stigm  t = 0 eÐnai Ðsh me:

C0 = ∆0S0 + ΨB0 = ∆0S0 + Ψ (2.1)

An up�rxei �nodoc thc tim c thc metoq c, tìte h tim  thc eÐnai Ðsh me S0u kai h axÐa tou qarto-
fulakÐou th qronik  stigm  t = t1 gÐnetai:

Cu = ∆0S0u+ Ψerδt (2.2)

en¸, an up�rxei k�jodoc thc tim c thc metoq c, tìte h tim  thc eÐnai Ðsh me S0d kai h axÐa tou
qartofulakÐou th qronik  stigm  t = t1 gÐnetai:

Cd = ∆0S0d+ Ψerδt (2.3)

Sth sunèqeia prèpei na upologÐsoume kat�llhla ta ∆ kai Ψ tou qartofulakÐou, ¸ste na
ektim soume thn axÐa tou dikai¸matoc. LÔnontac to sÔsthma 2.2 kai 2.3 paÐrnoume:

∗daneizìmaste ton tÐtlo kai ton poul�me, qwrÐc na ton diajètoume sthn katoq  mac.
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∆0S0(u− d) = Cu − Cd,

kai telik� katal goume ìti:

∆0 =
Cu − Cd
S0(u− d)

. (2.4)

'Epeita, gnwrÐzontac to ∆0, to antikajistoÔme sthn ExÐswsh 2.1 kai ètsi mporoÔme na upo-
logÐsoume to Ψ. Katal goume telik� pwc:

Ψ = e−rδt
uCd − dCu
u− d

. (2.5)

To parap�nw qartoful�kio onom�zetai qartoful�kio antist�jmishc, giatÐ basikìc tou stìqoc
eÐnai na antistajmÐsei ton pwlht  apènanti ston kÐnduno pou antimetwpÐzei, na poul sei dhlad  pio
fjhn� apì ìti ja mporoÔse sthn �mesh (qrhmatisthriak ) agor�. To kleidÐ gia thn prosèggish
aut  eÐnai o nìmoc thc mÐac tim c:

Prìtash 1. [Nìmoc thc mÐac tim c] bl. Mpalt�c [6] 'Estw ìti s mera dÔo ependÔseic kostÐzoun
C1 kai C2 antÐstoiqa. E�n h paroÔsa axÐa twn mellontik¸n qrhmatoro¸n thc pr¸thc epèndushc
C1, isoÔtai p�nta me thn paroÔsa axÐa twn mellontik¸n qrhmatoro¸n thc deÔterhc C2, gia na mhn
up�rxei eukairÐa gia arbitrage, ja prèpei na isqÔei ìti C1 = C2.

Ja prèpei dhlad  h arqik  axÐa tou qartofulakÐou na eÐnai Ðsh me thn tim  tou dikai¸matoc ston
qrìno t = 0, na isqÔei dhlad  h sqèsh:

C0 = ∆0S0 + Ψ (2.6)

Antikajist¸ntac sthn ExÐswsh 2.6, tic Exis¸seic 2.4 kai 2.5, paÐrnoume:

C0 = ∆S0 + Ψ =
Cu − Cd
S0(u− d)

S0 + e−rδt
uCd − dCu
u− d

=
Cu − Cd
(u− d)

+ e−rδt
uCd − dCu
u− d

=
uCd − dCu + erδtCu − erδtCu

(u− d) erδt

= e−rδt
[
u− erδt

u− d
Cd +

erδt − d
u− d

Cu

]
.

Katal goume loipìn ìti h tim  tou dikai¸matoc th qronik  stigm  t = 0 dÐnetai apì th sqèsh:

C0 = e−rδt [PuCu + PdCd] , (2.7)

ìpou jèsame san

Pu =
erδt − d
u− d

, Pd =
u− erδt

u− d
.

Oi posìthtec Pu kai Pd, den anafèrjhkan tuqaÐa kai ja paÐxoun polÔ shmantikì rìlo sthn
timolìghsh. DiakrÐnoume k�poia basik� touc qarakthristik�:

• Pu + Pd = 1. Autì mporeÐ k�poioc na to dei �mesa k�nontac pr�xeic.

• An upojèsoume ìti d < erδt < u, tìte Pu, Pd > 0 (k�ti to opoÐo prèpei na isqÔei, ¸ste na
apokleÐsoume eukairÐec gia arbitrage. (bl. Prìtash 2).
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Kef�laio 2 To diwnumikì upìdeigma timolìghshc

Ja mporoÔsame na qarakthrÐsoume tic posìthtec autèc san pijanìthtec kai m�lista oudèterec
wc proc ton kÐnduno (bl. Parat rhsh 1). Katal xame ètsi pwc ta parap�nw moi�zoun me pija-
nìthtec kai m�lista sto pedÐo thc timolìghshc me to diwnumikì dèndro tic onom�zoume teqnhtèc
pijanìthtec.

Prìtash 2 (Bjork [12]). E�n den isqÔei h anisìthta d < erδt < u, tìte dhmiourgoÔntai eukairÐec
gia arbitrage.

Apìdeixh. (H apìdeixh eÐnai mÐa mikr  epèktash tou Bjork [12]). Pollaplasi�zontac ìla ta
mèlh thc anisìthtac me S0, èqoume ìti S0d < S0e

rδt < S0u. Sto shmeÐo autì diakrÐnoume dÔo
diaforetik� sen�ria.
A sen�rio. 'Estw S0e

rδt < S0d < S0u. Gia na epitÔqoume arbitrage se aut  thn perÐptwsh ja
prèpei thn qronik  stigm  t = 0 na daneistoÔme gia qronikì di�sthma δt me epitìkio r, posì S0
kai na agor�soume th metoq . Kat� thn qronik  stigm  t1 > 0 :

• An up�rxei anodik  kÐnhsh thc tim c thc metoq c, dhlad  S1 = S0u, poul�me thn metoq 
kai eispr�ttoume S0u. Apoplhr¸noume to d�neio to opoÐo kostÐzei S0erδt, dhmiourg¸ntac
kajarì kèrdoc S0u− S0erδt > 0.

• An up�rxei kajodik  kÐnhsh thc tim c thc metoq c, dhlad  S1 = S0d, poul�me thn metoq 
kai eispr�ttoume S0d. Apoplhr¸noume to d�neio to opoÐo kostÐzei S0erδt, dhmiourg¸ntac
kajarì kèrdoc S0d− S0erδt > 0.

B sen�rio. 'Estw S0d < S0u < S0e
rδt. Gia na exasfalÐsoume arbitrage se aut  thn perÐptwsh

ja prèpei thn qronik  stigm  t = 0 na daneistoÔme thn metoq  (anoiqt  p¸lhsh) kai na eispr�xoume
posì S0. Katajètoume autì to posì sthn tr�peza me epitìkio r gia qronikì di�sthma δt, èwc
th qronik  stigm  t1. 'Epeita, thn qronik  stigm  t1 > 0, eispr�ttoume apì thn tr�peza to posì
S0e

rδt. EpÐshc, thn qronik  stigm  t1 eÐmaste upoqrewmènoi na epistrèyoume thn metoq  pou
daneist kame.

• An up�rxei anodik  kÐnhsh thc tim c thc metoq c, dhlad  S1 = S0u, agor�zoume thn metoq 
sthn tim  S0u kai thn epistrèfoume, kleÐnontac thn jèsh mac. 'Etsi èqoume kajarì kèrdoc
S0e

rδt − S0u > 0.

• An up�rxei kajodik  kÐnhsh thc tim c thc metoq c, dhlad  S1 = S0d, agor�zoume thn metoq 
sthn tim  S0d kai thn epistrèfoume, kleÐnontac thn jèsh mac. 'Etsi èqoume kajarì kèrdoc
S0e

rδt − S0d > 0.

Anexart twc anìdou   kajìdou thc tim c thc metoq c eÐnai fanerì pwc mporoÔme na petÔqoume
bèbaio kèrdoc. Plèon apomènei na doÔme pwc an h anisìthta aut  isqÔei, den dhmiourgoÔntai
eukairÐec gia bèbaio kèrdoc. Plèon apomènei mìno na doÔme e�n isqÔei h anisìthta d < erdt < u den
dhmiourgoÔntai eukairÐec gia arbitrage. 'Estw pwc isqÔei h anisìthta d < erdt < u kai fti�qnoume
èna qartoful�kio (∆,Ψ) me arqik  axÐa mhdèn (ed¸ jewroÔme Ψ > 0.) Autì sunep�getai ∆0S0 +
Ψ = 0   diaforetik� Ψ = −∆0S0. H telik  axÐa tou qartofulakÐou autoÔ ja eÐnai:

∆0S0u+ Ψerdt = ∆0S0(u− erdt),

e�n h metoq  kinhjeÐ anodik� kai :

∆0S0d+ Ψerdt = ∆0S0(d− erδt),

e�n h metoq  kinhjeÐ kajodik�. Sthn perÐptwsh ìpou Ψ < 0, autì sunep�getai ∆S0 − Ψ = 0  
diaforetik� Ψ = ∆0S0. H telik  axÐa tou qartofulakÐou autoÔ ja eÐnai:

∆0S0u+ Ψerdt = ∆0S0(u+ erδt),
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Kef�laio 2 To diwnumikì upìdeigma timolìghshc

e�n h metoq  kinhjeÐ anodik� kai :

∆0S0d+ Ψerδt = ∆0S0(d+ erδt),

e�n h metoq  kinhjeÐ kajodik�. Gia na èqoume parap�nw eukairÐa gia bèbaio kèrdoc ja prèpei to
u > erdt kai tautìqrona to d > erdt, to opoÐo fusik� den sumbaÐnei. Epomènwc upì autèc tic
proôpojèseic, den dhmiourgoÔntai eukairÐec gia arbitrage. �

Parat rhsh 1. An Pu h pijanìthta anìdou kai Pd h pijanìthta kajìdou, h mèsh tim  thc
tuqaÐac metablht c S1 k�tw apì tic teqnhtèc pijanìthtec Pu kai Pd eÐnai Ðsh me:

Ẽ [S1] = PuS0u+ PdS0d =
erδt − d
u− d

S0u+
u− erδt

u− d
S0d

=
S0
u− d

[
uerδt − ud+ ud− derδt

]
=

S0
u− d

erδt(u− d)

= S0e
rδt

'Opou me Ẽ [S1] sumbolÐzoume th mèsh tim  upì tic pijanìthtec Pu kai Pd. K�tw upì autèc
tic sunj kec, h anamenìmenh apìdosh mÐac posìthtac pou perièqei kÐnduno, isoÔtai me k�ti pou
den emperièqei kÐnduno, gia to lìgo autì lème pwc oi teqnhtèc pijanìthtec Pu kai Pd onom�zontai
oudèterec wc proc ton kÐnduno pijanìthtec (risk neutral probabilities). H parap�nw prìtash, eÐnai
polÔ shmantik  giatÐ mac epitrèpei na ekfr�soume thn tim  tou dikai¸matoc wc mia proexoflhmènh
mèsh tim  upì tic pijanìthtec Pu kai Pd. Pio sugkekrimèna, an jewr soume thn tuqaÐa metablht 
C pou paÐrnei tic timèc Cu me pijanìthta Pu kai Cd me pijanìthta Pd, tìte, h ExÐswsh 2.7 (h opoÐa
dÐnei thn tim  tou dikai¸matoc kat� thn qronik  stigm  t = 0), ermhneÔetai wc h proexoflhmènh
mèsh tim  thc tuqaÐac metablht c C k�tw apì tic pijanìthtec pou kataskeu�same prohgoumènwc:

C0 = e−rδtẼ [C]

= e−rδt [PuCu + PdCd] .

2.2 To diwnumikì upìdeigma se dÔo periìdouc

Sthn prohgoÔmenh enìthta, eÐdame to diwnumikì montèlo timolìghshc se mÐa perÐodo, kat� to opoÐo
h metoq  mporeÐ na p�rei mìno dÔo diaforetikèc timèc sthn l xh tou dikai¸matoc (sthn epìmenh
qronik  stigm  t1). Jewr same mìno dÔo sen�ria, na anèbei   na pèsei h tim  thc metoq c sto
epìmeno qronikì b ma, to opoÐo  tan kai to telikì, ston qrìno t1 = T . 'Opwc ìmwc anafèrame, to
montèlo ja dÐnei pio realistik� apotelèsmata e�n jewr soume kai �lla pijan� sen�ria kai autì
mporeÐ na gÐnei an jewr soume perissìterec endi�mesec stigmèc metaxÔ twn qronik¸n stigm¸n
t = 0 kai t = T . Katarq�c, ja epekteÐnoume thn an�lush pou k�name gia to montèlo mÐac periìdou
kai ja prosjèsoume mÐa akìma qronik  perÐodo sto montèlo, katal gontac me ton trìpo autì se
trÐa diaforetik� telik� sen�ria (se antÐjesh me ta dÔo telik� sen�ria pou eÐqame sto upìdeigma
thc mÐac periìdou).

Sto diwnumikì dèndro se mÐa perÐodo pou exet�same sthn Par�grafo 2.1, jewr same mìno èna
qronikì di�sthma, autì metaxÔ twn qronik¸n stigm¸n t = 0 kai t = t1 > 0, ìpou h stigm  t = t1
 tan kai kai o qrìnoc l xhc tou dikai¸matoc. T¸ra, ja jewr soume mÐa akìmh qronik  stigm , thn
t = t2 > t1, h opoÐa sthn perÐptwsh aut  tautÐzetai me ton qrìno l xhc tou dikai¸matoc. 'Oson
afor� t¸ra tic timèc thc metoq c, sumbolÐzoume me S0 > 0 thn tim  thc metoq c kat� thn qronik 
stigm  t = 0, me St1 := S1 > 0 thn tim  thc metoq c thn qronik  stigm  t = t1 kai St2 := S2 > 0
thn tim  thc metoq c thn qronik  stigm  t = t2. H tim  thc metoq c kat� thn qronik  stigm 
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t = 0 (s mera dhlad ) mac eÐnai gnwst  parathr¸ntac thn sthn qrhmatisthriak  agor�, ìqi ìmwc
kai autèc thc S1 kai thc S2 h opoÐec eÐnai tuqaÐec metablhtèc. Gia na upologÐsoume tic pijanèc
timèc thc upokeÐmenhc metoq c ston qrìno l xhc, gia dÔo periìdouc, ja akolouj soume thn Ðdia
idèa me aut  tou diwnumikoÔ dèndrou se mÐa perÐodo.

Pio analutik�, arqÐzontac apì thn qronik  stigm  t = 0, thn qronik  stigm  t = t1 h tim 
thc metoq c mporeÐ na kinhjeÐ anodik� kai na gÐnei Su = S0u, me pijanìthta Pu, eÐte kajodik� kai
na gÐnei Sd = S0d, me pijanìthta Pd. An h tim  thc metoq c gÐnei Su, h apìdosh tou dikai¸matoc
ja eÐnai Ðsh me Cu = max(Su − K, 0), en¸ an h tim  thc metoq c gÐnei Sd, tìte h apìdosh tou
dikai¸matoc ja eÐnai Ðsh me Cd = max(Sd −K, 0). 'Estw t¸ra ìti briskìmaste sthn kat�stash
kat� thn opoÐa h tim  thc metoq c thn qronik  stigm  t = t1 isoÔtai me S0u. Sto shmeÐo autì,
mac endiafèroun oi pijanèc timèc thc metoq c kat� thn epìmenh qronik  stigm , dhlad  thn t = t2,
h opoÐa tuqaÐnei na eÐnai kai h qronik  stigm  l xhc tou dikai¸matoc. Apì to shmeÐo autì,
jewroÔme ìti thn epìmenh qronik  stigm , h metoq  mporeÐ na kinhjeÐ eÐte anodik�, sthn tim 
Suu = S0uu = S0u

2, me pijanìthta Pu, eÐte kajodik�, sthn tim  Sud = S0ud = S0, me pijanìthta
Pd (lìgw thc sÔmbashc ìti ud = 1, bl. Par�grafo 2.5.3). Me ton Ðdio t¸ra trìpo skèyhc, èstw
ìti briskìmaste sthn kat�stash kat� thn opoÐa h tim  thc metoq c thn qronik  stigm  t = t1
isoÔtai me S0d. Mac endiafèroun oi pijanèc timèc thc metoq c thn epìmenh qronik  stigm , dhlad 
thn stigm  t = t2. Apì to shmeÐo autì jewroÔme ìti thn epìmenh qronik  stigm , h metoq  mporeÐ
na kinhjeÐ eÐte anodik�, sthn tim  Sdu = S0du = S0, me pijanìthta Pu , eÐte kajodik�, sthn
tim  Sdd = S0dd = S0d

2, me pijanìthta Pd. An h tim  thc metoq c gÐnei Suu, h apìdosh tou
dikai¸matoc ja eÐnai Ðsh me

Cuu = max[Suu −K, 0] = max[S0u
2 −K, 0],

en¸ an h tim  thc metoq c gÐnei Sud, tìte h apìdosh tou dikai¸matoc ja eÐnai Ðsh me

Cud = max[Sud −K, 0] = max[S0ud−K, 0].

An h tim  thc metoq c gÐnei Sdd, tìte h apìdosh tou dikai¸matoc ja eÐnai Ðsh me

Cdd = max[Sdd −K, 0] = max[S0d
2 −K, 0].

Skopìc mac eÐnai na ft�soume sto C0, to opoÐo apoteleÐ kai thn tim  tou dikai¸matoc s mera.
Autì gÐnetai phgaÐnontac proc ta pÐsw sto dèndro, douleÔontac topik� me dèndra mÐac periìdou,
ìpwc faÐnetai kai sto Sq ma 2.2, me thn bo jeia thc ExÐswshc 2.7. Pio analutik�, apì to p�nw
dèndro tou Sq matoc 2.2 katal goume ìti:

Cu = e−rδt [PuCuu + PdCud] ,

kai apì to k�tw dèndro tou Sq matoc 2.2 katal goume ìti:

Cd = e−rδt [PuCud + PdCdd] .

Epomènwc, h tim  tou dikai¸matoc thn qronik  stigm  t = 0 eÐnai Ðsh me:

C0 = e−rδt [PuCu + PdCd] .

2.3 Algorijmik  prosèggish diwnumikoÔ upodeÐgmatoc

'Opwc eÐdame kai apì tic prohgoÔmenec paragr�fouc, to diwnumikì upìdeigma se mÐa kai dÔo
periìdouc eÐnai aplì sthn leitourgÐa tou kai mporeÐ na lujeÐ kai me to qèri. Ed¸ ìmwc prokÔptei
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Sq ma 2.2: DouleÔontac topik� me diwnumik� dèndra dÔo periìdwn, phg : Capinski [18]

èna shmantikì er¸thma. Ti sumbaÐnei an èqoume pollèc periìdouc (p.q. N = 50)? Sthn perÐptwsh
aut  eÐmaste anagkasmènoi na katafÔgoume sthn bo jeia tou hlektronikoÔ upologist , epomènwc
prèpei na kataskeu�soume ènan domhmèno algìrijmo gia thn diekperaÐwsh thc diadikasÐac aut c.
Sthn enìthta aut  ja doÔme ton trìpo me ton opoÐo ja proseggÐsoume algorijmik� to prìblhma
thc timolìghshc me to diwnumikì upìdeigma se parap�nw apì dÔo periìdouc. 'Opwc faÐnetai apì
to sq ma 2.3, h filosofÐa eÐnai h Ðdia me aut n pou eÐdame prohgoumènwc: xekin�me apì to tèloc
tou dèndrou kai phgaÐnoume proc ta pÐsw, miac kai stìqoc mac eÐnai na ft�soume sthn arq  tou
dèndrou, h opoÐa antistoiqeÐ sthn tim  C0, douleÔontac k�je for� topik� me dèndra mÐac periìdou.
Sthn prohgoÔmenh par�grafo, arqik� upologÐsame thn tim  Cu kai èpeita thn tim  Cd kai gia na
upologÐsoume thn tim  C0 efarmìzoume thn ExÐswsh 2.7 qrhsimopoi¸ntac tic timèc Cu kai Cd
pou br kame, kaj¸c epÐshc kai ton suntelest  proexìflhshc e−rδt. Sthn genik  perÐptwsh t¸ra,
pou èqoume parap�nw apì dÔo periìdouc, qwrÐzoume to qronikì di�sthma [0, T ] ìpou T > 0
h l xh zw c tou dikai¸matoc se poll� upodiast mata 0 = t0 < t1 < t2 < ... < TN = T
kai fantazìmaste ìti k�je èna ja mporoÔse na eÐnai qrìnoc sunallag c. Fti�qnoume ètsi èna
meg�lo dèndro pou apoteleÐtai apì poll� mikr� dèndra miac periìdou. Ousiastik�, èqoume èna
dèndro dÔo katast�sewn pou apoteleÐtai apì kìmbouc (i, j), ìpou (i, j ∈ N), k�je ènac apì
touc opoÐouc antistoiqeÐ kai se mia diaforetik  kat�stash thc oikonomÐac. O orizìntioc ideatìc
�xonac (i, i = 0, 1, ..., T ) tou dèntrou, antistoiqeÐ sto qrìno kai sugkekrimèna sto pìso makru�
briskìmaste apì thn arq  tou dèndrou. AntÐjeta, o k�jetoc (j, j = 0, ..., i) mac deÐqnei pìsec
anodikèc kin seic èqei k�nei h metoq  apì thn arq  gia na ft�sei ekeÐ, dhlad  antistoiqeÐ kat�
k�poio trìpo stic diaforetikèc katast�seic thc oikonomÐac. ParathroÔme apì to dèntro, pwc o
k�je kìmboc mac odhgeÐ se �llouc dÔo kìmbouc, oi opoÐoi antistoiqoÔn se mia anodik  kai kajodik 
kÐnhsh thc metoq c kai sugkekrimèna ed¸ akoloujoÔme ton orismì pwc o kìmboc (i, j) mac odhgeÐ
ston kìmbo (i+1, j) eÐte ston (i+1, j+1), ìpou o kìmboc (i+1, j) ekfr�zei thn kajodik  kÐnhsh
thc metoq c thn epìmenh qronik  stigm , en¸ o kìmboc (i + 1, j + 1) thn anodik . (bl. Sq ma
2.3.)
Gia na gÐnei katanoht  h prosèggish aut , ja exet�soume to diwnumikì dèndro gia thn perÐptwsh
pou èqoume mìno N = 2 periìdouc (bl. Sq ma 2.4). B�sei twn ìswn èqoume pei, parathroÔme
ìti o k�je kìmboc mporeÐ na odhg sei se �llouc dÔo kìmbouc oi opoÐoi antistoiqoÔn se anodik   
kajodik  kÐnhsh thc metoq c. Pio sugkekrimèna, o kìmboc (i, j) mporeÐ na mac odhg sei eÐte ston
kìmbo (i + 1, j + 1) pou ekfr�zei thn anodik  kÐnhsh thc metoq c thn epìmenh qronik  stigm ,
eÐte ston kìmbo (i + 1, j) pou ekfr�zei thn kajodik  kÐnhsh thc metoq c thn amèswc epìmenh
qronik  stigm . Dhlad  apì ton kìmbo (0,0) mporoÔme na metaboÔme thn epìmenh qronik  stigm ,
eÐte ston kìmbo (1,1), o opoÐoc antistoiqeÐ se �nodo, eÐte ston kìmbo (1,0), pou shmaÐnei ìti h
tim  thc metoq c thn epìmenh qronik  stigm  èpese (dhlad  den anèbhke). Me ton Ðdio trìpo,
apì ton kìmbo (1,1) mporoÔme na metaboÔme stouc kìmbouc (2,2) kai (2,1). Autì shmaÐnei, pwc
briskìmaste dÔo b mata makru� apì ton kìmbo (0,0) kai h tim  thc metoq c èqei anèbei dÔo forèc
ga na ft�sei ston kìmbo (2,2) [apì to (0,0) sto (1,1) kai apì to (1,1) sto (2,2)], en¸ an metaboÔme
ston kìmbo (2,1) shmaÐnei pwc briskìmaste dÔo b mata makru� apì ton kìmbo (0,0) kai ìti h tim 
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Sq ma 2.3: O genikìc kìmboc tou diwnumikoÔ dèndrou

thc metoq c èqei anèbei mÐa for� kai èqei pèsei �llh mÐa gia na ft�sei ston kìmbo autì [dhlad 
apì to (0,0) sto (1,1) kai apì to (1,1) sto (2,1)   apì to (0,0) sto (1,0) kai apì to (1,0) sto
(2,1)]. AntÐstoiqa, apì ton kìmbo (1,0) mporoÔme na metaboÔme stouc kìmbouc (2,1) kai (2,0).
An brejoÔme ston kìmbo (2,1) shmaÐnei pwc briskìmaste dÔo b mata makru� apì ton kìmbo (0,0)
kai ìti h tim  thc metoq c èqei anèbei èqei anèbei mÐa for� kai èqei pèsei �llh mÐa gia na ft�sei
ston kìmbo autì. An brejoÔme ston kìmbo (2,0) shmaÐnei pwc briskìmaste dÔo b mata makru�
apì ton kìmbo (0,0) kai ìti h tim  thc metoq c èqei pèsei dÔo forèc gia na ft�sei ston kìmbo
autì [apì to (0,0) sto (1,0) kai met� sto (2,0)].

'Estw ìti èqoume èna Eurwpaðkì dikaÐwma agor�c, grammèno p�nw se mÐa metoq . To dikaÐwma
autì den mporeÐ na exaskhjeÐ prin to qrìno l xhc t = T , mènei na doÔme p¸c ja gÐnei o upologismìc
thc tim c tou dikai¸matoc thn qronik  stigm  t = 0, dhlad  thc tim c C0. Gia N qronikèc
periìdouc akoloujoÔme ta ex c b mata:

B1. ArqÐzontac me thn tim  upokeÐmenhc thc metoq c S0 kai tic paramètrouc u kai d, upologÐzoume
tic timèc thc metoq c sto qrìno l xhc, ìpou N o qrìnoc l xhc kai j oi anodikèc kin seic,
me ton ex c trìpo (bl. Hull [8]):

SN,j = S0u
jdN−j (2.8)

B2. 'Epeita upologÐzoume thn axÐa tou dikai¸matoc sto qrìno l xhc me ton ex c trìpo:

CN,j = max(SN,j −K, 0) = max(S0u
jdN−j −K, 0)

B3. Tèloc, proqwr¸ntac opisjodromik� ¸ste na fj�soume sthn arq  tou dèndrou, douleÔontac
topik� me dèndra miac periìdou, upologÐzoume thn axÐa tou dikai¸matoc se k�je kìmbo, wc
ex c:

Ci,j = e−rδt(PuCi+1,j+1 + PdCi+1,j), (2.9)

mèqri na odhghjoÔme sto C0,0, to opoÐo apoteleÐ th zhtoÔmenh tim , dhlad  thn tim  tou
dikai¸matoc s mera.

Sthn perÐptwsh enìc EurwpaðkoÔ dikai¸matoc proaÐreshc p¸lhshc, ja akolouj soume thn Ðdia
diadikasÐa, me th diafor� pwc h axÐa tou dikai¸matoc sto qrìno l xhc upologÐzetai wc:

CN,j = max(K − S0ujdN−j , 0).
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Sq ma 2.4: Kìmboi diwnumikoÔ montèlou dÔo periìdwn

Par�deigma 1. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c, grammèno p�nw se mÐa me-
toq  me ta ex c qarakthristik�:

S0 K T N r σ

50 50 1 1 0.1 0.4

'Opou, S0 h tim  thc metoq c, K h tim  ex�skhshc thc metoq c, T o qrìnoc ewc th l xh, N oi
perÐodoi e¸c th l xh, r to epitìkio (et sio) kai σ h metablhtìthta. Sthn perÐptwsh aut , èqoume

δt = T/N = 1, en¸ oi par�metroi tou montèlou ja eÐnai u = eσ
√
δt = e0.4

√
1 = 1.4918 kai d =

e−σ
√
dt = e−0.4

√
1 = 0.6703. H pijanìthta anodik c kÐnhshc ja eÐnai Pu = erδt−d

u−d = 1.1051−0.6703
1.4918−0.6703 =

0.5293, en¸ thc kajodik c Pd = 1 − Pu = 0.4707. To e−rdt = 0.9048 eÐnai o suntelest c
proexìflhshc. ArqÐzontac me thn tim  upokeÐmenhc thc metoq c S0 = 50, upologÐzoume tic timèc
twn metoq¸n sto qrìno l xhc me ton ex c trìpo:

S1,0 = S0u
0d1 = 50 · 0.6703 = 33.5160,

ìpou S0d h tim  thc metoq c se perÐptwsh kajìdou kai

S1,1 = S0u
1d0 = 50 · 1.4918 = 74.5912

ìpou S0u, h tim  thc metoq c se perÐptwsh anìdou. 'Epeita ja upologÐsoume thn axÐa tou dikai¸-
matoc sto qrìno l xhc me ton ex c trìpo:

C1,0 = max(S0d−K, 0) = max(33.5160− 50, 0) = 0,

h axÐa tou dikai¸matoc se perÐptwsh kajìdou kai

C1,1 = max(Stu−K, 0) = max(74.5912− 50, 0) = 24.5912,

h axÐa tou dikai¸matoc se perÐptwsh anìdou.
Sthn sunèqeia, proqwr¸ntac anadromik�, b�sei thc sqèshc 2.7 katal goume ìti:

C0,0 = 0.9048 · (24.5912 · 0.5293 + 0 · 0.4707) = 11.7783,

pou apoteleÐ kai th zhtoÔmenh tim , dhlad  h tim  tou dikai¸matoc s mera.
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Par�deigma 2. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c, grammèno p�nw se mÐa me-
toq  me ta ex c qarakthristik�:

S0 K T N r σ

50 50 1 2 0.1 0.4

'Opou, S0 h tim  thc metoq c, K h tim  ex�skhshc thc metoq c, T o qrìnoc èwc th l xh, N
oi perÐodoi èwc th l xh, r to epitìkio (et sio) kai σ h metablhtìthta. Sthn perÐptwsh aut ,

èqoume δt = T/N = 0.5, en¸ oi par�metroi tou montèlou ja eÐnai u = eσ
√
δt = e0.4

√
0.5 =

1.3269 kai d = e−σ
√
δt = e−0.4

√
0.5 = 0.7536. H pijanìthta anodik c kÐnhshc ja eÐnai Pu =

erδt−d
u−d = 1.1052−0.7536

1.3269−0.7536 = 0.5192, en¸ thc kajodik c Pd = 1 − Pu = 0.4808. To e−rδt = 0.9512
eÐnai o suntelest c proexìflhshc. ArqÐzontac me thn tim  upokeÐmenhc thc metoq c S0 = 50,
upologÐzoume tic timèc twn metoq¸n sto qrìno l xhc sÔmfwna me thn ExÐswsh 2.8:

S2,0 = 50 · 1.32690 · 0.75362 = 28.3955

S2,1 = 50 · 1.32691 · 0.75361 = 50

S2,2 = 50 · 1.32692 · 0.75360 = 88.0334.

'Epeita ja upologÐsoume thn axÐa tou dikai¸matoc sto qrìno l xhc:

C2,0 = max(28.3955− 50, 0) = 0

C2,1 = max(50− 50, 0) = 0

C2,2 = max(88.0334− 50, 0) = 38.0334.

Tèloc, proqwr¸ntac anadromik�, b�sei thc sqèshc 2.9, upologÐzoume thn tim  tou dikai¸matoc
stouc kìmbouc (1,1) kai (1,0):

C1,0 = 0.9048 · (0.5192 · 38.0334 + 0.4808 · 0) = 18.783

C1,1 = 0.9048 · (0.5192 · 0 + 0.4808 · 0) = 0,

kai telik� ìti:
C0,0 = 0.9048 · (0.5192 · 18.783 + 0.4808 · 0) = 9.2766

pou apoteleÐ kai h zhtoÔmenh tim , dhlad  h tim  tou dikai¸matoc s mera.

EÐnai profanèc pwc sthn perÐptwsh poll¸n periìdwn h parap�nw diadikasÐa gÐnetai me th
bo jeia k�poiou progr�mmatoc hlektronikoÔ upologist , miac kai to pl joc twn pr�xewn pou ja
qreiastoÔn gÐnetai polÔ meg�lo.

Parat rhsh 2. Mèqri stigm c eÐdame to diwnumikì dèndro timolìghshc Eurwpaðk¸n dikaiwm�-
twn proaÐreshc (agor�c kai p¸lhshc). Wstìso, h isqÔc tou diwnumikoÔ montèlou faÐnetai idÐwc
sthn ikanìtht� tou na timologeÐ Amerik�nika dikai¸mata, k�ti pou apoteleÐ mèqri s mera èna
prìblhma idiaÐtera apaithtikì lìgw thc sÔnjethc - polÔplokhc dom c twn dikaiwm�twn autoÔ tou
tÔpou miac kai epitrèpoun thn ex�skhsh opoted pote mèqri kai to qrìno l xhc. H idèa pÐsw apì
thn timolìghsh tou dikai¸matoc autoÔ me to diwnumikì montèlo timolìghshc, eÐnai apl : Exet�-
zoume se k�je kìmbo (i, j) tou dèndrou, an mac sumfèrei na exask soume to dikaÐwma   na to
krat soume kai na suneqÐsoume proc ta pÐsw th diadikasÐa. H diadikasÐa èqei wc ex c:

• An exaskhjeÐ to dikaÐwma, h axÐa tou (apìdosh) eÐnai Ðsh me to mègisto metaxÔ tou mhdenìc
kai thc posìthtac Si,j −K, dhlad  max(0, Si,j −K).

• An den exaskhjeÐ to dikaÐwma, tìte h axÐa tou upologÐzetai me ton Ðdio trìpo pou upologÐ-
zoume kai ta Eurwpaðk� dikai¸mata proaÐreshc.
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Gia na exet�soume an mac sumfèrei   ìqi h prìwrh ex�skhsh tou dikai¸matoc ston kìmbo (i, j),
sugkrÐnoume tic dÔo parap�nw timèc. An h pr¸th tim  max(0, Si,j −K) upertereÐ thc deÔterhc
e−rδt(PuCi+1,j+1 + PdCi+1,j), mac sumfèrei h prìwrh ex�skhsh tou dikai¸matoc (miac kai ston
kìmbo autì h ex�skhsh dhmiourgeÐ megalÔterh axÐa). AntÐjeta, an h deÔterh tim  upertereÐ thc
pr¸thc, tìte h prìwrh ex�skhsh den mac sumfèrei (to dikaÐwma den sumfèrei na exaskhjeÐ prìwra
se autìn ton kìmbo). 'Ena Amerik�niko dikaÐwma agor�c den sumfèrei potè na exaskhjeÐ prin thn
l xh, �ra h axÐa tou ja eÐnai Ðdia me aut  enìc EurwpaðkoÔ dikai¸matoc agor�c. Sunoptik�
wstìso, h axÐa tou Amerik�nikou dikai¸matoc agor�c ston kìmbo (i, j) dÐnetai gia Amerikanik�
dikai¸mata agor�c apì thn sqèsh:

Ci,j =max
[
e−rδt(PuCi+1,j+1 + PdCi+1,j),max(0, Si,j −K)

]
,

en¸ gia gia Amerikanik� dikai¸mata p¸lhshc dÐnetai apì thn sqèsh:

Ci,j =max
[
e−rδt(PuCi+1,j+1 + PdCi+1,j),max(0,K − Si,j)

]
.

2.4 H analutik  mèjodoc

Sto shmeÐo autì, prokÔptei to er¸thma an mporoÔme na broÔme k�poion tÔpo se kleist  morf  gia
ton upologismì thc tim c tou dikai¸matoc sÔmfwna me to diwnumikì upìdeigma timolìghshc. K�ti
tètoio ja  tan polÔ bolikì, kaj¸c den ja qreiazìtan na k�noume ìlh thn parap�nw algorijmik 
diadikasÐa, h opoÐa prèpei na poÔme ìti gia èna meg�lo pl joc qronik¸n periìdwn eÐnai arket�
epÐponh upologistik� kai apaiteÐ isqurì upologist . 'Estw ìti èqoume èna dèndro N periìdwn
(qronik¸n bhm�twn). SÔmfwna me thn algorijmik  prosèggish pou eÐdame sthn prohgoÔmenh pa-
r�grafo, to dèndro apoteleÐtai apì polloÔc kìmbouc. Apì k�je tètoio kìmbo dÔo eÐnai oi pijanèc
ekb�seic thc upokeÐmenhc metoq c, mÐa anodik  me par�metro anodik c kÐnhshc u kai pijanìthta Pu
kai mÐa kajodik , me par�metro kajodik c kÐnhshc d kai pijanìthta Pd. Gia k�je mÐa apì tic timèc
autèc, up�rqoun

(
N
j

)
= N !

j!(N−j)! sunduasmoÐ - diaforetikoÐ trìpoi gia na odhghjoÔme ekeÐ. Pio

analutik�, sto diwnumikì dèntro tri¸n periìdwn (bl. Sq ma 2.7), gia na odhghjoÔme sto C8, to
opoÐo brÐsketai sthn trÐth perÐodo tou dèntrou kai gia to opoÐo èqoun gÐnei dÔo anodikèc kin seic,
up�rqoun

(
3
2

)
= 3 diaforetikoÐ trìpoi gia na odhghjoÔme ekeÐ. O pr¸toc eÐnai C0,C2,C5,C8, o

deÔteroc eÐnai C0,C1,C4,C8 kai o trÐtoc èinai C0,C2,C4,C8. Gia na odhghjoÔme sto C4, to opoÐo
brÐsketai sthn deÔterh perÐodo tou dèntrou kai gia to opoÐo èqei gÐnei mÐa anodik  kÐnhsh, up�r-
qoun epomènwc

(
2
1

)
= 2 diaforetikoÐ trìpoi gia na odhghjoÔme ekeÐ. O pr¸toc eÐnai C0,C2,C4 kai

o deÔteroc eÐnai C0,C1,C4.
Ousiastik� parathroÔme pwc se k�je qronik  stigm  ekteloÔme èna peÐrama tÔqhc (�nodoc  
pt¸sh thc tim c thc metoq c). An jewr soume wc epituqÐa thn �nodo thc tim c thc metoq c
kai wc apotuqÐa thn pt¸sh thc, tìte met� apì N qronik� b mata (N diaforetik� kai metaxÔ
touc anex�rthta peir�mata Bernoulli), h metoq  ja èqei k�nei sunolik� j anodikèc kin seic, ìpou
j ∼ Bin(N,Pu). Epomènwc, h anamenìmenh tim  thc apìdoshc tou dikai¸matoc sth l xh eÐnai:

E[P ] =

N∑
j=0

(
N

j

)
P ju(1− Pu)N−jP [j],

ìpou me P [j] sumbolÐzoume thn apìdosh tou dikai¸matoc sth l xh kai gia thn perÐptwsh enìc
EurwpaðkoÔ dikai¸matoc agor�c eÐnai Ðsh me max(S0u

jdN−j − K, 0). 'Opwc èqoume  dh pei, h
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tim  tou dikai¸matoc mporeÐ na jewrhjeÐ ìti eÐnai h parap�nw mèsh tim  all� proexoflhmènh kai
m�lista k�tw apì tic teqnhtèc pijanìthtec Pu kai Pd, wc ex c:

C0 = e−rT

 N∑
j=0

(
N

j

)
P ju(1− Pu)N−jP [j]

 . (2.10)

Parat rhsh 3. Sto shmeÐo autì prokÔptei mÐa polÔ endiafèrousa parat rhsh, kaj¸c k�poioc
ja mporoÔse na fantasteÐ mÐa antistoiqÐa metaxÔ tou diwnumikoÔ dèndrou timolìghshc kai tou
trig¸nou Pascal. Katarq�c, parathroÔme ìti sto diwnumikì dèndrou miac periìdou up�rqoun dÔo
pijanèc telikèc timèc, sto diwnumikì dèndro dÔo periìdwn up�rqoun treic pijanèc telikèc timèc,
sto dèndro twn tri¸n periìdwn up�rqoun tèsseric pijanèc telikèc timèc, sto dèndro twn tess�rwn
periìdwn up�rqoun pènte pijanèc telikèc timèc, en¸ sto dèndro twn pènte periìdwn, up�rqoun èxi
pijanèc telikèc timèc. Katal goume loipìn ìti sto diwnumikì dèndro N periìdwn up�rqoun dhlad 
N + 1 pijanèc telikèc timèc. O arijmìc twn dunatwn diadrom¸n (trìpwn), me touc opoÐouc p�me
se k�je mÐa apì tic timèc tou dèndrou (dhlad  se k�je kìmbo tou diwnumikoÔ dèndrou), dÐnetai apì
to trÐgwno tou Pascal (bl.Worral [29]). To trÐgwno Pascal faÐnetai sto sq ma 2.5 gia N = 5
periìdouc.

Sq ma 2.5: TrÐgwno Pascal

To trÐgwno Pascal den eÐnai tÐpota �llo par� mÐa trigwnik  di�taxh twn diwnumik¸n suntelest¸n,
oi opoÐoi ìpwc eÐpame parap�nw mac dÐnoun ton arijmì twn sunolik¸n diadrom¸n pou p�me se k�je
kìmbo. 'Etsi loipìn, gÐnetai xek�jarh h antistoiqÐa metaxÔ thc majhmatik c aut c dom c kai tou
diwnumikoÔ upodeÐgmatoc timolìghshc. To n = 0, antistoiqeÐ sthn arq  tou dèndrou. To n = 1
antistoiqeÐ sthn pr¸th qronik  stigm  tou dèndrou kat� thn opoÐa èqoume dÔo pijanèc telikèc
timèc. To n = 2 antistoiqeÐ sthn deÔterh qronik  stigm  tou dèndrou kat� thn opoÐa èqoume
treic pijanèc telikèc timèc k.o.k. Apì to Sq ma 2.5 parathroÔme ìti sthn deÔterh perÐodo up�rqei
ènac trìpoc na ft�soume stic dÔo exwterikèc pleurèc tou trig¸nou (oi opoÐec antistoiqoÔn touc
kìmbouc (2,2) kai (2,0) sto dèndro tou Sq matoc 2.4) kai dÔo trìpoi gia na odhghjoÔme ston
mesaÐo kìmbo (2,1): eÐte phgaÐnontac pr¸ta p�nw (dexi�) kai Ôstera fj�nontac ekeÐ, eÐte pr¸ta
k�tw (arister�) kai Ôstera ekeÐ. Me ton Ðdio trìpo mporoÔme na upologÐsoume ton arijmì twn
dunat¸n diadrom¸n pou mac p�ne ston k�je kìmbo polÔ �mesa. M�lista, oi arijmoÐ sto trÐgwno
tou Pascal eÐnai polÔ eÔkolo na upologistoÔn, arkeÐ na prosjèsoume (ìpwc faÐnetai kai apì to
parap�nw endeiktikì trÐgwno tou Pascal) touc dÔo arijmoÔc pou brÐskontai apì p�nw (exairoÔntai
oi exwterikèc pleurèc tou trig¸nou pou èqoun p�nta mon�da) kai ètsi ja prokÔyei o arijmìc apì
k�tw. Gia par�deigma, o arijmìc 4, sthn tètarth perÐodo tou trig¸nou, prokÔptei wc �jroisma
twn dÔo p�nw arijm¸n (3 + 1), thc trÐthc perÐdou tou trig¸nou.
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Sq ma 2.6: Diwnumikì dèntro dÔo periìdwn

Par�deigma 3. 'Estw èna dèndro N = 2 periìdwn. SÔmfwna me thn Sqèsh 2.10 èqoume:

C0 = e−rT

N=2∑
j=0

(
2

j

)
P ju(1− Pu)2−jmax(S0u

jd2−j −K, 0)


= e−rT

[(
2

0

)
P 0
u (1− Pu)2−0max(S0u

0d2−0 −K, 0)

+

(
2

1

)
2P 1

u (1− Pu)2−1max(S0u
1d2−1 −K, 0)

+

(
2

2

)
P 2
u (1− Pu)2−2max(S0u

2d2−2 −K, 0)

]
= e−rT [(1− Pu)2 −max(S0d

2 −K, 0) + 2Pu(1− Pu)max(S0 −K, 0)

+ P 2
umax(S0u

2 −K, 0)]

= e−rT
[
P 2
uC5 + 2Pu(1− Pu)C4 + (1− Pu)2C3

]
,

ìpou C0 h tim  tou dikai¸matoc s mera. Ja deÐxoume t¸ra me thn algorijmik  prosèggish thc
Paragr�fou 2.3 pwc h tim  tou dikai¸matoc gia N = 2, dÐnetai apì ton parap�nw tÔpo (den
b�zoume proexìflhsh gia eukolÐa). Arqik� èqoume:

C2 = PuC5 + (1− Pu)C4

C1 = PuC4 + (1− Pu)C3.

Katìpin, sÔmfwna me ìsa èqoume pei proqwr�me proc ta pÐsw:

C0 = PuC2 + (1− Pu)C1

= Pu [PuC5 + (1− Pu)C4] + (1− Pu) [PuC4 + (1− Pu)C3]

= P 2
uC5 + Pu(1− Pu)C4 + (1− Pu)PuC4 + (1− Pu)(1− Pu)C3

= P 2
uC5 + 2Pu(1− Pu)C4 + (1− Pu)2C3.

H parap�nw sqèsh pollaplasiasmènh me to proexoflhtikì epitìkio, mac dÐnei thn tim  tou dikai¸-
matoc ston qrìno t = 0, pou eÐnai h Ðdia sqèsh pou p rame parap�nw me ton analutikì tÔpo.
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Gia na odhghjoÔme sto C3, to opoÐo brÐsketai sthn deÔterh perÐodo tou dèntrou kai gia
to opoÐo den èqei gÐnei k�poia anodik  kÐnhsh, up�rqei

(
2
0

)
= 1 trìpoc gia na odhghjoÔme ekeÐ.

Autìc eÐnai C0,C1,C3. Gia na odhghjoÔme sto C4, to opoÐo brÐsketai sthn deÔterh perÐodo tou
dèntrou kai gia to opoÐo èqei gÐnei mÐa anodik  kÐnhsh, up�rqoun

(
2
1

)
= 2 diaforetikoÐ trìpoi gia

na odhghjoÔme ekeÐ. O pr¸toc eÐnai C0,C2,C4 kai o deÔteroc eÐnai C0,C1,C4. Gia na odhghjoÔme
sto C5, to opoÐo brÐsketai sthn deÔterh perÐodo tou dèntrou kai gia to opoÐo èqoun gÐnei dÔo
anodikèc kin seic, up�rqei

(
2
2

)
= 1 trìpoc gia na odhghjoÔme ekeÐ, h diadrom  C0,C2,C5. Aut�

faÐnontai kai apì to trÐgwno tou Pascal sto Sq ma 2.5.

Sq ma 2.7: Diwnumikì dèntro tri¸n periìdwn

Par�deigma 4. 'Estw t¸ra pwc èqoume èna dèndro N = 3 periìdwn. SÔmfwna me thn Sqèsh
2.10, h tim  tou dikai¸matoc upologÐzetai wc:

C0 = e−rT

N=3∑
j=0

(
3

j

)
P ju(1− Pu)3−jmax(S0u

jd3−j −K, 0)


= e−rT

[
P 3
uC9 + 3P 2

u (1− Pu)C8 + 3Pu(1− Pu)2C7 + (1− Pu)3C6

]
.

Ja deÐxoume t¸ra me thn algorijmik  prosèggish thc Paragr�fou 2.3 pwc h tim  tou dikai¸matoc
gia N = 3, dÐnetai apì ton parap�nw tÔpo (den b�zoume proexìflhsh gia eukolÐa). Arqik�,
mporoÔme na upologÐsoume tic apodìseic tou dikai¸matoc stouc kìmbouc C6, C7, C8 kai C9 ìpwc
èqoume perigr�yei prohgoumènwc. Katìpin, proqwr�me proc ta pÐsw, douleÔontac topik� me
dèndra miac periìdou:

C5 = PuC9 + (1− Pu)C8

C4 = PuC8 + (1− Pu)C7

C3 = PuC7 + (1− Pu)C6
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'Epeita:

C2 = PuC5 + (1− Pu)C4

= Pu [PC9 + (1− Pu)C8] + (1− Pu) [PuC8 + (1− Pu)C7]

= P 2
uC9 + Pu(1− Pu)C8 + (1− Pu)PuC8 + (1− Pu)2C7

C1 = PuC4 + (1− Pu)C3

= Pu [PuC8 + (1− Pu)C7] + (1− Pu) [PuC7 + (1− Pu)C6]

= P 2
uC8 + Pu(1− Pu)C7 + (1− Pu)PuC7 + (1− Pu)2C6

Telik�:

C0 = PuC2 + (1− Pu)C1

= Pu
[
P 2
uC9 + Pu(1− Pu)C8 + (1− Pu)PC8 + (1− Pu)2C7

]
+ (1− Pu)

[
P 2
uC8 + Pu(1− Pu)C7 + (1− Pu)PuC7 + (1− Pu)2C6

]
= P 3

uC9 + P 2
u (1− Pu)C8 + P 2

u (1− Pu)C8 + Pu(1− Pu)2C7

+ (1− Pu)P 2
uC8 + Pu(1− Pu)2C7 + (1− Pu)2PuC7 + (1− Pu)3C6

= P 3
uC9 + 3P 2

u (1− Pu)C8 + 3Pu(1− Pu)2C7 + (1− Pu)3C6

Oi parap�nw timèc, pollaplasiasmènec me to proexoflhtikì epitìkio, mac dÐnoun thn tim  tou
dikai¸matoc ston qrìno t = 0. Gia na odhghjoÔme sto C6, to opoÐo brÐsketai sthn trÐth perÐodo
tou dèntrou kai gia to opoÐo den èqei gÐnei k�poia anodik  kÐnhsh, up�rqei

(
3
0

)
= 1 trìpoc gia

na odhghjoÔme ekeÐ. Autìc eÐnai o C0,C1,C3,C6. Gia na odhghjoÔme sto C7, to opoÐo brÐsketai
sthn trÐth perÐodo tou dèntrou kai gia to opoÐo èqei gÐnei mÐa anodik  kÐnhsh, dhlad  up�rqoun(
3
1

)
= 3 diaforetikoÐ trìpoi gia na odhghjoÔme ekeÐ. O pr¸toc eÐnai C0,C2,C4,C7, o deÔteroc eÐnai

C0,C1,C4,C7 kai o trÐtoc èinai C0,C1,C3,C7. Gia na odhghjoÔme sto C8, to opoÐo brÐsketai sthn
trÐth perÐodo tou dèntrou kai gia to opoÐo èqoun gÐnei dÔo anodikèc kin seic, dhlad  up�rqoun(
3
2

)
= 3 diaforetikoÐ trìpoi gia na odhghjoÔme ekeÐ. O pr¸toc eÐnai C0,C2,C5,C8, o deÔteroc eÐnai

C0,C1,C4,C8 kai o trÐtoc èinai C0,C2,C4,C8. Gia na odhghjoÔme sto C9, to opoÐo brÐsketai sthn
trÐth perÐodo tou dèntrou kai gia to opoÐo èqoun gÐnei treic anodikèc kin seic, up�rqei

(
3
3

)
= 1

trìpoc gia na odhghjoÔme ekeÐ, o C0,C2,C5,C9. Aut� faÐnontai kai apì to Sq ma 2.5.

Par�deigma 5. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c, grammèno p�nw se mÐa me-
toq  me ta ex c qarakthristik�:

S0 K T N r σ

50 50 1 2 0.1 0.4

'Opou, S0 h tim  thc metoq c, K h tim  ex�skhshc thc metoq c, T o qrìnoc èwc th l xh, N
oi perÐodoi èwc th l xh, r to epitìkio (et sio) kai σ h metablhtìthta. Sthn perÐptwsh aut ,

èqoume δt = T/N = 0.5, en¸ oi par�metroi tou montèlou ja eÐnai u = eσ
√
dt = e0.4

√
0.5 =

1.3269 kai d = e−σ
√
dt = e−0.4

√
0.5 = 0.7536. H pijanìthta anodik c kÐnhshc ja eÐnai Pu =

erdt−d
u−d = 1.0512−0.7536

1.3269−0.7536 = 0.5191, en¸ thc kajodik c Pd = 1− Pu = 0.4808. e−rT = 0.9048 eÐnai o
suntelest c proexìflhshc.

Efarmìzontac ton tÔpo 2.10, h axÐa tou dikai¸matoc s mera upologÐzetai wc ex c:

C0 = e−rT

N=2∑
j=0

(
2

j

)
P ju(1− Pu)2−jmax(S0u

jd2−j −K, 0)


26



Kef�laio 2 To diwnumikì upìdeigma timolìghshc

Analutik� to �jroisma autì eÐnai:

C0 = e−rT

[(
2

0

)
(1− Pu)2max(S0d

2 −K, 0) +

(
2

1

)
Pu(1− Pu)max(S0 −K, 0)

+

(
2

2

)
P 2
umax(S0u

2 −K, 0)

]
= 0.9048

[
[2!/(0! · (2− 0)!)] · 0.48082 · (0)

+ [2!/(1! · (2− 1)!)] · 0.51921 · 0.48081 · (0)

+ [2!/(2! · (2− 2)!)] · 0.51922 · 0.48080 · (38.0334)
]

= 9.2766

Sthn tim  aut  ft�same kai sto par�deigma 2, sto opoÐo doulèyame me ton algorijmikì trìpo.

Parat rhsh 4. Sthn perÐptwsh enìc EurwpaðkoÔ dikai¸matoc proaÐreshc p¸lhshc qrhsi-
mopoioÔme p�li thn ExÐswsh 2.10 mìno pou ja all�xei h sun�rthsh apìdoshc tou dikai¸matoc,
wc

max(K − S0ujdN−j , 0).

2.5 Par�rthma

Sto par�rthma autì ja k�noume thn bajmonìmhsh tou diwnumikoÔ upodeÐgmatoc. Dhlad , sko-
pìc mac eÐnai na prosdiorÐsoume tic paramètrouc u, d oi opoÐec apoteloÔn basik� sustatik� tou
diwnumikoÔ upodeÐgmatoc timolìghshc. Gia na gÐnei autì prèpei pr¸ta na k�noume mÐa sÔntomh
eisagwg  se dÔo polÔ shmantikèc stoqastikèc diadikasÐec, thn kÐnhsh Brown, kai th gewmetrik 
kÐnhsh Brown. Gia perissìterec plhroforÐec anaforik� me tic stoqastikèc diadikasÐec kai ta sto-
qastik� majhmatik� genikìtera, bl. Giannakìpoulo [2], Mpalt� [5] kai Brzezniak & Zastawniak
[17].

2.5.1 H kÐnhsh Brown

H kÐnhsh Brown   alli¸c diadikasÐa Wiener, ìpwc eÐnai gnwst , apoteleÐ mÐa apì tic shmantikìte-
rec stoqastikèc diadikasÐec, me ter�stia shmasÐa, tìso apì jewrhtik  meri� ìso kai apì pleur�c
efarmog¸n. Shmantikìc eÐnai o rìloc thc sto pedÐo thc Stoqastik c An�lushc (Logismìc Itô)
all� kai thc Stoqastik c Qrhmatooikonomik c. Ousiastik� prìkeitai gia ènan aplì summetrikì
tuqaÐo perÐpato, kat�llhla tropopoihmèno wc proc to qwrikì kai to qronikì tou b ma. O lìgoc
pou mac apasqoleÐ h kÐnhsh Brown eÐnai to gegonìc pwc apoteleÐ ton pur na gia ta montèla thc
Qrhmatooikonomik c se suneq  qrìno. Ta jemèlia èbale pr¸toc o 'Aggloc botanolìgoc Robert
Brown, o opoÐoc parat rhse thn kÐnhsh swmatidÐwn mèsa se ugrì k�tw apì to mikroskìpio, to
1827. Argìtera, to 1904 o Einstein [20] ex ghse to fainìmeno autì pou parat rhse o Brown kai
eÐpe ìti autì praktik� ofeÐletai ston bombardismì pou dèqontai ta swmatÐdia apì ta mìria thc
epif�neiac tou neroÔ. To 1900, O G�lloc majhmatikìc Luis Bachelier qrhsimopoÐhse gia pr¸th
for� thn kÐnhsh Brown wc montèlo gia tic timèc twn metoq¸n. 'Epeita, to 1923, o spoudaÐoc
Amerikanìc majhmatikìc Norbert Wiener, jemeli¸nei me majhmatikì trìpo thn kÐnhsh Brown,
apodeiknÔontac thn Ôparxh mÐac kai monadik c diadikasÐac me ta qarakthristik� aut�. †

Orismìc 1. H kÐnhsh Brown eÐnai mÐa stoqastik  diadikasÐa (Wt, t ≥ 0), h opoÐa paÐrnei timèc
ston R kai èqei tic akìloujec idiìthtec:

†MÐa stoqastik  diadikasÐa apoteleÐ mia sullog  tuqaÐwn metablht¸n parametrismènwn me ton qrìno.
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1. W0 = 0.

2. Gia 0 ≤ s < t ≤ T , h tuqaÐa metablht  Wt −Ws ∼ N(0, t− s).

3. Gia 0 ≤ s < t < u < υ ≤ T oi prosauxhseic Wt − Ws kai Wυ − Wu eÐnai anex�rthtec
(anex�rthtec metabolèc).

4. Oi troqièc thc eÐnai suneqeÐc me pijanìthta 1.

Sq ma 2.8: ProsomoÐwsh monopatioÔ thc kÐnhshc Brown sto [0, 1]. Phg : Mpalt�c [5].

2.5.2 H gewmetrik  kÐnhsh Brown

O G�lloc majhmatikìc Louis Bachelier sth didaktorik  tou diatrib  to 1900 me tÐtlo ’Theorie de
la Speculation’  tan o pr¸toc pou susqètise thn exèlixh twn tim¸n miac metoq c kai genikìtera
enìc axiogr�fou, me thn kÐnhsh Brown, eis�gontac ètsi thn abebaiìthta, se sqèsh me thn exèlixh
twn tim¸n twn metoq¸n. JewroÔme t¸ra mia metoq  thc opoÐac h tim  thn qronik  stigm  t ∈ [0, T ],
me T > 0 (sumbolÐzetai me St). O Bachelier ousiastik� upèjese pwc oi metabolèc twn tim¸n miac
metoq c se èna polÔ mikrì di�sthma m kouc dt (dhlad  th sumbolÐzoume me dSt), eÐnai an�logec
twn prosaux sewn miac kÐnhshc Brown, dhlad :

dSt = σdWt,

ìpou to σ > 0 apoteleÐ thn metablhtìthta twn tim¸n thc metoq c, ìpwc èqei anaferjeÐ. H idèa
aut  tou Bachelier, den eÐnai o monadikìc all� oÔte kai o swstìc trìpoc gia na perigr�youme
thn exèlixh twn tim¸n miac metoq c sto suneq  qrìno,  tan ìmwc proqwrhmènh gia thn epoq  thc
kai ousiastik�  tan aut  pou èdwse to ènausma kai apotèlese thn b�sh gia èna polÔ shmantikì
montèlo twn Qrhmatooikonomik¸n Majhmatik¸n, autì thc gewmetrik c kÐnhshc. GiatÐ ìmwc h
kÐnhsh Brown den eÐnai ènac kat�llhloc trìpoc gia na perigr�youme thn exèlixh twn tim¸n miac
metoq c? Katarq�c, parathroÔme ìti to upìdeigma thc kÐnhshc Brown mporeÐ na grafeÐ sthn
isodÔnamh morf 

St = S0 + σWt,

gia k�je qronik  stigm  t ∈ [0, T ]. Epomènwc:

• Up�rqei to basikì prìblhma pwc h kÐnhsh Brown mporeÐ na p�rei kai arnhtikèc timèc (bl.
Sq ma 2.8), k�ti tètoio den eÐnai fusik� apodektì gia èna montèlo pou perigr�fei thn exèlixh
twn tim¸n miac metoq c.
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• Oi metabolèc thc tim c thc metoq c eÐnai anex�rthtec apì thn Ðdia thn tim , k�ti pou den
faÐnetai realistikì.

O oikonomolìgoc Paul Samuelson, to 1960, melet¸ntac thn didaktorik  diatrib  tou Bachelier
èkane thn parat rhsh pwc sun jwc oi ependutèc endiafèrontai perissìtero gia tic apodìseic twn
ependÔse¸n touc kai ìqi gia thn tim  twn stoiqeÐwn sta opoÐa èqoun topojethjeÐ. Dhlad , h
pr¸th parat rhsh pou èkane,  tan pwc to montèlo thc kÐnhshc Brown ja  tan pio endiafèron
sthn morf :

dSt
St

= σdWt,

ìpou σ > 0. M�lista, o Samuelson proq¸rhse èna b ma parak�tw, proteÐnontac to upìdeigma:

dSt = µStdt+ σStdWt,

me arqik  sunj kh S0 > 0. H parap�nw morf  moi�zei me mÐa sun jh diaforik  exÐswsh me
thn diafor� sto gegonìc pwc perilamb�nei tuqaiìthta lìgw tou ìrou σStdWt. H morf  aut 
lègetai stoqastik  diaforik  exÐswsh. H stoqastikìthta (tuqaiìthta) ed¸, eis�getai apì tic
prosaux seic thc kÐnhshc Brown, dhlad  apì ton ìro dWt. Gia na lujeÐ h parap�nw exÐswsh,
apaitoÔntai eidikèc teqnikèc thc Stoqastik c An�lushc (L mma tou Itô). H exÐswsh aut  loipìn,
eÐnai ènac trìpoc pou mac deÐqnei pwc sundèetai h metabol  thc tim c thc metoq c metaxÔ twn
qronik¸n stigm¸n t kai t + dt (dhlad  to dSt) me thn tim  thc metoq c thn qronik  stigm  t
(dhlad  to St). H lÔsh aut c thc exÐswshc ousiastik� orÐzei thn stoqastik  diadikasÐa h opoÐa
onom�zetai gewmetrik  kÐnhsh Brown. To montèlo auto praktik� mac lèei, ìti h metabol  thc
tim c thc metoq c se ena qronikì di�sthma m kouc δt mporeÐ na qwristeÐ se dÔo komm�tia:

• O pr¸toc ìroc eÐnai to µStdt. Prìkeitai gia mia metabol  h opoÐa eÐnai an�logh thc qronik c
di�rkeiac dt, thc anamenìmenhc apìdoshc thc tim c thc metoqhc µ, kaj¸c kai thc tim c thc
metoq c thn qronikh stigm  t.

• O deÔteroc ìroc eÐnai to σStdWt, to opoÐo montelopoieÐ tic statistikèc diakum�nseic gÔrw
apì aut  thn parap�nw metabol .

EÐnai gnwstì (bl. Giannakìpoulo [2]) ìti h lÔsh thc parap�nw exÐswshc eÐnai h akìloujh
stoqastik  diadikasÐa:

St = S0 exp

[(
µ− 1

2
σ2
)
t+ σWt

]
, (2.11)

h opoÐa apoteleÐ to gnwstì upìdeigma thc gewmetrik c kÐnhshc Brown. Apì ed¸ kai èpeita
ìtan anaferìmaste sthn gewmetrik  kÐnhsh Brown (bl. Sq ma 2.9), ennooÔme thn parap�nw
stoqastik  diadikasÐa. Me lÐga lìgia, mia stoqastik  diadikasÐa St lème ìti eÐnai gewmetrik 
kÐnhsh Brown, an h logSt eÐnai kÐnhsh Brown me arqik  tim  logS0. H gewmetrik  kÐnhsh Brown
eÐnai sthn ousÐa mia ekjetik  kÐnhsh Brown.

2.5.3 Bajmonìmhsh tou diwnumikoÔ upodeÐgmatoc

Sthn par�grafo aut  ja proqwr soume se bajmonìmhsh tou diwnumikoÔ upodeÐgmatoc (akolou-
j¸ntac thn parousÐash tou Brandimarte [14]), dhlad  ja upologÐsoume tic paramètrouc u kai d
tic opoÐec qrhsimopoi same sthn Par�grafo 2.1 kai t¸ra ja doÔme analutik� pwc prokÔptoun.
H ousÐa tou diwnumikoÔ upodeÐgmatoc, eÐnai pwc apoteleÐ mÐa kal  prosèggish thc parak�tw
stoqastik c diadikasÐac:

dSt = rStdt+ σStdWt,
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Sq ma 2.9: ProsomoÐwsh enìc monopatioÔ thc gewmetrik c kÐnhshc Brown. Phg : Mpalt�c [5].

me arqik  sunj kh S0 > 0 ìpou (Wt, t ≥ 0) apoteleÐ mÐa tupik  monodi�stath kÐnhsh Brown. H
idèa eÐnai na upologÐsoume tic paramètrouc me tètoio trìpo, ¸ste na diathroÔntai orismènec apì
tic basikèc idiìthtec tou montèlou autoÔ. Autì ennooÔme ìtan lème bajmonìmhsh. Xekin¸ntac
apì thn tim  (metoq ) St, met� apì èna mikrì di�sthma m kouc δt, h nèa tim  isoÔtai me S1 := St+δt
ètsi ¸ste

log(S1/St) ∼ N
(
(r − 0.5σ2)δt, σ2δt

)
.

Qrhsimopoi¸ntac tic idiìthtec thc logarijmik c (lognormal) katanom c, èqoume:

E[S1/St] = erδt (2.12)

kai

V ar[S1/St] = e2rδt(eσ
2δt − 1) (2.13)

'Eqoume dhlad  dÔo exis¸seic, gia na upologÐsoume dÔo paramètrouc u kai d. Gia thn diakrit 
katanom  pou akoloujeÐ to diwnumikì upìdeigma mÐac periìdou, isqÔei p¸c:

E[S1] = uPuSt + d(1− Pu)St (2.14)

kai apaitoÔme h mèsh tim  thc logarijmik c katanom c 2.12 na isoÔtai me aut  thc diakrit c 2.14,
dhlad 

uPuSt + d(1− Pu)St = Ste
rδt.

EpÐshc, thn diakrit  katanom  pou akoloujeÐ to diwnumikì upìdeigma mÐac periìdou, isqÔei
pwc h diakÔmansh tou S1 eÐnai Ðsh me:

V ar[S1] = E[S2
1 ]− E[S1]

2 = S2
t (Puu

2 + (1− Pu)d2)− S2
t e

2rδt (2.15)

kai apaitoÔme h diakÔmansh thc logarijmik c katanom c 2.13 na isoÔtai me aut  thc diakrit c 2.15,
dhlad 

Ste
2rδt(eσ

2δt − 1) = S2
t (Puu

2 + (1− Pu)d2)− S2
t e

2rδt,

kai katal goume pwc:

e2rδt+σ
2δt = Puu

2 + (1− Pu)d2. (2.16)
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Antikajist¸ntac èpeita to Pu sto deÔtero mèloc thc 2.16, èqoume:

Puu
2 + (1− Pu)d2 =

erδt − d
u− d

u2 +
u− erδt

u− d
d2

=
u2erδt − u2d+ ud2 − d2erδt

u− d

=
(u2 − d2)erδt − (u− d)

u− d
= (u+ d)erδt − 1,

kai katal goume pwc:

e2rδt+σ
2δt = (u+ d)erδt − 1,

ìpou antikajist¸ntac me to u = 1/d kai èpeita pollaplasi�zontac kai ta dÔo mèlh me u, h
parap�nw sqèsh gÐnetai

u2erδt − u(1 + e2rδt+σ
2δt) + erδt = 0.

H parap�nw morf  mporeÐ na jewrhjeÐ wc mia deuterob�jmia exÐswsh wc proc thn �gnwsth
par�metro u. UpologÐzoume loipìn th diakrÐnousa:

u =
(1 + e2rδt+σ

2δt) +
√

(1 + e2rδt+σ2δt)2 − 4e2rδt

2erδt
. (2.17)

'Iswc ta pr�gmata na  tan pio èukola e�n aplopoioÔsame thn upìrizh posìthta thc sqèshc 2.17
wc ex c ‡:

1 + (e2rδt+σ
2δt)2 − 4e2rδt ≈ [2 + (2r + σ2)δt]2 − 4(1 + 2rδt) ≈ 4σ2δt.

Sth sunèqeia antikajist¸ntac thn upìrizh tim  pou br kame sthn 2.17, èqoume:

u ≈ 2 + (2r + σ2)δt+ 2σ
√
δt

2erδt

≈
(

1 + rδt+
σ2

2
δt+ σ

√
δt

)
(1− rδt)

≈ 1 + rδt+
σ2

2
δt+ σ

√
δt− rδt

= 1 + σ
√
δt+

σ2

2
δt.

H parap�nw èkfrash den eÐnai tÐpota parap�nw par� to deÔterhc t�xhc an�ptugma Taylor tou

eσ
√
δt. 'Ara katal goume sto u = σ

√
dt± 1 kai epomènwc:

u = 1 + σ
√
δt = eσ

√
δt (2.18)

kai

d =
1

u
= e−σ

√
δt, (2.19)

‡Apì tic seirèc Taylor èqoume ìti:

ex =
∞∑
n=0

xn

n!
= 1 + x+

x2

2
+ . . . ≈ 1 + x

gia x mikrì.
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ìpou, oi posìthtec u kai d apoteloÔn thn par�metro anodik c kai kajodik c kÐnhshc tou dikai¸-
matoc, ìpwc èqei anaferjeÐ prohgoumènwc. H sqèsh ud = 1 isqÔei gia ta upodeÐgmata me ta
opoÐa ja asqolhjoÔme sthn sunèqeia, miac kai sthn paroÔsa ergasÐa douleÔoume me sunduastik�
dèndra, all� genikìtera autì den isqÔei gia ìla ta upodeÐgmata, p.q. bl. Tian [28], to opoÐo den
apoteleÐ sunduastikì dèndro. Oi posìthtec autèc eÐnai gnwstèc wc oi par�metroi Cox, Ross &
Rubinstein.

2.6 Basik� shmeÐa kefalaÐou

Sto kef�laio autì  rjame se pr¸th epaf  me to prìblhma thc timolìghshc parag¸gwn proðì-
ntwn. Parousi�same mia eurèwc diadedomènh teqnik  timolìghshc dikaiwm�twn proaÐreshc (kai
sugkekrimèna dikaiwm�twn grammèna se metoqèc) se diakritì qrìno, to legìmeno diwnumikì mo-
ntèlo timolìghshc   diwnumikì dèndro timolìghshc, to opoÐo prot�jhke ton Sharpe [27] kai sthn
sunèqeia  rje sthn morf  pou eÐnai kai s mera apì touc Cox-Ross-Rubinstein [19]. To diwnumikì
upìdeigma, par� thn aplìtht� tou apoteleÐ èna apì ta shmantikìtera ergaleÐa thc Qrhmatooiko-
nomik c Mhqanik c. Qarakthristikì eÐnai ìti akìmh kai stic mèrec mac, ta dikai¸mata epÐ metoq¸n
Amerik�nikou tÔpou, timologoÔntai b�sei tou upodeÐgmatoc autoÔ. Pio sugkekrimèna eÐdame:

• To diwnumikì dèndro se mÐa perÐodo.

• To diwnumikì dèndro se dÔo kai perissìterec periìdouc.

• Thn algorijmik  prosèggish tou upodeÐgmatoc.

• Thn analutik  mèjodo timolìghshc.

• Arijmhtik� paradeÐgmata gia thn kalÔterh katanìhsh tou montèlou.

• Thn bajmonìmhsh tou diwnumikoÔ upodeÐgmatoc timolìghshc.
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To triwnumikì upìdeigma timolìghshc

Sto prohgoÔmeno kef�laio eÐdame èna apì ta pio shmantik� montèla timolìghshc dikaiwm�twn,
to legìmeno diwnumikì montèlo timolìghshc, to opoÐo prot�jhke arqik� apì ton Sharpe [27]
kai èpeita apì touc Cox Ross & Rubinstein [19] kai praktik� den eÐnai tÐpota �llo par� èna
montèlo se diakritì qrìno sÔmfwna me to opoÐo mporoÔme na timologÐsoume Eurwpaðk� kai Ame-
rikanik� dikai¸mata proaÐreshc (agor�c kai p¸lhshc), all� kai orismèna exotic dikai¸mata (ìpwc
dikai¸mata me fr�gmata). Sto kef�laio autì, ja parousi�soume mÐa epèktash tou diwnumikoÔ
montèlou timolìghshc, aut  tou upodeÐgmatoc tou triwnumikoÔ montèlou timolìghshc, to opoÐo
eÐnai èna upologistikì montèlo diakritoÔ qrìnou kai wc skopì èqei ton upologismì thc tim c tou
dikai¸matoc pou eÐnai grammèno p�nw se ènan upokeÐmeno tÐtlo (èstw metoq c). H filosofÐa tou
triwnumikoÔ montèlou eÐnai apl . K�noume ìti akrib¸c kai sto diwnumikì montèlo, me th diafor�
ìti t¸ra jewroÔme se k�je kìmbo tou dèndrou mÐa epiplèon kat�stash tou kìsmou pou antistoiqeÐ
sto endeqìmeno h tim  thc metoq c na mhn metablhjeÐ thn epìmenh qronik  stigm . Dhlad  t¸ra
upojètoume pwc thn epìmenh qronik  stigm  h tim  thc upokeÐmenhc metoq c mporeÐ na anèbei, na
pèsei,   na meÐnei amet�blhth.

Sto shmeÐo autì endiafèron parousi�zei na k�noume mÐa sÔntomh istorik  anadrom  upodeig-
m�twn timolìghshc twn dikaiwm�twn proaÐreshc. Pr¸to emfan sthke to montèlo Black-Scholes
[15]. Prìkeitai gia montèlo timolìghshc Eurwpaðk¸n dikaiwm�twn tìso agor�c ìso kai p¸lh-
shc, ìpou basik  filosofÐa eÐnai pwc h upokeÐmenh metoq  exelÐssetai ston qrìno sÔmfwna me to
upìdeigma thc gewmetrik  kÐnhshc Brown, to opoÐo apoteleÐ upìdeigma suneqoÔc qrìnou. SÔmfw-
na me to upìdeigma thc gewmetrik c kÐnhshc Brown, oi logarijmikèc apodìseic tou upokeÐmenou
tÐtlou (metoq c) eÐnai katanemhmènec sÔmfwna me thn kanonik  katanom . 'Omwc to upìdeigma
Black-Scholes mporeÐ na k�nei timolìghsh mìno dikaiwm�twn EurwpaðkoÔ tÔpou. 'Ena endiafè-
ron er¸thma prokÔptei anaforik� me thn timolìghsh dikaiwm�twn pio sÔnjethc dom c, ìpwc gia
par�deigma ta Amerikanik� dikai¸mata (sta opoÐa h duskolÐa gia thn timolìghs  touc prokÔ-
ptei apì to gegonìc ìti mporoÔn na exaskhjoÔn opoiad pote qronik  stigm  mèqri kai th l xh
touc). M�lista, to diwnumikì montèlo timolìghshc kataskeu�sthke gia autìn akrib¸c ton lìgo,
na k�nei timolìghsh Amerik�nikwn dikaiwm�twn, k�ti to opoÐo de mporeÐ na gÐnei me to montèlo
Black-Scholes. O Sharpe [27] kai argìtera oi Cox, Ross & Rubinstein [19], kataskeÔasan to
diwnumikì upìdeigma timolìghshc, èqontac wc shmeÐo anafor�c to montèlo Black-Scholes. To
triwnumikì upìdeigma prot�jhke apì ton Phelim Boyle [16] to 1988 kai epekt�jhke peraitèrw
apì touc Kamrad & Ritchken [24] to 1991, to upìdeigma twn opoÐwn ja exet�soume sthn paroÔ-
sa ergasÐa. Ousiastik�, k�nontac timolìghsh Eurwpaðk¸n dikaiwm�twn proaÐreshc, tìso me to
diwnumikì ìso kai me to triwnumikì upìdeigma timolìghshc, kaj¸c aux�nei o arijmìc twn periìdwn
sto dèndro proseggÐzoume oloèna kai perissìtero to apotèlesma tou upodeÐgmatoc Black-Scholes,
k�ti pou diaisjhtik� perimèname kaj¸c kai ta dÔo montèla eÐnai kataskeuasmèna sÔmfwna me thn
Ðdia majhmatik  dom , pou den eÐnai �llh apì thn gewmetrik  kÐnhsh Brown. Sto shmeÐo autì ja
anaferjoume analutik� sto epìmeno kef�laio.
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3.1 Triwnumikì upìdeigma se mÐa perÐodo

To plaÐsio to opoÐo ja uiojet soume eÐnai to plaÐsio tou diwnumikoÔ upodeÐgmatoc sto opoÐo
jewroÔme èna dikaÐwma proaÐreshc EurwpaðkoÔ tÔpou grammèno se mÐa metoq  pou den plhr¸nei
mèrisma. O stìqoc mac ed¸ ìpwc kai sto prohgoÔmeno kef�laio, eÐnai na k�noume timolìghsh tou
dikai¸matoc autoÔ, mìno pou t¸ra ja qrhsimopoi soume èna diaforetikì upìdeigma, to triwnumikì
upìdeigma timolìghshc. H ousiastik  upìjesh tou upodeÐgmatoc autoÔ eÐnai pwc h upokeÐmenh
metoq  exelÐssetai ston qrìno me ton ex c aplì trìpo: se k�je qronikì b ma jewroÔme ìti h
upokeÐmenh metoq  mporeÐ na p�rei treic diaforetikèc timèc (katast�seic tou kìsmou), mÐa anodik ,
mÐa kajodik  kai kai mÐa orizìntia kat�stash, kat� thn opoÐa h tim  thc metoq c paramènei amet�-
blhth (se antÐjesh me to diwnumikì upìdeigma, pou jewroÔme dÔo nèec pijanèc timèc, mÐa anodik 
kai mÐa kajodik ). Ac upojèsoume ìti èqoume triwnumikì dèntro se mÐa perÐodo, epomènwc èqoume
trÐa pijan� sen�ria gia thn èkbash thc metoq c thn epìmenh qronik  stigm  (ìpou tugq�nei na
eÐnai kai to tèloc thc zw c tou dikai¸matoc). Autì, parìlo pou den eÐnai polÔ realistikì, exa-
koloujeÐ na eÐnai pio realistikì apì thn upìjesh tou diwnumikoÔ upodeÐgmatoc, sÔmfwna me thn
opoÐa èqoume dÔo mìno pijan� sen�ria gia thn upokeÐmenh metoq , dhlad  thn metoq  p�nw sthn
opoÐa eÐnai grammèno to dikaÐwma thn epìmenh qronik  stigm , èna anodikì kai èna kajodikì. 'Etsi
epitugq�noume na fj�soume sto tèloc tou dèntrou kai na èqoume perissìtera diaforetik� sen�ria
gia thn èkbash thc metoq c kai kat� sunèpeia gia thn apìdosh tou dikai¸matoc. H timolìghsh
dikaiwm�twn proaÐreshc EurwpaðkoÔ kai Amerik�nikou tÔpou, mporeÐ na gÐnei apotelesmatik� me
thn bo jeia tou upodeÐgmatoc autoÔ. Gia na sumbeÐ autì ìmwc, prèpei na kataskeu�soume èna
majhmatikì plaÐsio to opoÐo ja mac epitrèpei na upologÐsoume kai tic antÐstoiqec pijanìthtec h
metoq  na anèbei, na pèsei   na meÐnei amet�blhth. Oi upojèseic - aplousteÔseic tic opoÐec ja
akolouj soume sto montèlo, eÐnai Ðdiec me autèc tou diwnumikoÔ montèlou.

Sthn sugkekrimènh perÐptwsh, gia to triwnumikì upìdeigma, sthn epìmenh qronik  stigm  h
tim  thc metoq c ìpwc eÐpame mporeÐ na auxhjeÐ, ja paramènei stajer    na meiwjeÐ. Ousiastik�,
ed¸ èqoume na k�noume me mia diakrit  tuqaÐa metablht , h opoÐa mporeÐ na p�rei treÐc diafore-
tikèc timèc, me treÐc antÐstoiqec pijanìthtec. H prosèggish twn Kamrad & Ritchken [24], (twn
opoÐwn thn prosèggish akoloujoÔme sthn ergasÐa aut ) basÐzetai sthn upìjesh pwc o upokeÐ-
menoc tÐtloc (metoq ) akoloujeÐ thn gewmetrik  kÐnhsh Brown. Katìpin, gia na upologÐsoun tic
zhtoÔmenec treic pijanìthtec exÐswsan tic dÔo pr¸tec ropèc thc parap�nw diakrit c katanom c
me autèc thc suneqoÔc. Pio analutik�, jewroÔme pwc to upokeÐmeno stoiqeÐo (metoq ), akoloujeÐ
thn gewmetrik  kÐnhsh Brown, ìpou r epitìkio mhdenikoÔ kindÔnou kai σ > 0 h metablhtìthta
twn tim¸n thc metoq c. Praktik� autì shmaÐnei pwc se èna mikrì qronikì di�sthma m kouc δt, oi
timèc thc metoq c exelÐssontai me b�sh ton parak�tw kanìna:

dSt = rStdt+ σdWt, (3.1)

h opoÐa sqèsh mac deÐqnei ton trìpo me ton opoÐo sundèetai h metabol  thc tim c thc metoq c sto
qronikì di�sthma [t, t+ δt] (dhlad  to dSt), me thn tim  thc metoq c thn qronik  stigm  t (dhlad 
to St) kai (Wt, t ≥ 0), orÐzoume mÐa tupik  monodi�stath kÐnhsh Brown. Gia na lujeÐ wstìso h
parap�nw exÐswsh 3.1, apaitoÔntai eidikèc teqnikèc thc Stoqastik c An�lushc (Logismìc kat�
Itô). H lÔsh thc parap�nw stoqastik c diaforik c exÐswshc (bl. ExÐswsh 2.11) mporeÐ na d¸sei
thn metabol  thc tim c thc metoq c apì ton qrìno t ston qrìno t+ δt, wc ex c:

St+δt = St exp

[(
r − 1

2
σ2
)
δt+ σδWt

]
, (3.2)
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LogarijmÐzontac thn exÐswsh 3.2, paÐrnoume:

ln

(
St+δt
St

)
=

(
r − 1

2
σ2
)
δt+ σδWt := ζ(t), (3.3)

to opoÐo ζ(t) apoteleÐ mÐa suneq  tuqaÐa metablht , ìpou ζ(t), mia tuqaÐa metablht  kanonik�
katanemhmènh, me mèsh tim  µδt, ìpou µ = r−0.5σ2 kai diakÔmansh σ2δt. IsodÔnama h sqèsh 3.3,
mporeÐ na grafeÐ wc:

ln[St+δt] = ln[St] + ζ(t).

'Opwc èqoume  dh proanafèrei h basik  filosofÐa eÐnai na proseggÐsoume thn ζ(t) me mÐa diakrit 
tuqaÐa metablht  tri¸n alm�twn, thn opoÐa sumbolÐzoume ζa(t) sto di�sthma [t, t+ δt]. H tuqaÐa
metablht  ζa(t), orÐzetai me ton akìloujo trìpo:

ζa(t) =


υ, Pu

0, Pm

−υ, Pd

To υ mac odhgeÐ sthn par�metro anodikoÔ b matoc en¸ to −υ sthn par�metro kajodikoÔ b matoc.
O basikìc stìqoc thc prosèggishc aut c eÐnai na upologÐsoume tic pijanìthtec Pu, Pm kai Pd.

Sq ma 3.1: Exèlixh tim¸n metoq c sto triwnumikì dèndro

Parat rhsh 5. Oi Kamrad & Ritchken [24] orÐsan to υ me parìmoio trìpo me autìn tou
diwnumikoÔ upodeÐgmatoc twn Cox, Ross & Rubinstein [19], υ = λσ

√
δt kai epeid  to dèndro eÐnai

pollaplasiastikì èqoume u = eυ kai d = e−υ, oi par�metroi anodikoÔ kai kajodikoÔ b matoc.
MÐa �llh shmantik  parat rhsh gia thn perÐptwsh tou triwnumikoÔ upodeÐgmatoc twn Kamrad &
Ritchken [24], eÐnai h eisagwg  thc paramètrou λ ≥ 1 h opoÐa eÐnai mia diorjwtik  par�metroc kai
paÐzei polÔ shmantikì rìlo kaj¸c krat�ei tic teqnhtèc pijanìthtec Pu, Pm, Pd, metaxÔ tou [0, 1].

Gia na fèroume eic pèrac ton parap�nw stìqo, ja exis¸soume thn mèsh tim  kai thn diakÔmansh
thc suneqoÔc katanom c, me autèc thc parap�nw diakrit c katanom c. H suneq c katanom  ed¸
eÐnai h kanonik  katanom  me mèsh tim  µδt kai diakÔmansh σ2δt. Sto shmeÐo autì ja upologÐsoume
thn mèsh tim  kai thn diakÔmansh thc ζa(t).

E (ζa(t)) = Puυ + Pm0 + Pd(−υ)

= u(Pu − Pd)

kai

V ar (ζa(t)) = E
[
ζa(t)2

]
− [E (ζa(t))]2

= Puυ
2 + Pdυ

2 − [υ(Pu − Pd)]2

= υ2(Pu + Pd)− υ2(Pu − Pd)2
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• Sto shmeÐo autì, apaitoÔme h mèsh tim  thc kanonik c katanom c na isoÔtai me aut  thc
diakrit c:

υ(Pu − Pd) = µδt. (3.4)

• ApaitoÔme èpeita h diakÔmansh thc kanonik c katanom c na isoÔtai me aut  thc diakrit c:

υ2(Pu + Pd)− υ2(Pu − Pd)2 = σ2δt.

ParathroÔme pwc υ(Pu − Pd) = µδt, epomènwc kai υ2(Pu − Pd)2 = µ2(δt)2 = 0, efìson
to δt eÐnai k�ti polÔ mikrì, to (δt)2 apoteleÐ mÐa posìthta amelhtèa, epomènwc mporeÐ na
paralhfjeÐ. 'Etsi,

υ2(Pu + Pd) = σ2δt. (3.5)

Katal goume epomènwc sto sÔsthma 3.6 to opoÐo apoteleÐtai apì tic exis¸seic 3.4 kai 3.5 kai
èqoume dÔo agn¸stouc, to Pu kai to Pd. Arqik� antikajistoÔme to υ stic sqèseic autèc kai ètsi
to sÔsthma pou prokÔptei èqei thn ex c morf :

(σλ
√
δt)2(Pu + Pd) = σ2δt

σλ
√
δt(Pu − Pd) = µδt.

(3.6)

Proqwr¸ntac to sÔsthma, lÔnoume thn deÔterh exÐswsh wc proc Pu:

Pu =
µδt

σλ
√
δt

+ Pd,

kai èpeita antikajist¸ntac thn sth deÔterh exÐswsh (kai me k�poiec akìmh pr�xeic)

(σλ
√
δt)2

(
µδt

σλ
√
δt

+ 2Pd

)
= σ2δt.

Katal goume telik� pwc:

Pu =
1

2λ2
+
µ
√
δt

2σλ

Pd =
1

2λ2
− µ
√
δt

2σλ

(3.7)

Efìson oi posìthtec Pu, Pm, Pd eÐnai pijanìthtec, ja isqÔei epÐshc ìti Pu + Pm + Pd = 1,
wc �jroisma pijanot twn dhlad , na eÐnai Ðsec me th mon�da. Epomènwc antikajist¸ntac sthn
exÐswsh Pu +Pm +Pd = 1, tic posìthtec Pu kai Pd pou mìlic upologÐsame kai lÔnontac wc proc
Pm paÐrnoume pwc:

Pm = 1− 1

λ2
. (3.8)

Katal goume me ton trìpo autì sto Pm kai telik� pijanìthtec Pu, Pm kai Pd, oi opoÐec mac eÐnai
polÔ shmantikèc ¸ste na k�noume timolìghsh sto triwnumikì upìdeigma.
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Parat rhsh 6. Se antÐjesh me to diwnumikì upìdeigma timolìghshc tou prohgoÔmenou kefa-
laÐou, sto triwnumikì upìdeigma (sth genik  tou morf ), emfanÐzetai èna polÔ shmantikì prìblh-
ma. To prìblhma phg�zei apì to gegonìc pwc h axÐa enìc autoqrhmatodotoÔmenou qartofulakÐou
th qronik  stigm  t den kajorÐzetai monadik� apì thn axÐa tou thn qronik  stigm  T. Autì
apodeiknÔetai majhmatik�, gegonìc ìmwc pou xefeÔgei apì ta plaÐsia thc ergasÐac aut c, ja mpo-
roÔsame na poÔme ìmwc pwc o lìgoc autìc eÐnai h Ôparxh thc mesaÐac kat�stashc (pijanìthtac
Pm). To gegonìc autì mac odhgeÐ sto na mhn èqoume p�nta mÐa monadik  tim  gia to dikaÐwma, gi'
autì ton lìgo h agor� tou triwnumikoÔ upodeÐgmatoc timolìghshc, lègetai mh pl rhc. MporoÔme
ìmwc na k�noume timolìghsh, k�tw apì k�poiec epiplèon teqnikèc proôpojèseic, oi opoÐec ìmwc
den ja anaferjoÔn sthn ergasÐa aut , mi�c kai xefeÔgoun apì ta plaÐsi� thc. Enallaktik�, ja
mporoÔsame na metatrèyoume thn agor� tou triwnumikoÔ upodeÐgmatoc se mÐa pl rh agor�, e�n
eis�goume akìmh ènan tÐtlo me kÐnduno,   an krat soume stajer  thn pijanìthta thc mesaÐac
kat�stashc (pijanìthta Pm)   dÐnontac mia sugkekrimènh tim  gia to λ. H mèjodoc pou akolou-
joÔme sta kef�laia 3 kai 6, eÐnai na krat soume stajer  thn tim  thc mesaÐac kat�stashc kai
autì to epitugq�noume dialègontac mÐa sugkekrimènh tim  gia to λ. Katal goume ètsi se èna
kat�llhla oudètero wc proc ton kÐnduno mètro, kataskeuasmèno apì tic pijanìthtec Pu, Pm, Pd
kai mac odhgeÐ se mÐa monadik  tim  gia to dikaÐwma. Gia perissìterec plhroforÐec bl. Kamrad
& Ritchken [24] & Pliska [26].

Parat rhsh 7. Parathr¸ntac tic Exis¸seic 3.7 kai 3.8, autì pou amèswc blèpoume eÐnai
pwc oi pijanìthtec Pu, Pd, Pm, eÐnai sunart seic tou λ. Epomènwc gia diaforetikèc k�je for�
timèc tou λ, paÐrnoume kai diaforetikèc pijanìthtec. Efìson ta Pu, Pd, Pm, ekfr�zoun tic
pijanìthtec anìdou, kajìdou kai orizontÐou b matoc thc tim c thc metoq c, ja perÐmene kaneÐc oi
posìthtec autèc na eÐnai megalÔterec   Ðsec tou mhdenìc kai epiplèon na ajroÐzoun sth mon�da.
Sto shmeÐo autì koit¸ntac ton PÐnaka 3.1 prokÔptoun qr sima sumper�smata. Ston PÐnaka
3.1 èqoume upologÐsei gia mÐa sugkekrimènh perÐptwsh EurwpaðkoÔ dikai¸matoc agor�c ta Pu,
Pd kai Pm kaj¸c kai to �jroism� touc to opoÐo isoÔtai me thn mon�da, gia di�forec timèc tou
λ apì 0.2 mèqri 2. ParathroÔme pwc metab�llontai oi timèc twn pijanot twn tou triwnumikoÔ
upodeÐgmatoc gia di�fora λ. Blèpoume epÐshc pwc h tim  thc paramètrou λ prèpei na eÐnai λ ≥ 1
(epibebai¸nontac ètsi ta apotelèsmata twn Kamrad & Ritchken [24]), mi�c kai an λ < 1, to
Pm ja p�rei arnhtikèc timèc, en¸ ta Pu kai Pd megalÔtera apì thn mon�da, pr�gma to opoÐo den
jèloume giatÐ prìkeitai gia pijanìthtec. Autì �llwste apoteleÐ kai to megalÔtero prìblhma
sthn an�lush tou Boyle [16] to 1988 kai gia ton lìgo autì oi Kamrad & Ritchken [24] prìteinan
na qrhsimopoi soume thn par�metro λ ≥ 1. Gia λ ≥ 1, blèpoume pwc ta Pu, Pd kai Pm eÐnai metaxÔ
tou mhdèn kai tou èna, eÐnai ìla jetik� kai ajroÐzoun sth mon�da. An to λ = 1, parathroÔme
pwc h pijanìthta Pm = 0, kai m�lista (ìpwc ja doÔme sto epìmeno kef�laio) ìso megal¸nei o
arijmìc twn qronik¸n periìdwn N tou dèndrou, ta Pu kai Pd ta opoÐa dÐnontai apì thn exÐswsh
3.7, ja proseggÐzoun ta Pu kai Pd tou diwnumikoÔ upodeÐgmatoc timolìghshc pou dÐnontai apì thn
ExÐswsh 2.7.

'Ena polÔ endiafèron z thma pou prokÔptei sto shmeÐo autì, eÐnai h eÔresh thc kat�llhlhc
tim c tou λ (an fusik� up�rqei mia tètoia kat�llhlh tim  gia k�je perÐptwsh). To jèma autì
xefeÔgei apì ta plaÐsia thc paroÔsac ergasÐac kaj¸c apoteleÐ antikeÐmeno èreunac apì mìno tou.
Anafèroume p�ntwc, pwc mèsa apì prosomoi¸seic stic opoÐec ta dikai¸mata thn qronik  stigm 
0 eÐnai ATM, ITM & OTM oi Kamrad & Ritchken katèlhxan sthn tim  λ = 1, 2247, afoÔ eÐdan
pwc gia aut  thn tim  kat� mèso ìro paÐrnoun ta kalÔtera apotelèsmata (gia thn perÐptwsh
enìc EurwpaÐkoÔ dikai¸matoc agor�c), h opoÐa antistoiqeÐ sthn pijanìthta orizontÐou �lmatoc
Pm = 1/3. Oi Kamrad & Ritchken, gia di�forec peript¸seic Eurwpaðk¸n dikaiwm�twn agor�c
kai p¸lhshc, katèlhxan sto sumpèrasma pwc ìtan h pijanìthta orizontÐou �lmatoc eÐnai kont�
sto 1/3, mac dÐnei polÔ kal� apotelèsmata, opìte den ja epektajoÔme peraitèrw sto jèma kai ja
meÐnoume sthn tim  aut .
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PÐnakac 3.1: Timèc pijanot twn TriwnumikoÔ Montèlou gia di�fora λ, gia S0 = 50, K = 50,
r = 0.1, σ = 0.4, T = 1, N = 50.

λ Pu Pm Pd 'Ajroisma
0.2 12.5177 -24.000 12.4823 1
0.4 3.1338 -5.2500 3.1162 1
0.6 1.3948 -1.7778 1.3830 1
0.8 0.7857 -0.5625 0.7768 1
1.0 0.5035 0 0.4965 1
1.2 0.3502 0.3056 0.3443 1
1.4 0.2576 0.4898 0.2526 1
1.6 0.1975 0.6094 0.1931 1
1.8 0.1563 0.6914 0.1524 1
2.0 0.1268 0.7500 0.1232 1

1.22474 0.3362 0.3333 0.3304 1

3.2 Algorijmik  filosofÐa triwnumikoÔ upodeÐgmatoc

Efìson èqoume upologÐsei pio p�nw me mia kat�llhlh diadikasÐa tic pijanìthtec pou antistoiqoÔn
se anodik , kajodik  kÐnhsh kaj¸c kai sto endeqìmeno h metoq  na parameÐnei amet�blhth, eÐmaste
se jèsh na doÔme pwc ja qrhsimopoi soume to triwnumikì upìdeigma sthn pr�xh gia na k�noume
timolìghsh. Arqik� loipìn, ja exet�soume to triwnumikì mentèlo mÐac periìdou. ExakoloujoÔme
na jewroÔme pwc èqoume èna dikaÐwma agor�c EurwpaðkoÔ tÔpou grammèno p�nw se mÐa metoq . H
algorijmik  filosofÐa tou upodeÐgmatoc eÐnai akrib¸c Ðdia me aut  tou diwnumikoÔ. Xekin�me apì
to tèloc tou dèndrou kai proqwr�me proc ta pÐsw douleÔontac k�je for� (se k�je kìmbo) topik�
me triwnumik� dèndra mi�c periìdou. Jètoume thn trèqousa tim  thc metoq c S0, me S0 > 0 thn
qronik  stigm  t = 0, en¸ St1 := S1 > 0 thn qronik  stigm  t = t1 kai tim  ex�skhshc K. Arqik�
h tim  thc metoq c mac eÐnai gnwst  apì thn parat rhs  thc sthn qrhmatisthriak  agor�, en¸
sth sunèqeia lìgw thc abebaiìthtac se sqèsh me thn exèlixh twn mellontik¸n tim¸n thc metoq c
(t = t1), den mporoÔme na gnwrÐzoume thn tim  thc metoq c kat� th qronik  stigm  t = t1, mi�c
kai prìkeitai gia mÐa tuqaÐa metablht . Prèpei na montelopoi soume kat�llhla, dhmiourg¸ntac
èna upìdeigma to opoÐo mporeÐ na paÐrnei treic diaforetikèc timèc (katast�seic thc oikonomÐac),
kaj¸c phgaÐnoume apì thn qronik  stigm  t = 0 sthn qronik  stigm  t = t1, mÐa anodik , mÐa
kajodik  kai mia orizìntia. 'Etsi thn qronik  stigm  t = 0, h tim  thc metoq c eÐnai S0 kai thn
epìmenh qronik  stigm  (t = t1) mporeÐ na kinhjeÐ anodik� kai na gÐnei: Su = S0u, me pijanìthta
Pu, mporeÐ na kinhjeÐ orizìntia kai na gÐnei: Sm = S0, me pijanìthta Pm, eÐte kajodik� kai na
gÐnei Sd = S0d, me pijanìthta Pd. 'Etsi, ta trÐa pijan� sen�ria gia thn axÐa tou dikai¸matoc sto
qrìno l xhc eÐnai ta ex c:

• Na auxhjeÐ h tim  thc metoq c, opìte h axÐa tou dikai¸matoc eÐnai Ðsh me

Cu = max(Su −K, 0) = max(S0u−K, 0)

• Na parameÐnei Ðdia h tim  thc metoq c, opìte h axÐa tou dikai¸matoc eÐnai Ðsh me

Cm = max(Sm −K, 0) = max(S0 −K, 0)

• Na meiwjeÐ h tim  thc metoq c, opìte h axÐa tou dikai¸matoc eÐnai Ðsh me

Cd = max(Sd −K, 0) = max(S0d−K, 0)
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Akolouj¸ntac thn Ðdia filosofÐa me to upìdeigma twn Cox, Ross & Rubinstein [19] mÐac periìdou,
h tim  tou dikai¸matoc dÐnetai wc:

C0 = e−rδt [PuCu + PmCm + PdCd] . (3.9)

H diadikasÐa thn opoÐa akoloujoÔme gia perissìterec periìdouc N, eÐnai Ðdia me aut  tou aploÔ
diwnumikoÔ upodeÐgmatoc. Ousiastik� xekin�me apì to tèloc tou dèndrou, upologÐzontac katarq�c
tic timèc thc metoq c sto qrìno l xhc kai met� thn apìdosh tou dikai¸matoc ston qrìno l xhc.
Apì ekeÐ kai èpeita, proqwr¸ntac opisjodromik�, upologÐzoume thn axÐa tou dikai¸matoc se k�je
kìmbo, douleÔontac topik� me triwnumik� dèndra mÐac periìdou ìpwc ja doÔme kai sth sunèqeia
kai mèsw paradeigm�twn, èwc thn arq  tou dèndrou, dhlad  to C0.

Sq ma 3.2: Triwnumikì dèndro dÔo periìdwn

Pio p�nw eÐdame to triwnumikì montèlo timolìghshc se mÐa perÐodo, dhlad  thn pio apl 
morf  tou montèlou autoÔ, kat� to opoÐo h metoq  mporeÐ na p�rei treic diaforetikèc timèc sthn
l xh tou dikai¸matoc. Jewr same trÐa sen�ria, na anèbei, na pèsei   na meÐnei amet�blhth h
tim  thc metoq c sto epìmeno qronikì b ma, to opoÐo  tan kai to telikì, ston qrìno t1 = T .
'Opwc ìmwc anafèrame, to montèlo ja dÐnei pio realistik� apotelèsmata, e�n jewr soume kai
�lla pijan� sen�ria, autì mporeÐ an epiteuqjeÐ an jewr soume perissìterec endi�mesec qronikèc
stigmèc metaxÔ twn t = 0 kai t = T . Ja epekteÐnoume thn an�lush pou k�name gia to montèlo
mÐac periìdou kai na prosjèsoume akìma mia qronik  perÐodo sto montèlo, epekteÐnontac me ton
trìpo autì to pl joc twn pijan¸n telik¸n ekb�sewn twn opoÐwn mporeÐ na p�rei h tim  thc
upokeÐmenhc metoq c p�nw sthn opoÐa èqoume gr�yei to dikaÐwma, k�nont�c to ètsi lÐgo pio
realistikì. T¸ra loipìn ja prosjèsoume mÐa akìmh qronik  stigm , thn t = t2, h opoÐa sthn
perÐptwsh aut  tautÐzetai me ton qrìno l xhc tou dikai¸matoc. 'Oson afor� t¸ra tic timèc thc
metoq c, sumbolÐzoume me S0 > 0 thn tim  thc metoq c kat� thn qronikh stigm  t = 0 ìpwc kai
prohgoumènwc �llwste, me St1 := S1 > 0 thn tim  thc metoq c thn qronik  stigm  t = t1 kai
St2 := S2 > 0 thn tim  thc metoq c thn qronik  stigm  t = t2. H tim  thc metoq c kat� thn
qronik  stigm  t = 0 (s mera dhlad ) mac eÐnai gnwst  dia mèsou thc parat rhs c thc sthn
qrhmatisthriak  agor�, ìqi ìmwc kai aut  thc S1 kai thc S2 h opoÐa eÐnai tuqaÐa metablht . Gia
na upologÐsoume tic pijanèc timèc thc upokeÐmenhc metoq c ston qrìno l xhc, gia dÔo periìdouc,
ja akolouj soume thn Ðdia idèa me aut  tou triwnumikoÔ dèndrou se mÐa perÐodo. Ta b mata ta
opoÐa ja akolouj soume eÐnai ta ex c:

B1. PhgaÐnoume sto tèloc tou dèndrou kai upologÐzoume sto qrìno l xhc tic apodìseic tou
dikai¸matoc:

Cuu = max(S2,4 −K, 0)

Cum = max(S2,3 −K, 0)

Cud = max(S2,2 −K, 0)

Cdm = max(S2,1 −K, 0)
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Cdd = max(S2,0 −K, 0)

B2. B�sei twn tim¸n pou mìlic upologÐsame, kai thc exÐswshc 3.9 proqwr�me opisjodromik� kai
upologÐzoume ta:

Cu = e−rδt(PuCuu + PmCum + PdCud)

Cm = e−rδt(PuCum + PmCud + PdCdm)

Cd = e−rδt(PuCud + PmCdm + PdCdd)

B3. Tèloc, h diadikasÐa oloklhr¸netai mìlic ft�soume sthn arq  tou dèndrou, upologÐzontac
thn axÐa tou dikai¸matoc s mera me ton ex c trìpo:

C0,0 = e−rδt(PuCu + PmCm + PdCd).

'Opwc faÐnetai kai apì to parap�nw sq ma 3.2, xekin�me apì to tèloc tou dèndrou kai ph-
gaÐnoume proc ta pÐsw, mi�c kai stìqoc mac eÐnai na ft�soume sthn arq  tou dèndrou, h opoÐa
antistoiqeÐ sthn tim  C0, douleÔontac k�je for� topik�. Gia na upologÐsoume thn tim  C0 prèpei
na upologÐsoume ta Cu, Cm kai Cd, me ton trìpo pou eÐdame sthn enìthta 3.2 kaj¸c kai ton
suntelest  proexìflhshc e−rδt.

Sq ma 3.3: Genikìc kìmboc triwnumikoÔ dèndrou mÐac periìdou.

Ousiastik� èqoume p�li èna dèndro dÔo diast�sewn, to opoÐo apoteleÐtai apì kìmbouc (i, j)
(fusikoÐ arijmoÐ) k�je ènac apì touc opoÐouc antistoiqeÐ kai se mia diaforetik  kat�stash thc
oikonomÐac. O orizìntioc ideatìc �xonac i tou dèntrou antistoiqeÐ sto qrìno, me i = 0, 1, ..., T ,
(to qronikì di�sthma T eÐnai qwrismèno se komm�tia m kouc δt = T/N) deÐqnont�c mac k�je
for�, pìso apèqoume apì thn arq  tou dèntrou, en¸ o k�jetoc j, j = 0, ..., 2, ...i mac deÐqnei
tic pijanèc katast�seic thc agor�c thn qronik  stigm  i. ParathroÔme apì to dèntro, pwc
o k�je kìmboc (shmeÐo ekkÐnhshc   sun�nthshc sthn perÐptwsh tou triwnumikoÔ upodeÐgmatoc
tri¸n eujÔgrammwn tmhm�twn) mac odhgeÐ se �llouc treic kìmbouc (bl. Sq ma 3.3), oi opoÐoi
antistoiqoÔn se anodik , orizìntia kai kajodik  kÐnhsh thc metoq c. Sugkekrimèna, o kìmboc
(i, j) mac odhgeÐ ston kìmbo (i+ 1, j), ston (i+ 1, j + 1), eÐte ston (i+ 1, j + 2), ìpou o kìmboc
(i+ 1, j) ekfr�zei thn kajodik  kÐnhsh thc metoq c, o kìmboc (i+ 1, j+ 1) ekfr�zei thn orizìntia
kÐnhsh thc metoq c, en¸ o kìmboc (i+ 1, j+ 2) thn anodik  (H sÔmbash aut  akolouj jhke ston
antÐstoiqo k¸dika sto matlab).

Parat rhsh 8. 'Enac trìpoc me ton opoÐo mporoÔme na upologÐsoume thn tim  thc metoq c
(p�nw sthn opoÐa eÐnai grammèno to dikaÐwma) se k�je kìmbo (i, j) tou triwnumikoÔ dèndrou,
eÐnai o Si,j = S0u

max(j−i,0)dmax(i−j,0). Sthn pr�xh èstw pwc èqoume èna dèntro dÔo qronik¸n
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bhm�twn. Efìson o arqikìc kìmboc orÐzetai wc (0, 0), tìte h tim  thc metoq c thn epìmenh
qronik  stigm  t = t1 ja eÐnai Si+1,j+2 = S0u

max(2−1,0)dmax(1−2,0) = S0u, e�n h tim  anè-
bei, Si+1,j+1 = S0u

max(1−1,0)dmax(1−1,0) = S0u
0d0 = S0, e�n h tim  parameÐnei stajer  kai

Si+1,j = S0u
max(1−2,0)dmax(2−1,0) = S0d, e�n h tim  pèsei. Sth sunèqeia, èqontac san afethrÐa

ton kìmbo (1,2), h tim  thc metoq c thn epìmenh qronik  stigm  t = t2 > t1 ja eÐnai Si+2,j+4 =
S0u

max(4−2,0)dmax(2−4,0) = S0u
2, e�n h tim  anèbei, Si+2,j+3 = S0u

max(3−2,0)dmax(2−3,0) = S0u,
e�n h tim  parameÐnei stajer  kai Si+2,j+2 = S0u

max(2−2,0)dmax(2−2,0) = S0u
0d0 = S0, e�n h

tim  pèsei. Met�, èqontac san afethrÐa ton kìmbo (1,1), h tim  thc metoq c thn epìmenh qro-
nik  stigm  t = t2 > t1 ja eÐnai Si+2,j+3 = S0u

max(3−2,0)dmax(2−3,0) = S0u, e�n h tim  anèbei,
Si+2,j+2 = S0u

max(2−2,0)dmax(2−2,0) = S0u
0d0 = S0, e�n h tim  parameÐnei stajer  kai Si+2,j+1 =

S0u
max(2−3,0)dmax(3−2,0) = S0d, e�n h tim  pèsei. Tèloc, me afethrÐa ton kìmbo (1,0), h tim  thc

metoq c thn epìmenh qronik  stigm  t = t2 > t1 ja eÐnai Si+2,j+2 = S0u
max(2−2,0)dmax(2−2,0) =

S0u
0d0 = S0, e�n h tim  anèbei, Si+2,j+1 = S0u

max(1−2,0)dmax(2−1,0) = Sd, e�n h tim  parameÐnei
stajer  kai Si+2,j+0 = S0u

max(0−2,0)dmax(2−0,0) = S0d
2, e�n h tim  pèsei.

Sq ma 3.4: Timèc metoq c sto triwnumikì dèndro. Phg : Hull [22]

Ta b mata pou akoloujoÔme gia na k�noume timolìghsh enìc EurwpaðkoÔ dikai¸matoc me b�sh
to triwnumikì upìdeigma timolìghshc, eÐnai ta akìlouja:

B1. UpologÐzoume tic timèc thc metoq c sthn l xh tou dèndrou. H tim  thc metoq c ston kìmbo
(i, j), prokÔptei efìson pragmatopoihjoÔn sunolik� mèqri th qronik  stigmh i,max(j−i, 0)
anodikèc kaimax(i−j, 0) kajodikèc kin seic, en¸ sto qrìno l xhc (N, j) h tim  thc metoq c
eÐnai:

SN,j = S0u
max(j−N,0)dmax(N−j,0).

B2. UpologÐzoume thn apìdosh tou dikai¸matoc sthn l xh tou dèndrou. H apìdosh tou dikai¸-
matoc ston kìmbo (N, j) gia èna dikaÐwma agor�c eÐnai:

CN,j = max(SN,j −K, 0),

en¸ gia Eurwpaðkì dikaÐwma proaÐreshc p¸lhshc, eÐnai:

CN,j = max(K − SN,j , 0).

B3. Tèloc, proqwr¸ntac proc ta pÐsw, upologÐzoume thn axÐa tou dikai¸matoc se k�je kìmbo,
wc ex c:

Ci,j = e−rδt(PuCi+1,j+2 + PmCi+1,j+1 + PdCi+1,j), (3.10)
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mèqri na odhghjoÔme sto C0,0, ìpou apoteleÐ th zhtoÔmenh tim , dhlad  thn tim  tou di-
kai¸matoc s mera.

Sth sunèqeia ja doÔme èna par�deigma timolìghshc me to triwnumikì dèndro se mÐa perÐodo.

Par�deigma 6. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c, grammèno p�nw se mÐa
metoq , me ta ex c qarakthristika:

S0 K T N r σ λ

50 50 1 1 0.1 0.4 1.2247

'Opou, S0 h tim  thc metoq c, K h tim  ex�skhshc thc metoq c, T o qrìnoc ewc th l xh, N oi
perÐodoi e¸c th l xh, r to epitìkio (et sio) kai σ h metablhtìthta, λ h par�metroc tèntwshc.
Sthn perÐptwsh aut , èqoume δt = T/N = 1, en¸ oi par�metroi tou montèlou ja eÐnai u =

eλσ
√
δt = e1.22474·0.4

√
1 = 1.6321 kai d = e−λσ

√
δt = 0.6127. H pijanìthta anodik c kÐnhshc ja

eÐnai Pu = 1
2λ2

+ µ
√
δt

2σλ = 0.3537, thc kajodik c Pd = 1
2λ2
− µ

√
δt

2σλ = 0.3129 kai thc orizìntiac
kÐnhshc Pm = 1− 1

λ2
= 0.333. To e−rδt = 0.9048 eÐnai o suntelest c proexìflhshc. ArqÐzontac

me thn tim  upokeÐmenhc thc metoq c S0 = 50, upologÐzoume tic timèc thc metoq c sto qrìno
l xhc me ton trìpo pou perigr�fetai sto B1.

S1,2 = S0u
max(j−N,0)dmax(N−j,0)

= 50 · 1.6321max(2−1,0)0.6127max(1−2,0) = 81.6073,

ìpou S1,2, h tim  thc metoq c se perÐptwsh anìdou,

S1,1 = S0u
max(j−N,0)dmax(N−j,0) =

= 50 · 1.6321max(1−1,0)0.6127max(1−1,0) = 50,

ìpou S1,1 h tim  thc metoq c se perÐptwsh orizontÐou b matoc kai

S1,0 = S0u
max(j−N,0)dmax(N−j,0)

= 50 · 1.6321max(0−1,0)0.6127max(1−0,0) = 30.6345,

ìpou S1,0 h tim  thc metoq c se perÐptwsh kajìdou. 'Epeita ja upologÐsoume thn axÐa tou
dikai¸matoc sto qrìno l xhc me ton trìpo pou perigr�fetai sto B2.

C1,2 = max(S1,2 −K, 0) = max(81.6073− 50, 0) = 31.607,

ìpou C1,2 h axÐa tou dikai¸matoc se perÐptwsh anìdou,

C1,1 = max(S1,1 −K, 0) = max(50− 50, 0) = 0,

ìpou C1,1 h axÐa tou dikai¸matoc se perÐptwsh orizontÐou b matoc kai

C1,0 = max(S1,0 −K, 0) = max(30.6345− 50, 0) = 0,

ìpou C1,0 h axÐa tou dikai¸matoc se perÐptwsh kajìdou. 'Epeita proqwr¸ntac anadromik� me ton
trìpo pou perigr�fetai sto B3:

C0,0 = 0.9048 · (31.607 · 0.3537 + 0 · 0.333 + 0 · 0.3129) = 10.1170,

pou apoteleÐ kai h zhtoÔmenh tim , dhlad  h tim  tou dikai¸matoc s mera.
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Par�deigma 7. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c, grammèno p�nw se mÐa
metoq , me ta ex c qarakthristik�:

S0 K T N r σ λ

50 50 1 2 0.1 0.4 1.2247

'Opou, S0 h tim  thc metoq c, K h tim  ex�skhshc thc metoq c, T o qrìnoc èwc th l xh,
N oi perÐodoi èwc th l xh, r to epitìkio (et sio) kai σ h metablhtìthta, λ h par�metroc h
opoÐa diaforopoieÐ ton Triwnumikì ap to Diwnumikì montèlo. Sthn perÐptwsh aut , èqoume δt =

T/N = 0.5, en¸ oi par�metroi tou montèlou ja eÐnai u = eλσ
√
δt = e1.22474·0.4

√
0.5 = 1.414 kai

d = e−λσ
√
δt = 0.7072. H pijanìthta anodik c kÐnhshc ja eÐnai Pu = 1

2λ2
+ µ

√
δt

2σλ = 0.3478,

thc kajodik c Pd = 1
2λ2
− µ

√
dt

2σλ = 0.3189 kai thc orizìntiac kÐnhshc Pm = 1 − 1
λ2

= 0.333.
To e−rδt = 0.9512 eÐnai o suntelest c proexìflhshc, en¸ µ = 0.02. ArqÐzontac me thn tim 
upokeÐmenhc thc metoq c S0 = 50, upologÐzoume tic timèc twn metoq¸n sto qrìno l xhc me ton
ex c trìpo:

S2,4 = 50 · 1.414max(4−2,0)0.7072max(2−4,0) = 99.96

S2,3 = 50 · 1.414max(3−2,0)0.7072max(2−3,0) = 70.69

S2,2 = 50 · 1.414max(2−2,0)0.7072max(2−2,0) = 50

S2,1 = 50 · 1.414max(1−2,0)0.7072max(2−1,0) = 35.361

S2,0 = 50 · 1.414max(0−2,0)0.7072max(2−0,0) = 25.008

'Epeita ja upologÐsoume thn axÐa tou dikai¸matoc sth l xh me ton ex c trìpo:

C2,4 = max(S2,4 −K, 0) = max(99.96− 50, 0) = 49.96

C2,3 = max(S1,3 −K, 0) = max(70.69− 50, 0) = 20.69

C2,2 = max(S2,2 −K, 0) = max(50− 50, 0) = 0

C2,1 = max(S2,1 −K, 0) = max(35.36− 50, 0) = 0

C2,0 = max(S2,0 −K, 0) = max(25.008− 50, 0) = 0.

Met� proqwr¸ntac proc ta pÐsw, upologÐzoume thn tim  tou dikai¸matoc sÔmfwna me thn exÐswsh
3.10:

C1,2 = 0.9512 · (49.96 · 0.3478 + 20.69 · 0.333 + 0 · 0.3189) = 23.092

C1,1 = 0.9512 · (20.69 · 0.3478 + 0 · 0.333 + 0 · 0.3189) = 6.84

C1,0 = 0.9512 · (0 · 0.3478 + 0 · 0.333 + 0 · 0.3189) = 0.

Telik� katal goume ìti h tim  tou dikai¸matoc eÐnai Ðsh me:

C0,0 = 0.9512 · (23.092 · 0.3478 + 6.84 · 0.333 + 0 · 0.3189) = 9.81.

Parat rhsh 9. Mìlic eÐdame to triwnumikì dèndro timolìghshc Eurwpaðk¸n dikaiwm�twn pro-
aÐreshc (agor�c kai p¸lhshc). Wstìso, h isqÔc tou triwnumikoÔ montèlou faÐnetai idÐwc sthn
ikanìtht� tou na timologeÐ Amerik�nika dikai¸mata, mi�c kai apoteleÐ mèqri s mera èna prìblhma
idiaÐtera apaithtikì lìgw thc sÔnjethc - polÔplokhc dom c twn dikaiwm�twn autoÔ tou tÔpou
miac kai epitrèpoun thn ex�skhsh (kai) prin to qrìno l xhc. 'Estw pwc èqoume èna Amerikanikì
dikaÐwma agor�c. H idèa pÐsw apì thn timolìghsh tou dikai¸matoc autoÔ me to triwnumikì montè-
lo, eÐnai apl . Exet�zoume se k�je kìmbo (i, j) tou dèndrou, an mac sumfèrei na exask soume to
dikaÐwma   na to krat soume kai na suneqÐsoume proc ta pÐsw th diadikasÐa. H diadikasÐa èqei wc
ex c: Exet�zoume ston kìmbo (i, j):
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• An exaskhjeÐ to dikaÐwma, h axÐa tou (apìdosh) eÐnai Ðsh me to mègisto metaxÔ tou mhdenìc
kai thc posìthtac Si,j −K, dhlad  max(0, Si,j −K).

• An den exaskhjeÐ to dikaÐwma, tìte upologÐzetai me ton Ðdio trìpo pou upologÐzoume kai ta
Eurwpaðk� dikai¸mata proaÐreshc, dhlad 

e−rδt(PuCi+1,j+2 + PmCi+1,j+1 + PdCi+1,j).

Gia na exet�soume an mac sumfèrei   ìqi h prìwrh ex�skhsh tou dikai¸matoc ston kìmbo (i, j),
sugkrÐnoume tic dÔo parap�nw timèc. An h pr¸th tim  max(0, Si,j −K) upertereÐ thc deÔterhc
e−rδt(PuCi+1,j+2 + PmCi+1,j+1 + PdCi+1,j), mac sumfèrei h prìwrh ex�skhsh tou dikai¸matoc
(miac kai ston kìmbo autì h ex�skhsh dhmiourgeÐ megalÔterh axÐa). AntÐjeta, an h deÔterh tim 
upertereÐ thc pr¸thc, tìte h prìwrh ex�skhsh den mac sumfèrei (to dikaÐwma den sumfèrei na
exaskhjeÐ prìwra se autìn ton kìmbo). 'Ena Amerik�niko dikaÐwma agor�c den sumfèrei potè
na exaskhjeÐ prin thn l xh, �ra h axÐa tou ja eÐnai Ðdia me aut  enìc EurwpaðkoÔ dikai¸matoc
agor�c. Sunoptik� wstìso, h axÐa tou Amerik�nikou dikai¸matoc agor�c ston kìmbo (i, j) dÐnetai
gia Amerikanik� dikai¸mata agor�c apì thn sqèsh:

Ci,j = max[e−rδt(PuCi+1,j+2 + PmCi+1,j+1 + PdCi+1,j),max(0, Si,j −K)],

en¸ gia gia Amerik�nika dikai¸mata p¸lhshc dÐnetai apì thn sqèsh:

Ci,j = max[e−rδt(PuCi+1,j+1 + PmCi+1,j+1 + PdCi+1,j),max(0,K − Si,j)].

3.3 Basik� shmeÐa kefalaÐou

Sto kef�laio autì parousi�same mÐa akìmh eurèwc diadedomènh teqnik  timolìghshc dikaiwm�twn
proaÐreshc kai sugkekrimèna dikaiwm�twn grammèna se metoqèc se diakritì qrìno, to legìmeno
triwnumikì upìdeigma timolìghshc   triwnumikì dèndro, to opoÐo prot�jhke ton Boyle [27] kai
touc Kamrad & Ritchken [24]. To upìdeigma autì eÐnai mia �mesh epèktash tou duwnumikoÔ
upodeÐgmatoc timolìghshc, lamb�nontac upìyin mÐa akìma kat�stash gia thn upokeÐmenh metoq 
- na parameÐnei amet�blhth, thn epìmenh qronik  stigm . To triwnumikì upìdeigma, par� thn
sqetik  tou aplìtht�, apoteleÐ èna shmantikì ergaleÐo thc Qrhmatooikonomik c Mhqanik c. Pio
sugkekrimèna eÐdame:

• To triwnumikì dèndro se mÐa kai perissìterec periìdouc.

• Thn algorijmik  prosèggish-filosofÐa tou upodeÐgmatoc.

• Arijmhtik� paradeÐgmata gia thn kalÔterh katanìhsh tou upodeÐgmatoc.
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Arijmhtik  melèth tou diwnumikoÔ kai triwnumikoÔ

upodeÐgmatoc timolìghshc

O stìqoc thc paroÔsac enìthtac eÐnai h arijmhtik  melèth thc sumperifor�c tou triwnumikoÔ kai
tou diwnumikoÔ upodeÐgmatoc timolìghshc, afenìc sugkrÐnontac ta metaxÔ touc apotelèsmata kai
afaitèrou sugkrÐnont�c ta me to montèlo Black-Scholes [15], to opoÐo èqoume wc shmeÐo anafor�c,
miac kai apoteleÐ basikì montèlo timolìghshc Eurwpaðk¸n dikaiwm�twn tìso agor�c ìso kai p¸-
lhshc. Diaisjhtik� kai apì ìsa èqoume dei kai ta dÔo upìdeigma timolìghshc, sugklÐnoun me ènan
polÔ sugkekrimèno trìpo (sÔgklish se katanom ) sto montèlo Black-Scholes kai o lìgoc eÐnai
giatÐ ta kai dÔo upodeÐgmata (diwnumikì kai triwnumikì) eÐnai kataskeuasmèna ¸ste na proseggÐ-
zoun thn katanom  thc gewmetrik c kÐnhshc Brown, h opoÐa apoteleÐ thn b�sh tou upodeÐgmatoc
Black-Scholes. Gia perissìterec plhroforÐec pou aforoÔn to komm�ti thc sÔgklishc bl. Cox,
Ross & Rubinstein [19]. Pio sugkekrimèna, sto kef�laio autì:

• 'Eqontac wc shmeÐo anafor�c to montèlo Black-Scholes, ja exet�soume arijmhtik� thn su-
mperifor�, sumperilambanomènhc kai thc taqÔthtac sÔgklishc, tìso tou diwnumikoÔ ìso kai
tou triwnumikoÔ upodeÐgmatoc timolìghshc, se èna pedÐo Eurwpaðk¸n dikaiwm�twn.

• Ja exet�soume thn sumperifor� (euaisjhsÐa) twn upodeigm�twn aut¸n sunart sei twn dia-
fìrwn upokeÐmenwn paramètrwn touc (σ, r, T , N , λ). H melèth aut  ja gÐnei b�sei thc
sÔgkrishc twn apotelesm�twn touc wc proc to apotèlesma tou montèlou Black-Scholes,
all� kai thc metaxÔ touc apìstashc.

Se ì,ti akoloujeÐ ìpou D.U. ennoeÐtai diwnumikì upìdeigma, ìpou T.U. ennoeÐtai triwnumikì upì-
deigma, en¸ ìpou B.S. ennoeÐtai to upìdeigma Black-Scholes . Sta graf mata pou akoloujoÔn,
h mple gramm  sumbolÐzei to D.U kai h kìkkinh to T.U. timolìghshc. Tèloc, o ìroc apìstash
sumbolÐzei thn diafor� stic timèc metaxÔ twn upodeigm�twn.

4.1 Eurwpaðk� dikai¸mata agor�c

Sthn par�grafo pou akoloujeÐ jewroÔme èna dikaÐwma proaÐreshc agor�c EurwpaðkoÔ tÔpou
pou eÐnai grammèno p�nw se mÐa metoq  pou den plhr¸nei mèrisma. Me S0 sumbolÐzoume thn tim 
thc upokeÐmenhc metoq c thn qronik  stigm  t = 0, me r to epitìkio qwrÐc kÐnduno, me σ thn
metablhtìthta twn tim¸n thc upokeÐmenhc metoq c, me T ton qrìno l xhc tou dikai¸matoc kai me
N ton arijmì twn periìdwn sto diwnumikì kai sto triwnumikì dèndro.

4.1.1 Sumperifor� tou triwnumikoÔ upodeÐgmatoc gia diaforetikèc ti-
mèc tou λ (stajerì N)

Ston PÐnaka 4.1 parousi�zontai oi timèc tou dikai¸matoc me b�sh to triwnumikì upìdeigma ti-
molìghshc, gia di�forec timèc tou λ ∈ [1, 2] kai h apìstas  touc apì thn tim  tou montèlou
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Black-Scholes, gia S0 = 50, K = 50, r = 0.1, σ = 0.4, T = 1, N = 50. Katarq�c, parathroÔme
pwc kaj¸c to λ metab�lletai, paÐrnoume diaforetikèc timèc gia thn tim  tou dikai¸matoc me b�sh
to triwnumikì upìdeigma, efìson gia k�je mÐa tim  tou λ ja all�zoun oi pijanìthtec Pu, Pm,
& Pd anodik c, mesaÐac kai kajodik c kÐnhshc. ParathroÔme pwc kaj¸c metab�lletai to λ, h
apìstash apì to montèlo Black-Scholes auxomei¸netai. Gia timèc λ < 1, lamb�nontac upìyhn ton
PÐnaka 3.1 gnwrÐzoume pwc h pijanìthta orizontÐou b matoc Pm bgaÐnei arnhtik  kai oi pijanì-
thtec Pu, Pd, megalÔterec apì thn mon�da. Epomènwc k�ti tètoio den èqei b�sh, opìte gi' autì
den parousi�zoume tic antÐstoiqec timèc. Wstìso, wc epikratèsterh tim , oi Kamrad & Ritchken
[24] prìteinan thn tim  λ = 1.22474, epeid  gia thn tim  aut  kat� mèso ìro p ran tic mikrìterec
diaforèc apì to montèlo Black-Scholes (gia thn perÐptwsh enìc EurwpaðkoÔ dikai¸matoc agor�c).
H tim  aut  tou λ antistoiqeÐ sthn pijanìthta orizontÐou �lmatoc Pm = 1/3. Pr�gmati, parath-
roÔme pwc gia mia tim  tou λ kont� sto 1.2 paÐrnoume kai thn mikrìterh apìstash apì to B.S.
To apotèlesma autì eÐnai mia prìqeirh epal jeush tou isqurismoÔ twn Kamrad Ritchken [24].

PÐnakac 4.1: Timèc triwnumikoÔ upodeÐgmatoc kai diafor� apì thn tim  B.S, gia di�fora λ ∈ [1, 2].
S0 = 50, K = 50, r = 0.1, σ = 0.4, T = 1, N = 50. (H tim  tou diwnumikoÔ upodeÐgmatoc eÐnai
10.12054 kai h tim  tou montèlou Black-Scholes eÐnai 10.1592)

Eu Call
λ T.U. Apìstash T.U. apì B.S

1.0 10.1183 0.0409
1.2 10.1474 0.0118
1.4 10.1392 0.0200
1.6 10.1297 0.0295
1.8 10.1189 0.0403
2.0 10.1067 0.0525

1.22474 10.1464 0.0127

4.1.2 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì to Black-
Scholes kaj¸c metab�lletai to N kai to λ.

To triwnumikì upìdeigma èqei pleonèkthma ènanti tou diwnumikoÔ, miac kai èqei kai mia trÐth pijan 
kÐnhsh thc upokeÐmenhc metoq c, aut  tou orizontÐou b matoc en antijèsei me to diwnumikì pou
jewreÐ pwc thn epìmenh qronik  stigm  h upokeÐmenh metoq  mporeÐ na p�rei mìno dÔo timèc. Autì
èqei wc apotèlesma na par�gei perissìterec timèc se k�je perÐodo (�ra kai perissìtera telik�
sen�ria) kai gia to lìgo autì perimènoume diaisjhtik� to triwnumikì upìdeigma na proseggÐzei
grhgorìtera thn tim  tou montèlou Black-Scholes apì ìti to diwnumikì upìdeigma. Wstìso h taqÔ-
thta sÔgklishc tou triwnumikoÔ kai tou diwnumikoÔ upodeÐgmatoc sthn tim  Black-Scholes, kaj¸c
kai h katallhlìterh tim  tou λ (gia to triwnumikì upìdeigma) faÐnontai perissìtero xek�jara
an af soume ton arijmì bhm�twn N na metab�lletai. 'Etsi, afoÔ exet�same sthn prohgoÔmenh
par�grafo pwc sumperifèretai to triwnumikì upìdeigma wc proc tic diaforetikèc timèc tou λ kra-
t¸ntac stajerì to N , ja doÔme t¸ra ti sumbaÐnei sto triwnumikì all� kai diwnumikì upìdeigma
me to N na metab�lletai. Apì to Sq ma 4.1 parathroÔme ta ex c:

• Gia mÐa tim  tou λ kont� sto 1.2, to triwnumikì upìdeigma sugklÐnei pio gr gora (m�lista
apì ta pènte me dèka pr¸ta b mata) kai pio omal� se sqèsh me to diwnumikì upìdeigma sthn
tim  Black-Scholes. M�lista, to apotèlesma tou diwnumikoÔ upodeÐgmatoc me perÐpou 50
epanal yeic mporeÐ na sugkrijei me to apotèlesma tou triwnumikoÔ upodeÐgmatoc me perÐpou
dèka me dekapènte epanal yeic.
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• Anexart twc thc tim c tou λ, to triwnumikì upìdeigma sugklÐnei pio omal� apì to diwnumikì,
sthn tim  tou montèlou Black-Scholes. 'Omwc kaj¸c aux�netai to λ (p�nw apì thn tim 
λ = 1.2) h taqÔthta sÔgklishc mei¸netai. To apotèlesma autì eÐnai �llh mia prìqeirh
epal jeush tou isqurismoÔ twn Kamrad & Ritchken [24].

(aþ) λ = 1.2 (bþ) λ = 1.22474

(gþ) λ = 1.4 (dþ) λ = 1.6

(eþ) λ = 1.8 (�þ) λ = 2

Sq ma 4.1: Timèc triwnumikoÔ (gia di�fora λ) kai diwnumikoÔ upodeÐgmatoc. S0 = 50, K = 50,
r = 0.1, σ = 0.4, T = 1. Ed¸ B.S.=10.1592
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4.1.3 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì to Black-
Scholes kaj¸c aux�netai to N

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c all�zei to λ (gia to triwnumikì) gia
ènan arijmì epanal yewn mèqri kai thn tim  N = 50. Ed¸ ja diathr soume stajerì to λ (gia to
triwnumikì) kai ja jewr soume tèsseric diaforetikèc peript¸seic gia toN . Ja qrhsimopoi soume
thn tim  pou p ran oi Kamrad & Ritchken, gia λ = 1.22474. Sto Sq ma 4.2, blèpoume tic timèc
tou diwnumikoÔ kai tou triwnumikoÔ upodeÐgmatoc kai thn apìstas  touc apì thn tim  Black-
Scholes. ParathroÔme pwc oi timèc tou triwnumikoÔ upodeÐgmatoc proseggÐzoun grhgorìtera
thn tim  tou montèlou B.S. kai h sÔgklish aut  faÐnetai belti¸netai kaj¸c o arijmìc twn N
bhm�twn aux�netai. M�lista, to triwnumikì upìdeigma me perÐpou dèka me dekapènte epanal yeic
dÐnei èna apotèlesma polÔ kont� sthn tim  B.S., en¸ gia na sugkrÐnoume to diwnumikì me to
triwnumikì, apaitoÔntai toul�qiston tri�nta me triantapènte epanal yeic. ParathroÔme epÐshc
pwc kaj¸c to N megal¸nei, h sÔgklish tou diwnumikoÔ upodeÐgmatoc diorj¸netai, ìpwc �llwste
 tan diaisjhtik� anamenìmeno.

(aþ) N = 10 (bþ) N = 50

(gþ) N = 70 (dþ) N = 100

Sq ma 4.2: Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì montèlo B.S., gia S0 = 50,
K = 50, r = 0.1, σ = 0.4, T = 5/12, λ = 1.22474.

Ston PÐnaka 4.2, parajètoume tic timèc gia to dikaÐwma pou dÐnei to diwnumikì kai to triwnumikì
upìdeigma, gia diaforetikèc timèc tou N kai thn apìstas  touc apì thn tim  Black-Scholes. P�li
katal goume sto Ðdio sumpèrasma: To triwnumikì upìdeigma phgaÐnei pio gr gora sthn tim  B.S.
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apì to diwnumikì.

PÐnakac 4.2: Timèc diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc, gia S0 = 50, K = 50, r = 0.1,
σ = 0.4, T = 5/12, λ = 1.22474, N metablhtì kai apìstash aut¸n apì montèlo B.S. H tim  tou
montèlou B.S. eÐnai 6,1165

APOSTASH APO B.S.
N D.U. T.U. D.U. T.U.
10 5,9910 6,0825 0,1256 0,0340
50 6,0911 6,1095 0,0254 0,0070
70 6,0983 6,1115 0,0182 0,0050
100 6,1038 6,1130 0,0127 0,0035
200 6,1101 6,1147 0,0064 0,0018
300 6,1123 6,1153 0,0042 0,0012
500 6,1140 6,1158 0,0045 0,0007

4.1.4 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì to Black-
Scholes kaj¸c metab�lletai to σ

Sthn par�grafo aut  ja diathr soume stajerì to λ (gia to triwnumikì upìdeigma) kai ja af -
soume to σ na metab�lletai. O stìqoc mac eÐnai na exet�soume thn euaisjhsÐa twn apotelesm�twn
kai twn dÔo upodeigm�twn (diwnumikì kai triwnumikì) wc proc th metablhtìthta twn tim¸n thc
upokeÐmenhc metoq c. P�li ja qrhsimopoi soume thn tim  pou p ran oi Kamrad & Ritchken, gia
λ = 1.22474. Ston PÐnaka 4.3, parajètoume tic timèc twn dikaiwm�twn tou diwnumikoÔ kai triw-
numikoÔ upodeÐgmatoc kai thn apìstas  touc apì thn antÐstoiqh tim  Black-Scholes [15] kaj¸c
to σ aux�netai (t¸ra gia k�je tim  tou σ to B.S. ja dÐnei diaforetik  tim ). ParathroÔme pwc
anexart twc tou epipèdou tou σ, h sumperifor� tou upodeÐgmatoc tou triwnumikoÔ kai tou diwnu-
mikoÔ upodeÐgmatoc den all�zei kai eÐnai Ðdia me aut n pou eÐdame kai prohgoumènwc. ParathroÔme
pwc anexart twc thc tim c tou σ h tim  tou triwnumikoÔ upodeÐgmatoc eÐnai pio kont� sthn tim 
tou B.S. apì ìti eÐnai h tim  tou diwnumikoÔ upodeÐgmatoc.

PÐnakac 4.3: Timèc diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc, gia S0 = 50, K = 50, r = 0.1,
T = 5/12, λ = 1.22474, N = 50, σ metablhtì kai apìstash aut¸n apì montèlo B.S.

APOSTASH APO B.S.
σ D.U. T.U. B.S. D.U. T.U.
0,3 4,8659 4,8794 4,8851 0,0193 0,0057
0,4 6,0911 6,1095 6,1165 0,0254 0,0070
0,5 7,3198 7,3428 7,3513 0,0316 0,0085
0,6 8,5463 8,5736 8,5840 0,0377 0,0104

T¸ra, gia na exet�soume thn taqÔthta sÔgklishc twn upodeigm�twn ja af soume to N na
paÐrnei timèc apì to N = 1 mèqri kai to N = 50 kai ja af soume p�li to σ na metab�lletai. Sto
Sq ma 4.3 blèpoume thn apìstash twn tim¸n twn dÔo upodeigm�twn apì thn tim  Black-Scholes.
ParathroÔme pwc anexart twc tou epipèdou tou σ, to triwnumikì upìdeigma phgaÐnei pio gr gora
kai pio omal� sthn tim  B.S. apì ìti to diwnumikì.
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(aþ) σ = 0.3 (bþ) σ = 0.4

(gþ) σ = 0.5 (dþ) σ = 0.6

Sq ma 4.3: Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì montèlo B.S. gia S0 = 50,
K = 50, r = 0.1, T = 5/12, λ = 1.22474 kai σ metablhtì.

4.1.5 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì to Black-
Scholes kaj¸c metab�lletai to r

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c metab�lletai to σ. Ed¸ ja diathr -
soume stajerì to σ kai ja qrhsimopoi soume thn tim  pou p ran oi Kamrad & Ritchken, gia
λ = 1.22474 kai ja af soume to r na metab�lletai, ¸ste na exet�soume thn euaisjhsÐa twn
apotelesm�twn wc proc to epitìkio dÐqwc kÐnduno.

PÐnakac 4.4: Timèc diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc, gia S0 = 50, K = 50, σ = 0.4,
T = 5/12, λ = 1.22474, N = 50, r metablhtì kai apìstash aut¸n apì montèlo B.S.

APOSTASH APO B.S.
r D.U. T.U. B.S. D.U. T.U.
0,1 6,0911 6,1095 6,1165 0,0254 0,0070
0,2 7,1569 7,1729 7,1826 0,0257 0,0097
0,3 8,2972 8,3087 8,3236 0,0264 0,0149
0,4 9,4996 9,5045 9,5267 0,0271 0,0222

Ston PÐnaka 4.4, parajètoume tic timèc twn dikaiwm�twn tou diwnumikoÔ kai triwnumikoÔ upo-
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deÐgmatoc kai thn apìstas  touc apì thn antÐstoiqh tim  Black-Scholes kaj¸c to r aux�netai
(t¸ra gia k�je tim  tou r to B.S. ja dÐnei diaforetik  tim ). ParathroÔme pwc anexart twc tou
epipèdou tou r, h sumperifor� tou upodeÐgmatoc tou triwnumikoÔ kai tou diwnumikoÔ upodeÐgmatoc
den all�zei kai eÐnai Ðdia me aut n pou eÐdame kai prohgoumènwc. ParathroÔme pwc anexart twc
thc tim c tou r h tim  tou triwnumikoÔ upodeÐgmatoc eÐnai pio kont� sthn tim  tou B.S. apì ìti
eÐnai h tim  tou diwnumikoÔ upodeÐgmatoc.

(aþ) r = 0.1 (bþ) r = 0.2

Gia gia na exet�soume thn taqÔthta sÔgklishc twn upodeigm�twn ja af soume to N na paÐrnei
timèc apì to N = 1 mèqri kai to N = 50 kai ja af soume p�li to r na metab�lletai. Sto pio
p�nw sq ma Sq ma (gia to sugkekrimèno λ pou prìteinan oi Kamrad & Ritchken [24]), parath-
roÔme thn apìstash twn tim¸n twn dÔo upodeigm�twn apì thn tim  Black-Scholes. Blèpoume pwc
anexart twc tou epipèdou tou r, h sumperifor� tou upodeÐgmatoc tou triwnumikoÔ kai tou diwnu-
mikoÔ upodeÐgmatoc den all�zei ìpwc eÐdame kai prohgoumènwc. ParathroÔme pwc to triwnumikì
upìdeigma proseggÐzei grhgorìtera kai pio omal� thn tim  tou montèlou Black-Scholes apì ìti
to diwnumikì.

4.1.6 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì to Black-
Scholes kaj¸c metab�lletai to T

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c metab�lletai to σ kai to r. Ed¸ ja
diathr soume stajerì to σ kai to r (ja qrhsimopoi soume thn tim  pou p ran oi Kamrad &
Ritchken, gia λ = 1.22474) kai ja af soume to T na metab�lletai, ¸ste na exet�soume thn
euaisjhsÐa twn apotelesm�twn wc proc to qrìno l xhc tou dikai¸matoc.

PÐnakac 4.5: Timèc diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc, gia S0 = 50, K = 50, r = 0.1,
σ = 0.4, λ = 1.22474, N = 50, T metablhtì kai apìstash aut¸n apì montèlo B.S.

APOSTASH APO B.S.
T D.U. T.U. B.S. D.U. T.U.

3/12 4,5617 4,5763 4,5815 0,0198 0,0052
5/12 6,0911 6,1095 6,1165 0,0254 0,0070
9/12 8,5528 8,5767 8,5866 0,0338 0,0103

1 10,1205 10,1464 10,1592 0,0387 0,0128
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(aþ) T = 3/12 (bþ) T = 5/12

(gþ) T = 9/12 (dþ) T = 1

Sq ma 4.5: Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì montèlo B.S. gia S0 = 50,
K = 50, r = 0.1, σ = 0.4, λ = 1.22474, kai T metablhtì.

Ston PÐnaka 4.5, parajètoume tic timèc twn dikaiwm�twn tou diwnumikoÔ kai triwnumikoÔ upo-
deÐgmatoc kai thn apìstas  touc apì thn antÐstoiqh tim  Black-Scholes kaj¸c to T aux�netai
(t¸ra gia k�je tim  tou T to B.S. ja dÐnei diaforetik  tim ). ParathroÔme pwc anexart twc tou
epipèdou tou T , h sumperifor� tou triwnumikoÔ kai tou diwnumikoÔ upodeÐgmatoc den all�zei kai
eÐnai Ðdia me aut n pou eÐdame kai prohgoumènwc. ParathroÔme pwc anexart twc thc tim c tou T
h tim  tou triwnumikoÔ upodeÐgmatoc eÐnai pio kont� sthn tim  tou B.S. apì ìti eÐnai h tim  tou
diwnumikoÔ upodeÐgmatoc. Gia gia na exet�soume thn taqÔthta sÔgklishc twn upodeigm�twn ja
af soume to N na paÐrnei timèc apì to N = 1 mèqri kai to N = 50 kai ja af soume p�li to T
na metab�lletai. Sto Sq ma 4.5 (gia to sugkekrimèno λ pou prìteinan oi Kamrad & Ritchken
[24]), parathroÔme thn apìstash twn tim¸n twn dÔo upodeigm�twn apì thn tim  Black-Scholes.
Blèpoume pwc anexart twc tou epipèdou tou T , h sumperifor� tou upodeÐgmatoc tou triwnumi-
koÔ kai tou diwnumikoÔ upodeÐgmatoc den all�zei ìpwc eÐdame kai prohgoumènwc: To triwnumikì
upìdeigma proseggÐzei grhgorìtera kai pio omal� thn tim  tou montèlou Black-Scholes apì ìti
to diwnumikì.
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4.1.7 Diafor� diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc kaj¸c meta-
b�lletai to N

'Eqoume isquristeÐ pwc gia λ = 1 kaj¸c to N aux�nei, h apìstash metaxÔ diwnumikoÔ kai triw-
numikoÔ upodeÐgmatoc phgaÐnei sto mhdèn. Sthn par�grafo aut  exet�zoume to jèma autì. Pio
sugkekrimèna, ston PÐnaka 4.6 parajètoume tic timèc gia to dikaÐwma me b�sh to diwnumikì kai to
triwnumikì upìdeigma kai thn metaxÔ touc apìstash, gia λ = 1, kaj¸c to N aux�nei. ParathroÔ-
me pwc kaj¸c aux�nei o arijmìc twn periìdwn N , h apìstash metaxÔ diwnumikoÔ kai triwnumikoÔ
upodeÐgmatoc gÐnetai polÔ mikr . Autì eÐnai anamenìmeno, afoÔ apì thn ExÐswsh 3.8 blèpoume
pwc sthn perÐptwsh aut  to Pm = 0, en¸ ta Pu kai Pd eÐnai ta Ðdia akrib¸c me aut� tou diwnumi-
koÔ upodeÐgmatoc. Gia na to doÔme autì, parathroÔme pwc kaj¸c to N megal¸nei, to δt = T/N
mikraÐnei. Apì tic seirèc Taylor gnwrÐzoume pwc to ex gia x mikrì sumperifèretai san to 1 + x.
Me ton trìpo autì, gia λ = 1, oi ekfr�seic gia ta Pu & Pd stic exis¸seic 3.7 ja odhg soun stic
antÐstoiqec ekfr�seic gia tic pijanìthtec Pu & Pd tou diwnumikoÔ upodeÐgmatoc stic Exis¸seic
2.1.

PÐnakac 4.6: Timèc diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc, gia λ = 1 (stajerì), S0 = 50,
K = 50, r = 0.1, σ = 0.4, T = 1, N metablhtì.

Eu Call
N D.U. T.U. Diafor� D.U. me T.U
10 9.9680 9.8826 0.0853
50 10.1205 10.1066 0.0138
100 10.1399 10.1331 0.0067
150 10.1463 10.1418 0.0044
300 10.1528 10.1524 0.0003

Parat rhsh 10. Sto par�rthma A' parajètoume ta apotelèsmata thc arijmhtik c an�lushc
gia thn perÐptwsh pou èqoume èna Eurwpaðkì dikaÐwma p¸lhshc. Ta sumper�smata sta opoÐa
katal goume eÐnai akrib¸c ta Ðdia me aut� thc Paragr�fou 7.1.8. Gia èna Eurwpaðkì dikaÐwma
p¸lhshc, to triwnumikì upìdeigma (gia λ = 1.22474) sugklÐnei pio gr gora kai pio omal� apì ìti
to diwnumikì sthn tim  tou montèlou Black-Scholes. Epomènwc den ja sqoli�soume peraitèrw ta
sq mata kai touc pÐnakec kaj¸c ta sumper�smata gia thn perÐptwsh enìc EurwpaðkoÔ dikai¸matoc
p¸lhshc eÐnai akrib¸c Ðdia me aut� tou EurwpaðkoÔ dikai¸matoc agor�c pou parousi�sthkan sto
Kef�laio 4.

4.1.8 Sumper�smata

Me b�sh thn parap�nw an�lush katal goume sta akìlouja sumper�smata gia thn perÐptwsh enìc
dikai¸matoc proaÐreshc agor�c EurwpaðkoÔ tÔpou:

• Tìso to diwnumikì ìso kai to triwnumikì upìdeigma timolìghshc krÐnontai apotelesmatik�
kaj¸c kai ta dÔo sugklÐnoun sthn tim  tou upodeÐgmatoc Black-Scholes, me kÔria diafor�
ston qrìno sÔgklishc kai thn diakÔmansh stic timèc touc.

• Anexart twc thc tim c twn diafìrwn paramètrwn (σ, r, T , N), blèpoume ìti to triwnumikì
upìdeigma (gia λ = 1.22474) sugklÐnei grhgorìtera kai pio omal� apì to diwnumikì sthn
tim  pou dÐnei to upìdeigma Black-Scholes.

• Gia λ = 1, kaj¸c to N megal¸nei to diwnumikì kai to triwnumikì upìdeigma sumpÐptoun.
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• Gia mÐa tim  λ kont� sto 1.2, faÐnetai optik� toul�qiston pwc to triwnumikì upìdeigma
dÐnei to kalÔtero dunatì apotèlesma. Autì bèbaia eÐnai k�ti pou prèpei na epalhjeujeÐ kai
majhmatik� kai apoteleÐ anoiqtì er¸thma gia mia mellontik  ergasÐa.

4.2 Basik� shmeÐa kefalaÐou

Sto kef�laio autì k�name arijmhtik  melèth tou diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc timo-
lìghshc. SugkrÐname ta apotelèsmat� touc wc proc thn tim  tou upodeÐgmatoc Black-Scholes.
Pio sugkekrimèna, exet�same:

• thn sumperifor�, sumperilambanomènhc kai thc taqÔthtac sÔgklishc, tìso tou diwnumikoÔ
ìso kai tou triwnumikoÔ upodeÐgmatoc timolìghshc, se èna pedÐo Eurwpaðk¸n dikaiwm�twn.

• thn sumperifor� (euaisjhsÐa) twn upodeigm�twn aut¸n sunart sei twn diafìrwn upokeÐme-
nwn paramètrwn touc (σ, r, T , N , λ).

katal xame se endiafèronta sumper�smata gia thn sumerifor� twn upodeigm�twn.
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Dikai¸mata se dÔo metoqèc

55



5

To upìdeigma twn tess�rwn alm�twn

Sta prohgoÔmena kef�laia eÐdame dÔo apì ta pio shmantik� upodeÐgmata timolìghshc dikaiwm�-
twn proaÐreshc, to legìmeno diwnumikì kai triwnumikì upìdeigma timolìghshc. Oi proseggÐseic
stic opoÐec basist kame eÐnai autèc twn Cox Ross & Rubinstein [19] kai Kamrad & Ritchken
[24] antÐstoiqa gia k�je upìdeigma kai praktik� den eÐnai tÐpota �llo par� qrhmatooikonomik�
upodeÐgmata se diakritì qrìno sÔmfwna me ta opoÐa mporoÔme na timolog soume Eurwpaðk�, all�
kurÐwc Amerik�nika dikai¸mata proaÐreshc (agor�c kai p¸lhshc). Ta upodeÐgmata aut� qrhsimo-
poioÔntai me epituqÐa sthn pr�xh akìmh kai s mera. Qarakthristikì ìmwc eÐnai pwc prìkeitai gia
upodeÐgmata timolìghshc dikaiwm�twn ta opoÐa eÐnai grammèna se èna mìno upokeÐmeno stoiqeÐo
(p.q. metoq ).

Ti sumbaÐnei ìmwc an o upokeÐmenoc tÐtloc eÐnai grammènoc se parap�nw
apì mÐa metoqèc?

Sthn pr�xh eÐnai suqnì to fainìmeno ènac ependut c na endiafèretai gia parap�nw apì mÐa metoqèc
kai ìqi aparaÐthta Ðdiec, all� diaforetikèc metaxÔ touc (p.q. gia lìgouc antist�jmishc tou qrh-
matooikonomikoÔ kindÔnou) kai m�lista metoqèc oi apodìseic twn opoÐwn parousi�zoun arnhtik   
mhdenik  susqètish, ¸ste na mhn exart�tai h tim  thc miac apì thn tim  thc �llhc (ρ ∈ [−1, 1] .) ∗

Ed¸ genniètai to er¸thma: Me poion trìpo mporoÔme na timolog soume èna dikaÐwma proaÐreshc
grammèno se parap�nw apì mÐa metoqèc?

MÐa idèa ja  tan na akolouj soume tic teqnikèc prosomoÐwshc Monte-Carlo (gia perissìterec
plhroforÐec bl. Kef�laio 4 ston Brandimarte [14])   Kef�laio 4 souc Clewlow & Strickland
[25]. Autì proôpojètei praktik� ìti ja uiojet soume èna majhmatikì upìdeigma sÔmfwna me to
opoÐo exelÐssontai oi timèc twn metoq¸n aut¸n ston qrìno kai ja genn soume p�ra poll� sen�ria
gia tic telikèc timèc twn metoq¸n (èstw ìti to dikaÐwma eÐnai EurwpaðkoÔ tÔpou) kai katìpin
badÐzontac me b�sh to plaÐsio thc oudeterìthtac wc proc ton kÐnduno, ja upologÐzame thn mèsh
tim  twn telik¸n tim¸n twn metoq¸n kai ja proexofloÔsame. H tim  aut , ja apoteleÐ kai thn
tim  tou dikai¸matoc. Autì endèqetai na eÐnai polÔ barÔ upologistik� kaj¸c sthn pr�xh sun jwc
apaiteÐtai na prosomoi¸soume ènan ter�stio arijmì diaforetik¸n monopati¸n thc stoqastik c
diadikasÐac pou perigr�fei thn exèlixh twn tim¸n twn upokeÐmenwn metoq¸n.

Sto kef�laio autì (all� kai sto epìmeno) ja exet�soume mÐa enallaktik  mèjodo gia thn
timolìghsh tètoiwn dikaiwm�twn pou praktik� den eÐnai tÐpota �llo par� mÐa �mesh epèktash
tou diwnumikoÔ upodeÐgmatoc pou parousi�sthke sta prohgoÔmena kef�laia. Pio sugkekrimèna,
sto kef�laio autì ja parousi�soume mia epèktash tou diwnumikoÔ upodeÐgmatoc sÔmfwna me touc
Boyle, Evnine & Gibbs (1989) [13], en¸ sto epìmeno kef�laio ja parousi�soume mia epèktash tou
triwnumikoÔ upodeÐgmatoc sÔmfwna me touc Kamrad & Ritchken [24]. Oi Boyle, Evnine & Gibbs

∗An ρ = 1, oi metoqèc eÐnai tèleia susqetismènec kai den mporoÔme na k�noume lìgo gia antist�jmish, afoÔ

an pèsei h tim  thc miac metoq c, autì ja odhg sei se ap¸leiec gia to qartoful�kio. An ρ = 0, oi timèc twn

metoq¸n eÐnai anex�rthtec metaxÔ touc. Tèloc, an ρ = −1, eÐnai tèleia arnhtik� susqetismèmec, opìte h kÐnhsh

thc miac den ephre�zei kajìlou thn kÐnhsh thc �llhc.
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[13], èqontac wc b�sh to upìdeigma twn Cox, Ross & Rubinstein [19] pou eÐdame sto Kef�laio
2 (gia thn timolìghsh enìc dikai¸matoc grammènou p�nw se ènan upokeÐmeno tÐtlo), anèptuxan
mia epèktash thc parap�nw diadikasÐac gia thn timolìghsh twn dikaiwm�twn proaÐreshc sthn
perÐptwsh k > 1 upokeÐmenwn stoiqeÐwn (metoq¸n), mèsw tou opoÐo mporoÔn na timologhjoÔn
Eurwpaðk�, all� kurÐwc Amerik�nika dikai¸mata proaÐreshc (agor�c kai p¸lhshc). H filosofÐa
tou upodeÐgmatoc autoÔ, pou eÐnai gnwstì wc upìdeigma tess�rwn alm�twn (miac kai se k�je
qronik  perÐodo apì k�je ènan kìmbo xekinoÔn tèsseric nèec timèc), eÐnai Ðdia me thn filosofÐa tou
diwnumikoÔ upodeÐgmatoc timolìghshc kai phg�zei apì thn upìjesh pwc oi metoqèc exelÐssontai
apì koinoÔ b�sei tou upodeÐgmatoc thc gewmetrik c kÐnhshc Brown. O stìqoc mac eÐnai na
proseggÐsoume thn suneq  katanom  twn logarijmik¸n apodìsewn (pou einai kanonik ) me mÐa
diakrit  katanom  tess�rwn alm�twn.

5.1 Upìdeigma tess�rwn alm�twn se mÐa perÐodo

Sthn par�grafo aut , jewroÔme ìti èqoume èna dikaÐwma proaÐreshc (èstw EurwpaðkoÔ tÔpou)
grammèno se dÔo metoqèc oi apodìseic twn opoÐwn emfanÐzoun susqètish. O stìqoc mac eÐnai na
k�noume timolìghsh tou dikai¸matoc autoÔ me to upìdeigma twn tess�rwn alm�twn twn Boyle,
Evnine & Gibbs [13]. 'Opwc èqoume  dh anafèrei, h basik  idèa tou upodeÐgmatoc tess�rwn
alm�twn den eÐnai diaforetik  apì aut  tou upodeÐgmatoc twn Cox, Ross & Rubinstein [19].
Pio sugkekrimèna, èstw ìti èqoume èna dikaÐwma agor�c EurwpaðkoÔ tÔpou, grammèno se dÔo
metoqèc. JewroÔme pwc èqoume dÔo metoqèc, tic S1 kai S2 me antÐstoiqec timèc S1

t kai S2
t , thn

qronik  stigm  t. Gia tic metoqèc S1 kai S2 jewroÔme ta akìlouja tèssera pijan� sen�ria met�
apì èna qronikì b ma:

PÐnakac 5.1: Diaforetik� sen�ria gia thn exèlixh twn dÔo metoq¸n sto upìdeigma tess�rwn
alm�twn

S1 S2 Sen�ria ω

↑ ↑ ω1

↑ ↓ ω2

↓ ↑ ω3

↓ ↓ ω4

• Na anèbei h tim  thc metoq c S1 kai na anèbei kai thc S2.

• Na anèbei h tim  thc metoq c S1 kai na pèsei thc S2.

• Na pèsei h tim  thc metoq c S1 kai na anèbei thc S2

• Na pèsoun oi timèc kai twn dÔo metoq¸n.

H basik  idèa gia na epektajeÐ to diwnumikì upìdeigma timolìghshc pou parousi�same sto
Kef�laio 2, sthn perÐptwsh pou èqoume èna dikaÐwma grammèno se dÔo upokeÐmenec metoqèc, eÐnai h
ex c: Upojètwntac ìti oi metoqèc exelÐssontai ston qrìno me b�sh to upìdeigma thc gewmetrik c
kÐnhshc Brown, ja kataskeu�soume mÐa diakrit  katanom  pijanìthtac tess�rwn alm�twn (èna gia
k�je èna sen�rio pou parousi�zetai ston PÐnaka 5.1) gia na proseggÐsoume thn didi�stath t¸ra
logarijmik  katanom . Aut  thn prosèggish �llwste akolouj same kai sthn (monodi�stath)
perÐptwsh tou triwnumikoÔ upodeÐgmatoc timolìghshc, mìno pou sthn perÐptwsh aut  jewr same
mia diakrit  katanom  tri¸n alm�twn antÐ gia tèssera pou jewroÔme t¸ra. Pio analutik�, èstw
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ìti oi metoqèc S1 kai S2 exelÐssontai ston qrìno me b�sh to upìdeigma thc gewmetrik c kÐnhshc
Brown, dhlad  me b�sh ton majhmatikì kanìna:

dSit = rSitdt+ σiS
i
tdW

i
t , (5.1)

gia i = 1, 2, h opoÐa sqèsh mac deÐqnei ton trìpo me ton opoÐo sundèetai h metabol  thc tim c
thc k�je metoq c sto qronikì di�sthma [t, t+ δt] (dhlad  to dSit), me thn tim  thc k�je metoq c
thn qronik  stigm  t (dhlad  to Sit). Me r > 0 sumbolÐzoume to epitìkio qwrÐc kÐnduno, σi
eÐnai h metablhtìthta twn tim¸n thc k�je metoq c kai (W i

t , t ≥ 0), orÐzoume thn k�je mÐa tupik 
monodi�stath kÐnhsh Brown, gia k�je metoq , ìpou i = 1, 2 antÐstoiqa gia k�je metoq  me
suntelest  susqètishc ρ ∈ [−1, 1]. Jètontac wc S1

t thn arqik  tim  thc pr¸thc metoq c thn
qronik  stigm  t kai S2

t thn arqik  tim  thc deÔterhc metoq c thn qronik  stigm  t. H lÔsh thc
parap�nw stoqastik c diaforik c exÐswshc (bl. exÐswsh 2.11) mporeÐ na d¸sei thn metabol  thc
tim c thc metoq c apì ton qrìno t ston qrìno t+ δt, wc ex c:

S1
t+δt = S1

t exp

[(
r − 1

2
σ21

)
δt+ σ1δW

1
t

]
, (5.2)

gia thn pr¸th metoq  kai:

S2
t+δt = S2

t exp

[(
r − 1

2
σ22

)
δt+ σ2δW

2
t

]
, (5.3)

gia thn deÔterh metoq . LogarijmÐzontac thn exÐswsh 5.2, èqoume :

ln

(
S1
t+δt

S1
t

)
=

(
r − 1

2
σ21

)
δt+ σ1δW

1
t := ν1(t), (5.4)

OmoÐwc logarijmÐzontac thn exÐswsh 5.3, èqoume :

ln

(
S2
t+δt

S2
t

)
=

(
r − 1

2
σ22

)
δt+ σ2δW

2
t := ν2(t), (5.5)

ìpou ν1t kai ν2t apoteloÔn dÔo tuqaÐec metablhtèc kanonik� katanemhmènec, ìpou νi(t), mia tuqaÐa
metablht  kanonik� katanemhmènh, me mèsh tim  µiδt ìpou µi = r− (0, 5)σ2i kai diakÔmansh σ2i δt,
gia i = 1, 2 antÐstoiqa gia k�je metoq . Epiplèon h sundiakÔmansh twn ν1(t) kai ν2(t) eÐnai
ρσ1σ2δt. IsodÔnama oi sqèseic 5.4, 5.5 mporoÔn na grafoÔn wc:

ln[Sit+δt] = ln[Sit ] + νi(t).

'Opwc èqoume  dh anafèrei h basik  filosofÐa eÐnai na proseggÐsoume thn apì koinoÔ katanom 
twn νi(t) me èna zeÔgoc diakrit¸n tuqaÐwn metablht¸n, tic opoÐec sumbolÐzoume me νa1 (t) kai νa2 (t)
sto di�sthma [t, t+ δt] pou akoloujoÔn thn parak�tw katanom :
To υ mac odhgeÐ sthn par�metro anodikoÔ b matoc en¸ to −υ sthn par�metro kajodikoÔ b matoc.
O basikìc stìqoc thc prosèggishc aut c eÐnai na upologÐsoume tic pijanìthtec P1, P2, P3 kai
P4.

Parat rhsh 11. Oi Boyle, Evnine & Gibbs [13], ìrisan thn par�metro anodik c kai kajodik c
kÐnhshc gia k�je metoq  me parìmoio trìpo me autìn tou diwnumikoÔ upodeÐgmatoc twn Cox, Ross
& Rubinstein [19], sugkekrimèna wc ui = eυi kai di = e−υi , ìpou υi = σi

√
δt, gia i = 1, 2.

Epomènwc, isqÔei kai ed¸ ìti uidi = 1, dhlad  èna plaÐsio sundiastik¸n dèndrwn timolìghshc
(recombining lattice framework), k�ti to opoÐo upojèsame kai sta dÔo prohgoÔmena kef�laia.
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PÐnakac 5.2: Diakrit  tuqaÐa metablht  gia to upìdeigma tess�rwn alm�twn

νa1 (t) νa2 (t) Pijanìthta Sen�ria tou kìsmou

υ1 υ2 P1 ω1

υ1 −υ2 P2 ω2

−υ1 υ2 P3 ω3

−υ1 −υ2 P4 ω4

O basikìc stìqoc thc prosèggishc aut c eÐnai na upologÐsoume tic pijanìthtec P1, P2, P3 kai
P4. Gia na fèroume eic pèrac ton parap�nw stìqo, ja exis¸soume thn mèsh tim , thn diakÔmansh
kai thn sundiakÔmansh thc suneqoÔc me thc diakrit c katanom c (giatÐ t¸ra oi tuqaÐec metablhtèc
emfanÐzoun metaxÔ touc susqètish). H suneq c tuqaÐa metablht  akoloujeÐ kanonik  katanom 
me mèsh tim  µiδt, kai diakÔmansh σ2i δt. H (stigmiaÐa) sundiakÔmansh eÐnai ρσ1σ2δt. Xekin�me me
thn tuqaÐa metablht  νa1 (t):

E(νa1 (t)) = P1υ1 + P2υ1 − P3υ1 − P4υ1

= υ1(P1 + P2 − P3 − P4)

V ar(νa1 (t)) = E[νa1 (t)2]− [E(νa1 (t))]2

= P1υ
2
1 + P2υ

2
1 + P3υ

2
1 + P4υ

2
1 − [υ1(P1 + P2 − P3 − P4)]

2

= υ21(P1 + P2 + P3 + P4)− [υ1(P1 + P2 − P3 − P4)]
2

Sth sunèqeia gia thn tuqaÐa metablht  νa2 (t), upologÐzoume tic dÔo pr¸tec ropèc:

E (νa2 (t)) = P1υ2 − P2υ2 + P3υ2 − P4υ2

= υ2(P1 − P2 + P3 − P4)

V ar(νa2 (t)) = E[νa2 (t)2]− [E(νa2 (t))]2

= P1υ
2
2 + P2υ

2
2 + P3υ

2
2 + P4υ

2
2 − [υ2(P1 − P2 + P3 − P4)]

2

= υ22(P1 + P2 + P3 + P4)− [υ2(P1 − P2 + P3 − P4)]
2

H sundiakÔmansh twn dÔo aut¸n tuqaÐwn metablht¸n eÐnai h ex c:

Cov(νa1 (t), νa2 (t)) = E[νa1 (t)νa2 (t)]− E(νa1 (t))E(νa1 (t))

= P1υ1υ2 + P2υ1(−υ2) + P3(−υ1)υ2 + P4(−υ1)(−υ2)
− [υ1(P1 + P2 − P3 − P4)][υ2(P1 − P2 + P3 − P4)]

= υ1υ2(P1 − P2 − P3 + P4)

− [υ1(P1 + P2 − P3 − P4)][υ2(P1 − P2 + P3 − P4)].

• ApaitoÔme gia thn perÐptwsh thc metoq c S1 h mèsh tim  thc suneqoÔc tuqaÐac metablht c
na isoÔtai me aut  thc diakrit c:

υ1(P1 + P2 − P3 − P4) = µ1δt. (5.6)

• ApaitoÔme gia thn perÐptwsh thc metoq c S2 h mèsh tim  thc suneqoÔc tuqaÐac metablht c
na isoÔtai me aut  thc diakrit c:

υ2(P1 − P2 + P3 − P4) = µ2δt. (5.7)
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• ApaitoÔme epÐshc gia thn metoq  S1 h diakÔmansh thc kanonik c katanom c na isoÔtai me
aut  thc diakrit c:

υ1(P1 + P2 − P3 − P4)− [υ1(P1 + P2 − P3 − P4)]
2 = σ21δt.

ParathroÔme pwc υ1(P1 + P2 − P3 − P4) = µ1δt, epomènwc kai [υ1(P1 + P2 − P3 − P4)]
2 =

µ21δt
2 = 0, efìson to δt eÐnai k�ti polÔ mikrì, to (δt)2 apoteleÐ mÐa posìthta amelhtèa,

epomènwc mporeÐ na paralhfjeÐ. 'Etsi,

υ21(P1 + P2 + P3 + P4) = σ21δt (5.8)

• ApaitoÔme gia thn perÐptwsh twn metoq¸n S1 kai S2 h diakÔmansh thc kanonik c katanom c
na isoÔtai me aut  thc diakrit c:

υ22(P1 + P2 + P3 + P4)− [υ2(P1 − P2 + P3 − P4)]
2 = σ22δt.

ParathroÔme pwc υ2(P1 − P2 + P3 − P4) = µ2δt, epomènwc kai [υ2(P1 − P2 + P3 − P4)]
2 =

µ22δt
2 = 0, efìson to δt eÐnai k�ti polÔ mikrì, to (δt)2 apoteleÐ mÐa posìthta amelhtèa,

epomènwc mporeÐ na paralhfjeÐ. 'Etsi,

υ22(P1 + P2 + P3 + P4) = σ22δt (5.9)

• ApaitoÔme tèloc gia thn metoq  S1 h diakÔmansh thc kanonik c katanom c na isoÔtai me
aut  thc diakrit c:

υ1υ
1
2(P1 + P2 + P3 + P4)

− [υ1(P1 + P2 − P3 − P4)][υ2(P1 − P2 + P3 − P4)] = ρσ1σ2δt.

ParathroÔme pwc υ1(P1 + P2 − P3 − P4) = µ1δt kai pwc υ2(P1 − P2 + P3 − P4) = µ2δt,
epomènwc kai [υ1(P1+P2−P3−P4)][υ2(P1−P2+P3−P4)] = µ1δtµ2δt = µ1µ2(δt

2), efìson
to δt eÐnai k�ti polÔ mikrì, to (δt)2 apoteleÐ mÐa posìthta amelhtèa, epomènwc mporeÐ na
paralhfjeÐ. 'Etsi,

υ1υ2(P1 − P2 − P3 + P4) = ρσ1σ2δt. (5.10)

Katal goume ètsi sto sÔsthma 5.11 to opoÐo apoteleÐtai apì tic exis¸seic 5.6, 5.7, 5.10 kai to
�jroisma twn pijanot twn (P1 + P2 + P3 + P4), èqoume tèsseric agn¸stouc kai eÐnai to ex c:

υ1 (P1 + P2 − P3 − P4) = µ1δt

υ2 (P1 − P2 + P3 − P4) = µ2δt

υ1υ2 (P1 − P2 − P3 + P4) = ρσ1σ2δt

(P1 + P2 + P3 + P4) = 1

(5.11)
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Arqik� antikajistoÔme to υ = σi
√
dt stic exis¸seic tou sust matoc 5.11 kai ètsi to sÔsthma

pou prokÔptei 5.12 èqei thn ex c aplopoihmènh morf :

P1 + P2 − P3 − P4 =

(
µ1
σ1

)√
δt

P1 − P2 + P3 − P4 =

(
µ2
σ2

)√
δt

P1 − P2 − P3 + P4 = ρ

P1 + P2 + P3 + P4 = 1

(5.12)

LÔnontac to sÔsthma 5.12, prokÔptoun oi timèc twn tess�rwn pijanot twn, tic opoÐec ja qrh-
simopoi soume sthn epÐlush tou upodeÐgmatoc tess�rwn alm�twn. Endeiktik�, lÔnontac wc proc
P3 thn pr¸th exÐswsh tou sust matoc, wc proc P4 thn deÔterh kai wc proc P2 thn trÐth:

P1 + P2 −
(
µ1
σ1

)√
δt− P4 = P3

P1 − P2 + P3 −
(
µ2
σ2

)√
δt = P4

P1 − P3 + P4 − ρ = P2

P1 + P2 + P3 + P4 = 1

(5.13)

kai antikajist¸ntac tic exis¸seic autèc sthn tètarth exÐswsh tou sust matoc:

P1 + (P1 − P3 + P4 − ρ) +

[
P1 + P2 −

(
µ1
σ1

)√
δt− P4

]
+

[
P1 − P2 + P3 −

(
µ2
σ2

)√
δt

]
= 1

Katal goume pwc:

P1 = 0.25

[
1 + ρ+

√
δt

(
µ1
σ1

+
µ2
σ2

)]
Akolouj¸ntac parìmoio motÐbo, apì to parap�nw sÔsthma prokÔptoun kai oi tèsseric par�metroi,
oi opoÐoi qrhsimeÔoun wc pijanìthtec kai eÐnai shmantikèc gia to montèlo mac kai autèc eÐnai oi
ex c:

P1 = 0.25

[
1 + ρ+

√
δt

(
µ1
σ1

+
µ2
σ2

)]
P2 = 0.25

[
1− ρ+

√
δt

(
µ1
σ1
− µ2
σ2

)]
P3 = 0.25

[
1− ρ+

√
δt

(
−µ1
σ1

+
µ2
σ2

)]
P4 = 0.25

[
1 + ρ+

√
δt

(
−µ1
σ1
− µ2
σ2

)]
.

5.2 Algorijmik  filosofÐa upodeÐgmatoc tess�rwn alm�-
twn

Parap�nw parousi�same ti sumbaÐnei se èna di�sthma m kouc δt. 'Opwc eÐpame mac endiafèrei na
kataskeu�soume èna dèndro ìpou se k�je kìmbo na èqoume tèsseric pijanèc katast�seic gia thn
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epìmenh qronik  stigm . Gia na petÔqoume ton stìqo autì ja akolouj soume mia algorijmik 
diadikasÐa parìmoia me aut  pou akolouj same sta dÔo prohgoÔmena kef�laia. Sto shmeÐo autì
gia na gÐnei pio katanoht  h diadikasÐa aut , ja parousi�soume èna sugkekrimèno par�deigma.
JewroÔme èna dikaÐwma proaÐreshc agor�c EurwpaðkoÔ tÔpou (European spread), grammèno se
dÔo metoqèc me apìdosh [max(S1(T )−S2(T )−K), 0]. To dikaÐwma autì den mporeÐ na exaskhjeÐ
prin to qrìno l xhc t = T . Mènei na doÔme p¸c ja gÐnei o upologismìc thc tim c tou dikai¸matoc
thn qronik  stigm  t = 0. 'Opwc eÐpame, jewroÔme èna qronikì di�sthma m kouc δt > 0, metaxÔ
twn qronik¸n stigm¸n t = 0 kai t1 = T > 0. Gia aplìthta sumbolÐzoume thn arqik  tim  thc
pr¸thc metoq c me S1, me S1 > 0 thn qronik  stigm  t = 0, kai thn arqik  tim  thc deÔterhc
metoq c me S2, me S2 > 0 thn qronik  stigm  t = 0. Arqik� h tim  twn metoq¸n mac eÐnai gnwst 
apì thn parat rhs  touc sthn qrhmatisthriak  agor�, en¸ sth sunèqeia lìgw thc abebaiìthtac
se sqèsh me thn exèlixh twn mellontik¸n tim¸n touc thn qronik  stigm  t = t1, den mporoÔme
na gnwrÐzoume thn tim  thc k�je metoq c miac kai prìkeitai gia tuqaÐec metablhtèc. Skopìc mac
eÐnai na exet�soume sundiastik� thn kÐnhsh twn metoq¸n S1 kai S2 kaj¸c kinoÔmaste apì thn
qronik  stigm  t = 0 sth qronik  stigm  t = t1. SÔmfwna me ta sen�ria tou PÐnaka 5.1, oi timèc
twn dÔo metoq¸n mporoÔn na kinhjoÔn anodik� se: S1u1 kai S2u2 antÐstoiqa gia k�je mÐa, me
pijanìthta P1, eÐte na anèbei h tim  thc pr¸thc kai na pèsei h tim  thc deÔterhc se S1u1 kai S2d2
antÐstoiqa, me pijanìthta P2 eÐte na pèsei h tim  thc pr¸thc kai na anèbei thc deÔterhc se S1d1
kai S2u2 antÐstoiqa, me pijanìthta P3, eÐte na pèsoun oi timèc kai twn dÔo metoq¸n se S1d1 kai
S2d2 antÐstoiqa, me pijanìthta P4. Oi posìthtec ui kai di gia i = 1, 2, apoteloÔn tic paramètrouc
anodik c kai kajodik c kÐnhshc thc metoq c antÐstoiqa, en¸ isqÔei ìti uidi = 1. Oi par�metroi
u, d diaforopoioÔntai gia k�je mÐa metoq  se u1, u2, d1, d2 †.

Sq ma 5.1: Upìdeigma tess�rwn alm�twn, dÔo metoq¸n enìc b matoc

Ta pijan� sen�ria gia thn axÐa tou dikai¸matoc sto qrìno l xhc eÐnai ta ex c:

• Na auxhjeÐ h tim  thc pr¸thc metoq c kai na auxhjeÐ thc deÔterhc, opìte h apìdosh tou
dikai¸matoc sth l xh eÐnai Ðsh me

Cuu = max(S1u1 − S2u2 −K, 0)

• Na auxhjeÐ h tim  thc pr¸thc metoq c kai na meiwjeÐ thc deÔterhc, opìte h apìdosh tou
dikai¸matoc sth l xh eÐnai Ðsh me

Cud = max(S1u1 − S2d2 −K, 0)

• Na meiwjeÐ h tim  thc pr¸thc metoq c kai na auxhjeÐ thc deÔterhc, opìte h apìdosh tou
dikai¸matoc sth l xh eÐnai Ðsh me

Cdu = max(S1d1 − S2u2 −K, 0)
† 'Opou Puu ennoeÐtai P1, ìpou Pud P2, ìpou Pdu P3 kai ìpou Pdd P4
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• Na meiwjoÔn oi timèc kai twn dÔo metoq¸n, opìte h apìdosh tou dikai¸matoc sth l xh eÐnai
Ðsh me

Cdd = max(S1d1 − S2d2 −K, 0)

O trìpoc me ton opoÐo upologÐzoume thn tim  tou dikai¸matoc eÐnai o ex c:

C0 = e−rδt (P1Cuu + P2Cud + P3Cdu + P4Cdd) .

Parap�nw parousi�same to dèndro miac periìdou all� h epèktash gia perissìterec periìdouc eÐnai
�mesh. Gia na k�noume timolìghsh se parap�nw apì mÐa periìdouc, akoloujoÔme thn filosofÐa
tou diwnumikoÔ upodeÐgmatoc twn CRR kai ousiastik� sqhmatÐzetai èna dèndro me diaforetikoÔc
kìmbouc, ìpou kajènac apì odhgeÐ se tèsseric diaforetikèc katast�seic thc oikonomÐac thn epì-
menh qronik  stigm . Se èna tètoio dèndro, ston orizìntio ideatì �xona i apeikonÐzetai o qrìnoc
(to qronikì di�sthma [0, T ] eÐnai qwrismèno se komm�tia m kouc δt = T/N), en¸ ston k�jeto
apeikonÐzontai oi diaforetikèc katast�seic tou kìsmou (oi diaforetikèc timèc twn dÔo metoq¸n,
j gia thn pr¸th kai k gia thn deÔterh) se k�je qronik  stigm . Oi kìmboi sumbolÐzontai me
(i, j, k), ìpou (i, j, k) fusikoÐ arijmoÐ me i = 1, . . . , T kai j, k = 0, . . . , i pijanèc katast�seic thc
oikonomÐac. To i mac deÐqnei pìso apèqoume apì thn arq  tou dèndrou kai ta j, k mac deÐqnoun
tic anodikèc kin seic thc k�je metoq c. K�je kìmboc odhgeÐ se �llouc tèsseric nèouc kìmbouc,
oi opoÐoi antistoiqoÔn se anodikèc   kajodikèc kin seic twn metoq¸n sunduastik�. Pio sugke-
krimèna, o kìmboc (i, j, k) odhgeÐ ston kìmbo (i + 1, j, k), ìpou pèftoun oi timèc kai twn dÔo
metoq¸n, ston (i+ 1, j, k+ 1), ìpou pèftei h tim  thc pr¸thc metoq c kai anebaÐnei thc deÔterhc,
ston (i+ 1, j + 1, k), ìpou anebaÐnei h tim  thc pr¸thc metoq c kai pèftei thc deÔterhc kai ston
(i+1, j+1, k+1), ìpou anebaÐnoun oi timèc kai twn dÔo metoq¸n (thn sÔmbash aut  akolouj same
stouc k¸dikec pou gr�yame sto matlab). 'Opou P4 orÐzoume thn pijanìthta na pèsoun oi timèc
kai twn dÔo metoq¸n, en¸ Ci+1,j,k h tim  tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa.
OrÐzoume wc P3 h pijanìthta na pèsei h tim  thc pr¸thc kai na anèbei h tim  thc deÔterhc, en¸
Ci+1,j,k+1 h tim  tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa. OrÐzoume wc P2 h pija-
nìthta na anèbei h tim  thc pr¸thc kai na pèsei h tim  thc deÔterhc metoq c, en¸ Ci+1,j+1,k h tim 
tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa kai P1 h pijanìthta na anèboun oi timèc kai
twn dÔo metoq¸n, me Ci+1,j+1,k+1 h tim  tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa.

Sq ma 5.2: O genikìc kìmboc sto upìdeigma tess�rwn alm�twn

Sunoptik�, gia na timolog soume to dikaÐwma autì me to dèndro tess�rwn alm�twn gia èna dèndro
N periìdwn, akoloujoÔme ta ex c b mata:

B1. UpologÐzoume tic timèc twn metoq¸n sth l xh. H tim  thc pr¸thc metoq c sto qrìno l xhc,
upologÐzetai wc:

S1
(N,j,k) = S1

0u
j
1d
N−j
1 ,
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en¸ thc deÔterhc metoq c, upologÐzetai wc:

S2
(N,j,k) = S2

0u
k
2d
N−k
2

Oi timèc autèc prokÔptoun e�n pragmatopoihjoÔn èwc th qronik  stigm  N gia th metoq 
S1, j anodikèc kai N − j kajodikèc kin seic kai gia th metoq  S2, k anodikèc kai N − k
kajodikèc kin seic.

B2. UpologÐzoume tic apodìseic tou dikai¸matoc sth l xh. H apìdosh tou dikai¸matoc sto
qrìno l xhc, dhlad  ston kìmbo (N, j, k) eÐnai:

CN,j,k = max
(

0, S1
(N,j,k) − S

2
(N,j,k) −K

)
= max

(
0, S1

0u
j
1d
N−j
1 − S2

0u
k
1d
N−k
1 −K

)
.

B3. Tèloc, h timolìghsh tou dikai¸matoc, gÐnetai proqwr¸ntac opisjodromik� wc ex c:

Ci,j,k = e−rδt (P1Ci+1,j+1,k+1 + P2Ci+1,j+1,k + P3Ci+1,j,k+1 + P4Ci+1,j,k)

mèqri na ft�soume sthn tim  C0,0,0, to opoÐo apoteleÐ thn tim  tou dikai¸matoc s mera.

Par�deigma 8. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c grammèno p�nw se dÔo me-
toqèc, me ta ex c qarakthristik�: arqik  tim  S1 = 40 kai S2 = 40 eur¸, tim  ex�skhshc
K = 10 eur¸, l xh se T = 7/12 tou qrìnou, et sio epitìkio qwrÐc kÐnduno r = 0.1, meta-
blhtìthta σ1 = 0.2 kai σ2 = 0.3 antÐstoiqa, suntelest  autosusqètishc ρ = 0.5 kai N = 1
perÐodo. EpÐshc δt = T/N = (7/12)/1 = 0.583. EpÐshc oi timèc twn paramètrwn u1 = 1.1650,
u2 = 1.2575, d1 = 0.8583 kai d2 = 0.7952. Oi timèc twn pijanot twn eÐnai P1 = 0.4864,
P2 = 0.1664, P3 = 0.0836 kai P4 = 0.2636. µ1 = r − 0.5σ21 = 0.08, en¸ µ2 = r − 0.5σ22 = 0.055.
e−rδt = 0.9433.

H tim  twn metoq¸n S1 kai S2 sto qrìno l xhc upologÐzetai sÔmfwna me to B1 kai mporeÐ na
p�rei gia N = 1 tic parak�tw timèc:

S1
(1,0,0) = S1

0u
0
1d

1
1 = 34.3337 S2

(1,0,0) = S2
0u

0
2d

1
2 = 31.8090

S1
(1,0,1) = S1

0u
0
1d

1
1 = 34.3337 S2

(1,0,1) = S2
0u

1
2d

0
2 = 50.3002

S1
(1,1,0) = S1

0u
1
1d

0
1 = 46.6015 S2

(1,1,0) = S2
0u

0
2d

1
2 = 31.8090

S1
(1,1,1) = S1

0u
1
1d

0
1 = 46.6015 S2

(1,1,1) = S2
0u

1
2d

0
2 = 50.3002

H tim  tou dikai¸matoc sto qrìno l xhc upologÐzetai b�sei tou B2 kai mporeÐ na p�rei gia
N = 1 tic parak�tw timèc:

C1,0,0 = max
(

0, S1
(1,0,0) − S

2
(1,0,0) −K

)
= max(34.3337− 31.8090− 10, 0) = 0

C1,0,1 = max
(

0, S1
(1,0,1) − S

2
(1,0,1) −K

)
= max(34.3337− 50.3002− 10, 0) = 0

C1,1,0 = max
(

0, S1
(1,1,0) − S

2
(1,1,0) −K

)
= max(46.6015− 31.8090− 10, 0) = 4.7925
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C1,1,1 = max
(

0, S1
(1,1,1) − S

2
(1,1,1) −K

)
= max(46.6015− 50.300− 10, 0) = 0

Tèloc, upologÐzoume thn tim  tou dikai¸matoc sÔmfwna me to B3:

C0,0,0 = e−rδt (P1Ci+1,j+1,k+1 + P2Ci+1,j+1,k + P3Ci+1,j,k+1 + P4Ci+1,j,k)

= e−rδt (P1C1,1,1 + P2C1,1,0 + P3C1,0,1 + P4C1,0,0)

= 0.9433 · (0.4864 · 0 + 0.1664 · 4.7925 + 0.0836 · 0 + 0.2636 · 0)

= 0.7521

katal goume telik� pwc to C0,0,0, apoteleÐ kai thn zhtoÔmenh tim  tou dikai¸matoc ston qrìno
t = 0.

Par�deigma 9. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c, grammèno p�nw se dÔo
metoqèc, me ta ex c qarakthristik�: arqik  tim  S1 = 40 kai S2 = 40 eur¸, tim  ex�skhshc
K = 10 eur¸, l xh se T = 7/12 tou qrìnou, et sio epitìkio qwrÐc kÐnduno r = 0.1, metablhtìthta
σ1 = 0.2 kai σ2 = 0.3 antÐstoiqa, suntelest  autosusqètishc ρ = 0.5 kai N = 2 perÐodoi. EpÐshc
δt = T/N = (7/12)/2 = 0.291. µ1 = r − 0.5σ21 = 0.08, en¸ µ2 = r − 0.5σ22 = 0.055. EpÐshc oi
timèc twn paramètrwn u1 = 1.1141, u2 = 1.1759, d1 = 0.8976 kai d2 = 0.8504. e−rδt = 0.9713.
Oi timèc twn pijanot twn eÐnai P1 = 0.3329, P2 = 0.4538, P3 = 0.0957 kai P4 = 0.2962.

H tim  thc metoq c S1 upologÐzetai b�sei tou B1 kai mporeÐ na p�rei gia N = 2 tic parak�tw
timèc:

S1
(2,0,0) = S1

0u
0
1d

2
1 = 32.2286 S1

(2,0,1) = S1u
0
1d

2
1 = 32.2286

S1
(2,1,0) = S1

0u
1
1d

1
1 = 40.0000 S1

(2,0,2) = S1u
0
1d

2
1 = 32.2286

S1
(2,1,2) = S1

0u
1
1d

1
1 = 40.0000

S1
(2,1,1) = S1

0u
1
1d

1
1 = 40.0000 S1

(2,2,0) = S1
0u

2
1d

0
1 = 49.6453

S1
(2,2,1) = S1

0u
2
1d

0
1 = 49.6453 S1

(2,2,2) = S1
0u

2
1d

0
1 = 49.6453.

H tim  thc metoq c S2 upologÐzetai b�sei tou B1 kai mporeÐ na p�rei gia N = 2 tic parak�tw
timèc:

S2
(2,0,0) = S2

0u
0
2d

2
2 = 28.9289 S2

(2,0,1) = S2
0u

1
2d

1
2 = 40.0000

S2
(2,1,0) = S2

0u
0
2d

2
2 = 28.9289 S2

(2,0,2) = S2
0u

2
2d

0
2 = 55.3079

S2
(2,1,2) = S2

0u
2
2d

0
2 = 55.3079

S2
(2,1,1) = S2

0u
1
2d

1
2 = 40.0000 S2

(2,2,0) = S2
0u

0
2d

2
2 = 28.9289

S2
(2,2,1) = S2

0u
1
2d

1
2 = 40.0000 S2

(2,2,2) = S2
0u

2
2d

2
2 = 55.3079.

H tim  tou dikai¸matoc sto qrìno l xhc upologÐzetai b�sei tou B2 kai mporeÐ na p�rei gia
N = 2 tic parak�tw timèc:

C2,0,0 = max
(

0, S1
(2,0,0) − S

2
(2,0,0) −K

)
= max(32.2286− 28.9289− 10, 0) = 0
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Sq ma 5.3: Kìmboi sto upìdeigma tess�rwn alm�twn dÔo qronik¸n bhm�twn

C2,0,1 = max
(

0, S1
(2,0,1) − S

2
(2,0,1) −K

)
= max(32.2286− 40− 10, 0) = 0

C2,1,0 = max
(

0, S1
(2,1,0) − S

2
(2,1,0) −K

)
= max(40− 28.9289− 10, 0) = 1.0711

C2,1,1 = max
(

0, S1
(2,1,1) − S

2
(2,1,1) −K

)
= max(40− 40− 10, 0) = 0

C2,0,2 = max
(

0, S1
(2,0,1) − S

2
(2,0,1) −K

)
= max(32.2286− 55.3079− 10, 0) = 0

C2,1,2 = max
(

0, S1
(2,1,1) − S

2
(2,1,1) −K

)
= max(40− 55.3079− 10, 0) = 0

C2,2,0 = max
(

0, S1
(2,1,0) − S

2
(2,1,0) −K

)
= max(49.6453− 28.9289− 10, 0) = 10.7164

C2,2,1 = max
(

0, S1
(2,1,1) − S

2
(2,1,1) −K

)
= max(49.6453− 40− 10, 0) = 0
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C2,2,2 = max
(

0, S1
(2,1,1) − S

2
(2,1,1) −K

)
= max(49.6453− 55.3079− 10, 0) = 0

Apì ed¸ kai èpeita, phgaÐnoume anadromik� mèqri na ft�soume sthn arqik  tim  tou dikai¸-
matoc (apì to tèloc proc thn arq  tou dèntrou, bl. Sq ma 5.3) kai b�sei tou B3, gia N = 2
mporoÔme na p�roume tic parak�tw timèc:

C1,0,0 = 0.9713 · (0.4538 · 0 + 0.1543 · 1.0711 + 0.0957 · 0 + 0.2962 · 0)

= 0.16052

C1,0,1 = 0.9713 · (0.4538 · 0 + 0.1543 · 0 + 0.0957 · 0 + 0.2962 · 0) = 0

C1,1,0 = 0.9713 · (0.4538 · 0 + 0.1543 · 10.7164 + 0.0957 · 0 + 0.2962 · 1.0711)

= 1.9137

C1,1,1 = 0.9713 · (0.4538 · 0 + 0.1543 · 0 + 0.0957 · 0 + 0.2962 · 0) = 0

Telik�,

C0,0,0 = e−rδt (P1C1,1,1 + P2C1,1,0 + P3C1,0,1 + P4C1,0,0)

= 0.9713 · (0.4538 · 0 + 0.1543 · 1.9137 + 0.0957 · 0 + 0.2962 · 0.16052)

= 0.3329,

katal goume pwc to C0,0,0, apoteleÐ thn zhtoÔmenh tim  tou dikai¸matoc ston qrìno t = 0.

Parat rhsh 12. Mìlic eÐdame to upìdeigma tess�rwn alm�twn timolìghshc dikaiwm�twn pou
eÐnai grammèna se dÔo metoqèc. Sugkekrimèna, parousi�same to par�deigma enìc EurwpaðkoÔ di-
kai¸matoc agor�c sthn diafor� dÔo metoq¸n. Wstìso, h isqÔc tou upodeÐgmatoc autoÔ faÐnetai
idÐwc sthn ikanìtht� tou na timologeÐ Amerik�nika dikai¸mata, miac kai apoteleÐ mèqri s mera
èna prìblhma idiaÐtera apaithtikì lìgw thc sÔnjethc - polÔplokhc dom c twn dikaiwm�twn autoÔ
tou tÔpou miac kai epitrèpoun thn ex�skhsh (kai) prin to qrìno l xhc. 'Estw pwc èqoume èna
Amerikanikì dikaÐwma agor�c. H idèa pÐsw apì thn timolìghsh tou dikai¸matoc autoÔ me to upì-
deigma tess�rwn alm�twn, eÐnai apl  (jewroÔme p�li to dikaÐwma sthn diafor� twn dÔo metoq¸n,
gnwstì kai wc American Spread):

Exet�zoume se k�je kìmbo tou dèndrou, an mac sumfèrei na exask soume to dikaÐwma   na to
krat soume kai na suneqÐsoume proc ta pÐsw th diadikasÐa. H diadikasÐa èqei wc ex c: Exet�zoume
ston kìmbo (i, j, k):

• An exaskhjeÐ to dikaÐwma, h axÐa tou (apìdosh) eÐnai Ðsh me to mègisto metaxÔ tou mhdenìc

kai thc posìthtac S1
(N,j,k) − S

2
(N,j,k) −K, dhlad  max

(
0, S1

(N,j,k) − S
2
(N,j,k) −K

)
.

• An den exaskhjeÐ to dikaÐwma, tìte upologÐzetai me ton Ðdio trìpo pou eÐdame parap�nw,
dhlad 

e−rδt (P1Ci+1,j+1,k+1 + P2Ci+1,j+1,k + P3Ci+1,j,k+1 + P4Ci+1,j,k) .
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Gia na exet�soume an mac sumfèrei   ìqi h prìwrh ex�skhsh tou dikai¸matoc ston kìmbo (i, j, k),

sugkrÐnoume tic dÔo parap�nw timèc. An h pr¸th tim  max
(

0, S1
(N,j,k) − S

2
(N,j,k) −K

)
upertereÐ

thc deÔterhc

e−rδt (P1Ci+1,j+1,k+1 + P2Ci+1,j+1,k + P3Ci+1,j,k+1 + P4Ci+1,j,k) ,

mac sumfèrei h prìwrh ex�skhsh tou dikai¸matoc (miac kai ston kìmbo autì h ex�skhsh dhmiourgeÐ
megalÔterh axÐa). AntÐjeta, an h deÔterh tim  upertereÐ thc pr¸thc, tìte h prìwrh ex�skhsh den
mac sumfèrei (to dikaÐwma den sumfèrei na exaskhjeÐ prìwra se autìn ton kìmbo) kai suneqÐzoume
proc ta pÐsw. 'Ena Amerik�niko dikaÐwma agor�c den sumfèrei potè na exaskhjeÐ prin thn l xh,
�ra h axÐa tou ja eÐnai Ðdia me aut  enìc EurwpaðkoÔ dikai¸matoc agor�c. Sunoptik� wstìso, h
axÐa tou Amerik�nikou dikai¸matoc agor�c ston kìmbo (i, j, k) dÐnetai gia to parap�nw dikaÐwma
apì thn sqèsh:

Ci,j,k = max[e−rδt(P1Ci+1,j+1,k+1 + P2Ci+1,j+1,k

+ P3Ci+1,j,k+1 + P4Ci+1,j,k),max(0, S1
(N,j,k) − S

2
(N,j,k) −K)],

en¸ an  tan dikaÐwma p¸lhshc, dÐnetai apì thn sqèsh:

Ci,j,k = max[e−rδt(P1Ci+1,j+1,k+1 + P2Ci+1,j+1,k

+ P3Ci+1,j,k+1 + P4Ci+1,j,k),max(0,K − S1
(N,j,k) − S

2
(N,j,k))].

5.3 Basik� shmeÐa kefalaÐou

Sto kef�laio autì parousi�same ènan trìpo timolìghshc dikaiwm�twn grammènwn p�nw se dÔo
metoqèc, gnwstì kai wc upìdeigma tess�rwn alm�twn, ìpwc parousi�sthke apì touc Boyle,
Evnine & Gibbs (1989) [13]. 'Opwc eÐdame h basik  filosofÐa tou eÐnai parìmoia me aut  tou
diwnumikoÔ upodeÐgmatoc pou parousi�sthke sto Kef�laio 2, me thn diafor� pwc t¸ra se k�je
qronik  stigm , lamb�noume upìyhn thn apì koinoÔ kÐnhsh twn dÔo metoq¸n. Pio sugkekrimèna
parousi�same:

• Thn majhmatik  filosofÐa tou upodeÐgmatoc twn tess�rwn alm�twn.

• Thn algorijmik  prosèggish ¸ste na k�noume timolìghsh se dèndro N periìdwn me to
upìdeigma autì.

• K�poia arijmhtik� paradeÐgmata gia thn kalÔterh katanìhsh tou upodeÐgmatoc.
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6

To upìdeigma twn pènte alm�twn

Sto pr¸to komm�ti thc ergasÐac eÐdame dÔo apì ta pio shmantik� montèla timolìghshc dikaiwm�-
twn proaÐreshc, to diwnumikì kai triwnumikì upìdeigma timolìghshc. Oi proseggÐseic stic opoÐec
basist kame eÐnai autèc twn Cox Ross & Rubinstein [19] kai Kamrad & Ritchken [24] antÐstoiqa
gia k�je upìdeigma kai praktik� den eÐnai tÐpota �llo par� qrhmatooikonomik� montèla se diakri-
tì qrìno sÔmfwna me ta opoÐa mporoÔme na timolog soume Eurwpaðk�, all� kurÐwc Amerik�nika
dikai¸mata proaÐreshc (agor�c kai p¸lhshc). Ta upodeÐgmata aut� ìpwc proanafèrame qrhsi-
mopoioÔntai me epituqÐa sthn pr�xh akìmh kai s mera. Qarakthristikì eÐnai pwc prìkeitai gia
upodeÐgmata timolìghshc dikaiwm�twn ta opoÐa eÐnai grammèna se èna mìno upokeÐmeno stoiqeÐo
(pq. metoq ). Sto prohgoÔmeno kef�laio eÐdame pwc mporoÔme na timolog soume èna dikaÐwma
pou eÐnai grammèno se dÔo metoqèc, oi apodìseic twn opoÐwn emfanÐzoun metaxÔ touc susqèti-
sh. Sthn kateÔjunsh aut  parousi�same mia �mesh epèktash tou diwnumikoÔ upodeÐgmatoc pou
parousi�sthke sto Kef�laio 2, to upìdeigma twn Boyle, Evnine & Gibbs (1989) [13] pou eÐnai
gnwstì wc upìdeigma tess�rwn alm�twn. Sto kef�laio autì ja parousi�soume èna enallaktikì
upìdeigma timolìghshc dikaiwm�twn pou eÐnai grammèna se parap�nw apì mÐa metoqèc (p�li ja
upojèsoume dÔo metoqèc), to upìdeigma twn Kamrad & Ritchken [24]. To upìdeigma autì, pou
eÐnai gnwstì wc upìdeigma pènte alm�twn, eÐnai mia �mesh epèktash tou triwnumikoÔ upodeÐgmatoc
pou parousi�same sto Kef�laio 3. M�lista, h filosofÐa tou upodeÐgmatoc twn pènte alm�twn
(miac kai se k�je qronik  perÐodo apì k�je ènan kìmbo xekinoÔn pènte nèec timèc) eÐnai Ðdia me thn
filosofÐa tou upodeÐgmatoc twn tess�rwn alm�twn pou parousi�same sto prohgoÔmeno kef�laio,
mìno pou sthn perÐptwsh tou upodeÐgmatoc tess�rwn alm�twn proseggÐzame thn apì koinoÔ lo-
garijmokanonik  katanom  (k�je metoq  akoloujeÐ to upìdeigma thc gewmetrik c kÐnhshc Brown)
me mÐa diadikasÐa tess�rwn alm�twn. Sto kef�laio autì, ja akolouj soume thn Ðdia diadikasÐa
mìno pou ja qrhsimopoi soume mia diakrit  katanom  pènte alm�twn.

6.1 Upìdeigma pènte alm�twn se mÐa perÐodo

Sthn par�grafo aut , jewroÔme ìti èqoume èna dikaÐwma proaÐreshc (èstw EurwpaðkoÔ tÔpou)
grammèno se dÔo metoqèc oi apodìseic twn opoÐwn emfanÐzoun metaxÔ touc susqètish. O stìqoc
mac eÐnai na k�noume timolìghsh tou dikai¸matoc autoÔ me to upìdeigma twn pènte alm�twn twn
Kamrad & Ritchken [24]. 'Opwc èqoume  dh anafèrei, h basik  idèa tou upodeÐgmatoc twn pènte
alm�twn den eÐnai diaforetik  apì aut  tou upodeÐgmatoc twn tess�rwn alm�twn twn Boyle,
Evnine & Gibbs (1989) [13]. Ousiastik�, prìkeitai gia mia �mesh epèktash tou triwnumikoÔ
dèndrou timolìghshc gia thn perÐptwsh pou to dikaÐwma eÐnai grammèno se parap�nw apì mÐa
metoqèc. Ed¸, ìpwc kai sto prohgoÔmeno kef�laio, gia lìgouc aplìthtac ja epikentrwjoÔme
sthn perÐptwsh twn dÔo metoq¸n all� h epèktash gia parap�nw apì dÔo metoqèc gÐnetai me ton
Ðdio akrib¸c trìpo. Pio analutik�, èstw ìti èqoume èna dikaÐwma agor�c EurwpaðkoÔ tÔpou,
grammèno se dÔo metoqèc. JewroÔme pwc èqoume dÔo metoqèc, tic S1 kai S2 me antÐstoiqec timèc
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S1
t kai S2

t , thn qronik  stigm  t. Gia tic metoqèc S1 kai S2 jewroÔme ta akìlouja pènte pijan�
sen�ria met� apì èna qronikì b ma:

PÐnakac 6.1: Diaforetik� sen�ria gia thn exèlixh twn dÔo metoq¸n sto upìdeigma pènte alm�twn

S1 S2 Sen�ria ω

↑ ↑ ω1

↑ ↓ ω2

↓ ↓ ω3

↓ ↑ ω4

− − ω5

• Na anèbei h tim  thc metoq c S1 kai na anèbei kai thc S2.

• Na anèbei h tim  thc metoq c S1 kai na pèsei thc S2.

• Na pèsei h tim  thc metoq c S1 kai na pèsei thc S2.

• Na pèsei h tim  thc metoq c S1 kai na anèbei thc S2.

• Na parameÐnoun stajerèc oi timèc kai twn dÔo metoq¸n.

'Iswc k�poioc parathroÔse pwc h tim  thc miac metoq c mporeÐ na auxhjeÐ   na meiwjeÐ kai
thc �llhc na parameÐnei amet�blhth. Autì wstìso k�nei arket� pio polÔplokh thn diadikasÐa
kai o k¸dikac ton opoÐo ja qrhsimopoioÔsame sthn sunèqeia ja ginìtan polÔ pio sÔnjetoc kai
barÔc algorijmik�. Par� thn èreuna twn Kamrad & Ritchken [24], oi opoÐoi apèdeixan pwc den
èqei idiaÐtera shmantik� ofèlh h qr sh twn epiplèon senarÐwn, ja mporoÔse wstìso autì na
apotelèsei èna jèma proc melèth anoiqtì gia to mèllon. H basik  idèa gia na epektajeÐ to triw-
numikì upìdeigma timolìghshc pou parousi�same sto Kef�laio 3, sthn perÐptwsh pou èqoume èna
dikaÐwma grammèno se dÔo upokeÐmenec metoqèc, eÐnai h ex c: Upojètontac ìti oi metoqèc exelÐs-
sontai ston qrìno me b�sh to upìdeigma thc gewmetrik c kÐnhshc Brown, ja kataskeu�soume mÐa
diakrit  katanom  pijanìthtac pènte alm�twn (èna gia k�je èna sen�rio pou parousi�zetai ston
PÐnaka 6.1) gia na proseggÐsoume thn didi�stath logarijmik  katanom . Aut  thn prosèggish
�llwste akolouj same kai sthn perÐptwsh tou upodeÐgmatoc twn tess�rwn alm�twn, mìno pou
sthn perÐptwsh aut  jewr same mia diakrit  katanom  tess�rwn alm�twn antÐ gia pènte pou je-
wroÔme t¸ra. Pio analutik�, èstw ìti oi metoqèc S1 kai S2 exelÐssontai ston qrìno me b�sh to
upìdeigma thc gewmetrik c kÐnhshc Brown, dhlad  me b�sh ton majhmatikì kanìna:

dSit = rSitdt+ σiS
i
tdW

i
t , (6.1)

gia i = 1, 2, h opoÐa sqèsh mac deÐqnei ton trìpo me ton opoÐo sundèetai h metabol  thc tim c
thc k�je metoq c sto qronikì di�sthma [t, t+ δt] (dhlad  to dSit), me thn tim  thc k�je metoq c
thn qronik  stigm  t (dhlad  to Sit). Me r > 0 sumbolÐzoume to epitìkio qwrÐc kÐnduno, σi
eÐnai h metablhtìthta twn tim¸n thc k�je metoq c kai (W i

t , t ≥ 0), orÐzoume thn k�je mÐa tupik 
monodi�stath kÐnhsh Brown, gia k�je metoq , ìpou i = 1, 2 antÐstoiqa gia k�je metoq  me
suntelest  susqètishc ρ ∈ [−1, 1]. Jètontac wc S1

t thn arqik  tim  thc pr¸thc metoq c thn
qronik  stigm  t kai S2

t thn arqik  tim  thc deÔterhc metoq c thn qronik  stigm  t, H lÔsh thc
parap�nw stoqastik c diaforik c exÐswshc (bl. exÐswsh 2.11) mporeÐ na d¸sei thn metabol  thc
tim c thc metoq c apì ton qrìno t ston qrìno t+ δt, wc ex c:

S1
t+δt = S1

t exp

[(
r − 1

2
σ21

)
δt+ σ1δW

1
t

]
, (6.2)
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gia thn pr¸th metoq  kai:

S2
t+δt = S2

t exp

[(
r − 1

2
σ22

)
δt+ σ2δW

2
t

]
. (6.3)

gia thn deÔterh metoq . LogarijmÐzontac thn exÐswsh 6.2, èqoume :

ln

(
S1
t+δt

S1
t

)
=

(
r − 1

2
σ21

)
δt+ σ1δW

1
t := ζ1(t), (6.4)

OmoÐwc logarijmÐzontac thn exÐswsh 5.3, èqoume :

ln

(
S2
t+δt

S2
t

)
=

(
r − 1

2
σ22

)
δt+ σ2δW

2
t := ζ2(t), (6.5)

ζ1(t) kai ζ2(t) apoteloÔn dÔo tuqaÐec metablhtèc kanonik� katanemhmènec, ìpou ζi(t), i = 1, 2
eÐnai mia tuqaÐa metablht  kanonik� katanemhmènh, me mèsh tim  µiδt kai diakÔmansh σ2i δt, gia
i = 1, 2 antÐstoiqa gia k�je metoq . Epiplèon h sundiakÔmansh twn ζ1(t) kai ζ2(t) eÐnai ρσ1σ2δt.
IsodÔnama oi sqèseic 6.4, 6.5 mporoÔn na grafoÔn wc:

ln[Sit+δt] = ln[Sit ] + ζi(t).

'Opwc èqoume  dh anafèrei h basik  filosofÐa eÐnai na proseggÐsoume thn apì koinoÔ katanom 
twn ζi(t) me èna zeÔgoc diakrit¸n tuqaÐwn metablht¸n tic opoÐec sumbolÐzoume me ζa1 (t) kai ζa2 (t)
sto di�sthma [t, t+ δt] pou akoloujoÔn thn parak�tw katanom :

PÐnakac 6.2: Diakrit  tuqaÐa metablht  gia to upìdeigma pènte alm�twn

ζa1 (t) ζa2 (t) Pijanìthta Sen�ria tou kìsmou

υ1 υ2 P1 ω1

υ1 −υ2 P2 ω2

−υ1 −υ2 P3 ω3

−υ1 υ2 P4 ω4

0 0 P5 ω5

Parat rhsh 13. Oi Kamrad & Ritchken [24], orÐsan to υi = σiλi
√
dt gia i = 1, 2, (gia thn

par�metro λ mil same sto triwnumikì upìdeigma mÐac metoq c twn Kamrad & Ritchken [24] kai ja
doÔme kai �lla pr�gmata sth sunèqeia) me parìmoio trìpo me autìn tou diwnumikoÔ upodeÐgmatoc
twn Cox, Ross & Rubinstein [19] kai sugkekrimèna èjesan wc ui = eυi kai di = e−υi , gia i = 1, 2.
EpÐshc, isqÔei ìti uidi = 1, dhlad  èqoume kai ed¸ èna plaÐsio sundiastik¸n dèndrwn timolìghshc
(recombining lattice framework), k�ti to opoÐo upojèsame kai sta trÐa prohgoÔmena kef�laia.

O basikìc stìqoc thc prosèggishc aut c eÐnai na upologÐsoume tic pijanìthtec P1, P2, P3, P4 kai
P5. Gia na fèroume eic pèrac ton parap�nw stìqo, ja exis¸soume thn mèsh tim , thn diakÔmansh
kai thn sundiakÔmansh thc suneqoÔc me thc diakrit c katanom c (giatÐ t¸ra oi tuqaÐec metablhtèc
emfanÐzoun metaxÔ touc susqètish). H suneq c tuqaÐa metablht  akoloujeÐ kanonik  katanom 
me mèsh tim  µiδt, diakÔmansh σ2i δt kai sundiakÔmansh ρσ1σ2δt. Sto shmeÐo autì ja upologÐsoume
tic timèc autèc thc ζai (t).

Xekin�me me thn tuqaÐa metablht  ζa1 (t) kai upologÐzoume thn mèsh tim  kai thn diakÔmansh:

E(ζa1 (t)) = P1υ1 + P2υ1 − P3υ1 − P4υ1 + P5 · 0
= υ1(P1 + P2 − P3 − P4)
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V ar(ζa1 (t)) = E[ζa1 (t)2]− [Eζa1 (t))]2

= P1υ
2
1 + P2υ

2
1 + P3υ

2
1 + P4υ

2
1 + P5 · 0− [υ1 (P1 + P2 − P3 − P4)]

2

= υ21(P1 + P2 + P3 + P4)− [υ1(P1 + P2 − P3 − P4)]
2

Sth sunèqeia gia thn tuqaÐa metablht  ζa2 (t) upologÐzoume thn mèsh tim  kai thn diakÔmansh:

E (ζa2 (t)) = P1υ2 − P2υ2 − P3υ2 + P4υ2 + P5 · 0
= υ2(P1 − P2 − P3 + P4)

V ar(ζa2 (t)) = E[ζa2 (t)2]− [E(ζa2 (t))]2

= P1υ
2
2 + P2υ

2
2+P3υ

2
2 + P4υ

2
2 + P5 · 0− υ2[(P1 − P2 − P3 + P4)]

2

= υ22(P1 + P2 + P3 + P4)− υ2[(P1 + P2 − P3 + P4)]
2

H sundiakÔmansh twn dÔo aut¸n tuqaÐwn metablht¸n eÐnai h ex c:

Cov(ζa1 (t), ζa2 (t)) = E[ζa1 (t)ζa2 (t)]− E(ζa1 (t))E(ζa2 (t))

= P1υ1υ2 + P2υ1(−υ2) + P3(−υ1)(−υ2) + P4(−υ1)υ2
− [υ1(P1 + P2 − P3 − P4)][υ2(P1 − P2 − P3 + P4)]

= υ1υ2(P1 − P2 + P3 − P4)

− [υ1(P1 + P2 − P3 − P4)][υ2(P1 − P2 − P3 + P4)]

• ApaitoÔme gia thn perÐptwsh thc metoq c S1 h mèsh tim  thc suneqoÔc tuqaÐac metablht c
na isoÔtai me aut  thc diakrit c:

υ1 (P1 + P2 − P3 − P4) = µ1δt. (6.6)

• ApaitoÔme gia thn perÐptwsh thc metoq c S2 h mèsh tim  thc suneqoÔc tuqaÐac metablht c
na isoÔtai me aut  thc diakrit c:

υ2(P1 − P2 − P3 + P4) = µ2δt. (6.7)

• ApaitoÔme èpeita gia thn metoq  S1 h diakÔmansh thc kanonik c katanom c na isoÔtai me
aut  thc diakrit c:

υ21(P1 + P2 + P3 + P4)− [υ1(P1 + P2 − P3 − P4)]
2 = σ21δt.

ParathroÔme pwc υ1(P1 + P2 − P3 − P4) = µ1δt, epomènwc kai [υ1(P1 + P2 − P3 − P4)]
2 =

µ21δt
2 = 0, mi�c kai to δt2 apoteleÐ mÐa polÔ mikr  posìthta kai mi�c kai jewreÐtai amelhtèa,

mporeÐ na paralhfjeÐ. 'Etsi,

υ21(P1 + P2 + P3 + P4) = σ21δt (6.8)

• ApaitoÔme gia thn metoq  S2 h diakÔmansh thc kanonik c katanom c na isoÔtai me aut  thc
diakrit c:

υ21(P1 + P2 + P3 + P4)− υ1[(P1 + P2 − P3 + P4)]
2 = σ22δt.
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ParathroÔme pwc υ2(P1 + P2 − P3 − P4) = µ2δt, epomènwc kai [υ2(P1 + P2 − P3 − P4)]
2 =

µ22δt
2 = 0, mi�c kai to δt2 apoteleÐ mÐa polÔ mikr  posìthta kai mi�c kai jewreÐtai amelhtèa,

mporeÐ na paralhfjeÐ. 'Etsi,

υ22(P1 + P2 + P3 + P4) = σ22δt (6.9)

• ApaitoÔme tèloc gia thn metoq  S1 kai S2 h sundiakÔmansh thc kanonik c katanom c na
isoÔtai me aut  thc diakrit c:

υ1u2(P1 − P2 + P3 − P4)

− [υ1(P1 + P2 − P3 − P4)][υ2(P1 + P2 − P3 + P4)] = ρσ1σ2δt.

ParathroÔme pwc υ1(P1 + P2 − P3 − P4) = µ1δt kai pwc υ2(P1 + P2 − P3 + P4) = µ2δt,
epomènwc kai [υ1(P1 +P2 −P3 −P4)][υ2(P1 −P2 +P3 −P4)] = µ1δtµ2δt = µ1µ2(δt)

2, mi�c
kai to δt2 = 0 apoteleÐ mÐa polÔ mikr  posìthta kai mi�c kai jewreÐtai amelhtèa, mporeÐ na
paralhfjeÐ. 'Etsi,

υ1υ2(P1 − P2 + P3 − P4) = ρσ1σ2δt. (6.10)

Katal goume ètsi sto sÔsthma 6.11 to opoÐo apoteleÐtai apì tic exis¸seic 6.6, 6.7, 6.8, 6.9 kai
6.10 kai eÐnai to ex c:

υ1 (P1 + P2 − P3 − P4) = µ1δt

υ2 (P1 − P2 − P3 + P4) = µ2δt

υ21 (P1 + P2 + P3 + P4) = σ21δt

υ22 (P1 + P2 + P3 + P4) = σ22δt

υ1υ2 (P1 − P2 + P3 − P4) = ρσ1σ2δt

(6.11)

Arqik� antikajist¸ntac to υi = λiσi
√
δt gia i = 1, 2 stic exis¸seic tou sust matoc 6.11,

parathroÔme pwc gr�fetai sthn akìloujh aplopoihmènh morf :

(P1 + P2 − P3 − P4) =

(
µ1
λ1σ1

)√
δt

(P1 − P2 − P3 + P4) =

(
µ2
λ2σ2

)√
δt

(P1 + P2 + P3 + P4) =
1

λ21

(P1 + P2 + P3 + P4) =
1

λ22

(P1 − P2 + P3 − P4) =
ρ

λ1λ2

(6.12)

Apì thn trÐth kai thn tètarth exÐswsh tou parap�nw sust matoc katal goume ìti λ1 = λ2 = λ
me λ ≥ 1 kaj¸c to

∑4
j=1 Pj prèpei na eÐnai mikrìtero thc mon�dac efìson sthn perÐptwsh aut 

èqoume pènte pijanìthtec (pou prèpei na ajroÐzoun sthn mon�da). LÔnontac loipìn to sÔsthma
6.12, me thn epiplèon sunj kh ìti P1 +P2 +P3 +P4 +P5 = 1 (miac kai prìkeitai gia pijanìthtec)
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prokÔptoun oi timèc twn pènte pijanot twn, pou eÐnai kai to zhtoÔmeno:

P1 = 0.25

[
1

λ2
+

ρ

λ2
+

√
δt

λ

(
µ1
σ1

+
µ2
σ2

)]

P2 = 0.25

[
1

λ2
− ρ

λ2
+

√
δt

λ

(
µ1
σ1
− µ2
σ2

)]

P3 = 0.25

[
1

λ2
+

ρ

λ2
+

√
δt

λ

(
−µ1
σ1
− µ2
σ2

)]

P4 = 0.25

[
1

λ2
− ρ

λ2
+

√
δt

λ

(
−µ1
σ1

+
µ2
σ2

)]
P5 = 1− 1

λ2

(6.13)

Parat rhsh 14. Parathr¸ntac tic exis¸seic 6.13, autì pou amèswc diakrÐnoume eÐnai pwc oi
pijanìthtec P1, P2, P3, P4 kai P5, eÐnai sunart seic tou λ, epomènwc èqei polÔ endiafèron na
doÔme p¸c autèc sumperifèrontai gia di�fora λ. Katarq�c, efìson ta P1, P2, P3, P4 kai P5

eÐnai pijanìthtec ja perÐmene kaneÐc oi posìthtec autèc na eÐnai megalÔterec   Ðsec tou mhdenìc
kai epiplèon na ajroÐzoun sth mon�da. Ston PÐnaka 6.3 èqoume upologÐsei gia mÐa sugkekrimènh
perÐptwsh EurwpaðkoÔ dikai¸matoc agor�c ta P1, P2, P3, P4 kai P5 kaj¸c kai to �jroism� touc,
gia di�forec timèc tou λ apì 0.2 mèqri 2. Se pr¸th f�sh parathroÔme pwc ìtan metab�lletai to
λ metab�llontai kai oi timèc twn pijanot twn. EpÐshc parathroÔme pwc h tim  thc paramètrou
λ prèpei na eÐnai λ ≥ 1 (epibebai¸nontac ètsi ta apotelèsmata twn Kamrad & Ritchken [24]),
miac kai an λ < 1, h pijanìthta (P5) mporeÐ na p�rei arnhtikèc timèc, en¸ oi upìloipec mporeÐ
na eÐnai megalÔterec thc mon�dac, pr�gma to opoÐo den jèloume giatÐ prìkeitai gia pijanìthtec.
Autì �llwste apoteleÐ kai to megalÔtero prìblhma sthn an�lush tou Boyle [16] kai gia ton
lìgo autì oi Kamrad & Ritchken [24] prìteinan na qrhsimopoi soume thn par�metro λ ≥ 1. Gia
λ ≥ 1, blèpoume pwc ta P1, P2, P3, P4 kai P5 eÐnai metaxÔ tou mhdenìc kai tou èna, eÐnai ìla
jetik� kai ajroÐzoun sth mon�da. An to λ = 1, parathroÔme pwc h pijanìthta P5 = 0. Sthn
perÐptwsh aut  ja doÔme sto epìmeno kef�laio pwc to upìdeigma twn pènte alm�twn sumpÐptei
me to upìdeigma twn tess�rwn alm�twn.

PÐnakac 6.3: Timèc pijanot twn upodeÐgmatoc pènte alm�twn dikai¸matoc grammèno se dÔo meto-
qèc, gia di�fora λ, S1 = 40, S2 = 40, K = 40, r = 0.04879, σ1=0.2, σ2=0.3, T = 7/12, N = 50,
ρ = 0.5.

λ P1 P2 P3 P4 P5 'Ajroisma
0.2 9.3961 3.1427 9.3539 3.1073 -24.0000 1
0.4 2.3543 0.7901 2.3332 0.7724 -5.2500 1
0.6 1.0487 0.3531 1.0346 0.3413 -1.7778 1
0.8 0.5912 0.1997 0.5808 0.1909 -0.5625 1
1.0 0.3792 0.1285 0.3708 0.1215 0 1
1.2 0.2639 0.0898 0.2569 0.0839 0.3056 1
1.4 0.1943 0.0663 0.1883 0.0612 0.4898 1
1.6 0.1491 0.0510 0.1438 0.0466 0.6094 1
1.8 0.1181 0.0406 0.1134 0.0366 0.6914 1
2.0 0.0959 0.0330 0.0916 0.0295 0.7500 1

1.11803 0.3038 0.10302 0.2962 0.0968 0.2 1
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'Ena polÔ endiafèron z thma pou prokÔptei sto shmeÐo autì, eÐnai h ektÐmhsh thc kat�llhlhc
tim c tou λ (an fusik� up�rqei mia tètoia kat�llhlh tim  gia k�je perÐptwsh). To jèma autì
xefeÔgei apì to plaÐsio thc paroÔsac ergasÐac, all� ja epektajoÔme lÐgo pio analutik� parak�tw.
Anafèroume p�ntwc, pwc mèsa apì prosomoi¸seic oi Kamrad & Ritchken katèlhxan sthn tim 
λ = 1.11803, gia thn perÐptwsh enìc EurwpaðkoÔ dikai¸matoc call on max (gia thn perÐptwsh twn
dÔo metoq¸n), afoÔ parat rhsan pwc gia aut  thn tim  kat� mèso ìro paÐrnoun ikanopoihtik�
apotelèsmata ìtan to dikaÐwma eÐnai ITM, ATM, OTM thn qronik  stigm  t = 0. H tim  aut 
tou λ antistoiqeÐ sthn pijanìthta orizontÐou �lmatoc P5 = 0.2. Oi Kamrad & Ritchken, gia
di�forec peript¸seic Eurwpaðk¸n dikaiwm�twn agor�c kai p¸lhshc, katèlhxan sto sumpèrasma
pwc h pijanìthta orizontÐou �lmatoc eÐnai kont� sto 1/5 mac dÐnei polÔ kal� apotelèsmata, opìte
den ja epektajoÔme peraitèrw sto jèma kai ja meÐnoume sthn tim  aut .

6.2 Algorijmik  filosofÐa upodeÐgmatoc pènte alm�twn

Parap�nw parousi�same ti sumbaÐnei se èna di�sthma m kouc δt. 'Opwc proanafèrjhke mac endia-
fèrei na kataskeu�soume èna dèndro ìpou se k�je kìmbo na èqei pènte pijanèc katast�seic gia
thn epìmenh qronik  stigm . Gia na petÔqoume ton stìqo autì ja akolouj soume mia algorijmi-
k  diadikasÐa parìmoia me aut  pou akolouj same sto prohgoÔmeno kef�laio. Sto shmeÐo autì
gia na gÐnei pio katanoht  h diadikasÐa aut , ja parousi�soume èna sugkekrimèno par�deigma.
JewroÔme èna dikai¸ma proaÐreshc agor�c EurwpaðkoÔ tÔpou (European spread), grammèno se
dÔo metoqèc me apìdosh [max(S1(T )−S2(T )−K), 0]. To dikaÐwma autì den mporeÐ na exaskhjeÐ
prin to qrìno l xhc t = T . Mènei na doÔme p¸c ja gÐnei o upologismìc thc tim c tou dikai¸matoc
thn qronik  stigm  t = 0. JewroÔme èna qronikì di�sthma m kouc δt > 0, metaxÔ twn qronikwn
stigm¸n t = 0 kai t1 = T > 0. Gia aplìthta sumbolÐzoume thn arqik  tim  thc pr¸thc metoq c
me S1, me S1 > 0 thn qronik  stigm  t = 0, kai thn arqik  tim  thc deÔterhc metoq c me S2, me
S2 > 0 thn qronik  stigm  t = 0. Arqik� h tim  twn metoq¸n mac eÐnai gnwst  apì thn parat rh-
s  touc sthn qrhmatisthriak  agor�, en¸ sth sunèqeia lìgw thc abebaiìthtac se sqèsh me thn
exèlixh twn mellontik¸n tim¸n touc thn qronik  stigm  t = t1, den mporoÔme na gnwrÐzoume thn
tim  thc k�je metoq c mi�c kai prìkeitai gia tuqaÐec metablhtèc. Skopìc mac eÐnai na exet�soume
sunduastik� thn kÐnhsh twn metoq¸n S1 kai S2 kaj¸c kinoÔmaste apì thn qronik  stigm  t = 0
sth qronik  stigm  t = t1. SÔmfwna me ta sen�ria tou PÐnaka 6.1, oi timèc twn metoq¸n mporoÔn
na kinhjoÔn anodik� se: S1u1 kai S2u2 antÐstoiqa, me pijanìthta P1, eÐte na anèbei h tim  thc
pr¸thc kai na pèsei h tim  thc deÔterhc se S1u1 kai S2d2 antÐstoiqa, me pijanìthta P2 eÐte na
pèsei h tim  thc pr¸thc kai na pèsei kai thc deÔterhc se S1d1 kai S2d2 antÐstoiqa, me pijanìthta
P3, eÐte na pèsei h tim  thc pr¸thc kai na anèbei h tim  thc deÔterhc se S1d1 kai S2u2 antÐstoiqa,
me pijanìthta P4, eÐte oi timèc kai twn dÔo metoq¸n na parameÐnoun stajerèc S1 kai S2 antÐstoiqa,
me pijanìthta P5.

Ta pijan� sen�ria gia thn axÐa tou dikai¸matoc sto qrìno l xhc eÐnai ta ex c:

• Na auxhjeÐ h tim  thc pr¸thc metoq c kai na auxhjeÐ thc deÔterhc, opìte h apìdosh tou
dikai¸matoc sth l xh eÐnai Ðsh me

Cuu = max(S1u1 − S2u2 −K, 0)

• Na auxhjeÐ h tim  thc pr¸thc metoq c kai na meiwjeÐ thc deÔterhc, opìte h axÐa tou dikai¸-
matoc eÐnai Ðsh me

Cud = max(S1u1 − S2d2 −K, 0)

• Na meiwjoÔn oi timèc kai twn dÔo metoq¸n, opìte h apìdosh tou dikai¸matoc sth l xh eÐnai
Ðsh me

Cdd = max(S1d1 − S2d2 −K, 0)
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Sq ma 6.1: Upìdeigma pènte alm�twn, dÔo metoq¸n enìc b matoc

• Na meiwjeÐ h tim  thc pr¸thc metoq c kai na auxhjeÐ thc deÔterhc, opìte h apìdosh tou
dikai¸matoc sth l xh eÐnai Ðsh me

Cdu = max(S1d1 − S2u2 −K, 0)

• Na parameÐnoun stajerèc oi timèc kai twn dÔo metoq¸n, opìte h apìdosh tou dikai¸matoc
sth l xh eÐnai Ðsh me

Cmm = max(S1 − S2 −K, 0)

O trìpoc me ton opoÐo upologÐzoume thn tim  tou dikai¸matoc eÐnai o ex c:

C0 = e−rδt(P1Cuu + P2Cud + P3Cdd + P4Cdu + P5Cmm).

Parap�nw parousi�same to dèndro miac periìdou all� h epèktash gia perissìterec periìdouc
eÐnai �mesh. Gia na k�noume timolìghsh se parap�nw apì mÐa periìdouc, akoloujoÔme thn Ðdia
diadikasÐa me aut  tou dèndrou twn tess�rwn alm�twn. Ousiastik� p�li sqhmatÐzetai èna dèntro
me diaforetikoÔc kìmbouc, ìpou o kajènac apì touc opoÐouc odhgeÐ se pènte diaforetikèc kata-
st�seic thc oikonomÐac thn epìmenh qronik  stigm . Se èna tètoio dèndro, o orizìntioc ideatìc
�xonac i apeikonÐzetai o qrìnoc (to qronikì di�sthma [0, T ] eÐnai qwrismèno se komm�tia m kouc
δt = T/N), en¸ ston k�jeto apeikonÐzontai oi diaforetikèc katast�seic tou kìsmou (oi diafore-
tikèc timèc twn dÔo metoq¸n, j gia thn pr¸th kai k gia thn deÔterh) se k�je qronik  stigm . Oi
kìmboi sumbolÐzontai me (i, j, k) ìpou (i, j, k) fusikoÐ arijmoÐ me i = 1, . . . , T kai j, k = 0, . . . , i
pijanèc katast�seic thc oikonomÐac. To i mac deÐqnei pìso apèqoume apì thn arq  tou dèndrou
kai ta j, k mac deÐqnoun tic anodikèc   kajodikèc kin seic thc k�je metoq c. O k�je kìmboc odh-
geÐ se �llouc pènte nèouc kìmbouc, oi opoÐoi antistoiqoÔn se anodikèc   kajodikèc kin seic twn
metoq¸n sunduastik�, lamb�nontac upìyhn kai to sen�rio oi timèc twn metoq¸n na mhn metablh-
joÔn. Pio sugkekrimèna, o kìmboc (i, j, k) odhgeÐ ston kìmbo (i+ 1, j, k), ìpou pèftoun oi timèc
kai twn dÔo metoq¸n, ston (i + 1, j, k + 2), ìpou pèftei h tim  thc pr¸thc metoq c kai anebaÐnei
thc deÔterhc, ston (i + 1, j + 2, k), ìpou anebaÐnei h tim  thc pr¸thc metoq c kai pèftei thc
deÔterhc, ston (i+ 1, j + 2, k+ 2), ìpou anebaÐnoun oi timèc kai twn dÔo metoq¸n kai ston kìmbo
(i+1, j+1, k+1), ìpou oi timèc kai twn dÔo metoq¸n paramènoun amet�blhtec (thn sÔmbash aut 
akolouj same stouc k¸dikec pou gr�yame sto matlab). . 'Opou P1 orÐzoume thn pijanìthta
na anèboun oi timèc kai twn dÔo metoq¸n, me Ci+1,j+2,k+2 h tim  tou dikai¸matoc sto epìmeno
qrìnikì b ma, ìpou P2 h pijanìthta na anèbei h tim  thc pr¸thc kai na pèsei h tim  thc deÔterhc
metoq c, en¸ Ci+1,j+2,k h tim  tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa, P3 orÐzoume
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thn pijanìthta na pèsoun oi timèc kai twn dÔo metoq¸n, en¸ Ci+1,j,k h tim  tou dikai¸matoc sto
epìmeno qronikì b ma antÐstoiqa, P4 h pijanìthta na pèsei h tim  thc pr¸thc kai na anèbei h tim 
thc deÔterhc, en¸ Ci+1,j,k+2 h tim  tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa kai P5

orÐzoume thn pijanìthta oi timèc kai twn dÔo metoq¸n na parameÐnoun stajerèc, en¸ Ci+1,j+1,k+1

h tim  tou dikai¸matoc sto epìmeno qronikì b ma antÐstoiqa.

Sq ma 6.2: O genikìc kìmboc sto upìdeigma twn pènte alm�twn

Parat rhsh 15. ParathroÔme pwc to upìdeigma timolìghshc pènte alm�twn, genn� se k�je
kìmbo pènte nèec timèc, dhlad  pènte diaforetik� pijan� sen�ria. 'Enac trìpoc me ton opoÐo ja
mporoÔsame na upologÐsoume tic timèc thc metoq c se k�je kìmbo tou dèndrou thc morf c (i, j, k),
eÐnai wc

Si,j,k = S1
0u

max(j−i,0)
1 d

max(i−j,0)
1

gia thn pr¸th metoq  kai wc

Si,j,k = S2
0u

max(j−k,0)
2 d

max(k−j,0)
2

gia thn deÔterh. Sthn pr�xh èstw pwc èqoume èna dèntro N periìdwn. Efìson o arqikìc kìmboc
eÐnai o (i, j, k) = (0, 0, 0), tìte h tim  twn metoq¸n thn epìmenh qronik  stigm  t = t1 > 0 ja eÐnai

Si+1,j+1,k+1 = S1
0u

max(1−1,0)
1 d

max(1−1,0)
1 = S1 kai Si+1,j+1,k+1 = S2

0u
max(1−1,0)
2 d

max(1−1,0)
2 = S2,

efìson h tim  kai twn dÔo parameÐnei stajer , ja eÐnai Si+1,j+0,k+2 = S1
0u

max(1−0,0)
1 d

max(0−1,0)
2 =

S1u1 kai Si+1,j+0,k+2 = S2
0u

max(1−2,0)
2 d

max(2−1,0)
2 = S2d2, efìson h tim  thc pr¸thc anèbei kai

thc deÔterhc pèsei, ja eÐnai Si+1,j+2,k+2 = S1
0u

max(1−2,0)
1 d

max(2−1,0)
1 = S1d1 kai Si+1,j+2,k+2 =

S2
0u

max(1−2,0)
2 d

max(2−1,0)
2 = S2d2, efìson h tim  thc kai twn dÔo metoq¸n pèsei, ja eÐnai Si+1,j+2,k+0 =

S1
0u

max(1−2,0)
1 d

max(2−1,0)
1 = S1d1 kai Si+1,j+2,k+0 = S2

0u
max(1−0,0)
2 d

max(0−1,0)
2 = S2u2, efìson h

tim  thc pr¸thc metoq c pèsei kai thc deÔterhc anèbei, en¸ tèloc h tim  thc k�je metoq c ja eÐnai

Si+1,j+0,k+0 = S1
0u

max(1−0,0)
1 d

max(0−1,0)
1 = S1u1 kai Si+1,j+0,k+0 = S2

0u
max(1−0,0)
2 d

max(0−1,0)
2 =

S2u2 antÐstoiqa, efìson h tim  kai twn dÔo metoq¸n anèbei. Bl. Sq ma 6.1.

Sunoptik�, ta b mata pou akoloujoÔme gia na timolog soume to dikaÐwma autì me èna dèndro
pènte alm�twn kai N periìdwn, eÐnai ta ex c:

B1. UpologÐzoume tic timèc twn metoq¸n sth l xh. H tim  thc pr¸thc metoq c sto qrìno l xhc,
upologÐzetai wc:

S1
(N,j,k) = S1

0u
max(j−N,0)
1 d

max(N−j,0)
1 ,
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en¸ thc deÔterhc metoq c, antistoiqeÐ sthn tim :

S2
(N,j,k) = S2

0u
max(k−N,0)
2 d

max(N−k,0)
2

B2. UpologÐzoume tic apodìseic tou dikai¸matoc sth l xh. H apìdosh tou dikai¸matoc sto
qrìno l xhc, dhlad  ston kìmbo (N, j, k) eÐnai:

CN,j,k = max
(

0, S1
(N,j,k) − S

2
(N,j,k) −K

)
= max

(
0, S1

0u
max(j−N,0)
1 d

max(N−j,0)
1 − S2

0u
max(k−N,0)
2 d

max(N−k,0)
2 −K

)
B3. Tèloc, h timolìghsh tou dikai¸matoc, gÐnetai proqwr¸ntac opisjodromik� wc ex c:

Ci,j,k = e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k

+ P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1)

mèqri na ft�soume sthn tim  C0,0,0, to opoÐo apoteleÐ thn tim  tou dikai¸matoc s mera.

Par�deigma 10. 'Estw èna Eurwpaðkì dikaÐwma proaÐreshc agor�c (European Call Spread),
grammèno p�nw se dÔo metoqèc, me ta ex c qarakthristik�: arqik  tim  S1 = 40 kai S2 = 40
eur¸, tim  ex�skhshc K = 10 eur¸, l xh se T = 7/12 tou qrìnou, et sio epitìkio qwrÐc kÐnduno
r = 0.1, metablhtìthta σ1 = 0.2 kai σ2 = 0.3 antÐstoiqa, suntelest  autosusqètishc ρ = 0.5
kai N = 1 perÐodo. EpÐshc δt = T/N = (7/12)/1 = 0.583. EpÐshc oi timèc twn paramètrwn
u1 = 1.1862, u2 = 1.2920, d1 = 0.8430 kai d2 = 0.7740. Oi timèc twn pijanot twn eÐnai
P1 = 0.3996, P2 = 0.1370, P3 = 0.2004, P4 = 0.0630 kai P5 = 0.200. µ1 = r− 0.5σ21 = 0.08, en¸
µ2 = r − 0.5σ22 = 0.055. e−rδt = 0.9433.

H tim  twn metoq¸n S1 kai S2 sto qrìno l xhc upologÐzetai sÔmfwna me to B1 kai mporeÐ na
p�rei gia N = 1 tic parak�tw timèc:

S1
(1,1,1) = S1

0u
0
1d

0
1 = 40 S2

(1,1,1) = S2
0u

0
2d

0
2 = 40

S1
(1,0,2) = S1

0u
0
1d

1
1 = 33.7202 S2

(1,0,2) = S2
0u

1
2d

0
2 = 51.6790

S1
(1,0,0) = S1

0u
0
1d

1
1 = 33.7202 S2

(1,0,0) = S2
0u

0
2d

1
2 = 30.9603

S1
(1,2,0) = S1

0u
1d01 = 47.4493 S2

(1,0,0) = S2
0u

0
2d

1
2 = 30.9603

S1
(1,2,2) = S1

0u
1d01 = 47.4493 S2

(1,2,2) = S2
0u

1
2d

0
2 = 51.6790

H tim  tou dikai¸matoc sto qrìno l xhc upologÐzetai upologÐzetai b�sei to B2 kai mporeÐ na
p�rei gia N = 1 tic parak�tw timèc:

C1,1,1 = max
(

0, S1
(1,1,1) − S

2
(1,1,1) −K

)
= max(40− 40− 10, 0) = 0

C1,0,2 = max
(

0, S1
(1,0,2) − S

2
(1,0,2) −K

)
= max(33.7202− 51.6790− 10, 0) = 0

C1,0,0 = max
(

0, S1
(1,0,0) − S

2
(1,0,0) −K

)
= max(33.7202− 30.9603− 10, 0) = 0
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C1,2,0 = max
(

0, S1
(1,2,0) − S

2
(1,2,1) −K

)
= max(47.4493− 30.9603− 10, 0) = 6.4890

C1,2,2 = max
(

0, S1
(1,1,1) − S

2
(1,1,1) −K

)
= max(47.4493− 51.6790− 10, 0) = 0

Apì ed¸ kai èpeita, phgaÐnoume anadromik�, mèqri na ft�soume sthn arqik  tim  tou dikai¸-
matoc (apì to tèloc proc thn arq  tou dèntrou) kai upologÐzoume se k�je kìmbo tic pijanèc timèc
tou dikai¸matoc b�sei tou B3:

Ci,j,k = e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k

+ P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1)

mèqri to qrìno T = 0 (apì to tèloc proc thn arq  tou dèntrou) wc ex c:

C0,0,0 = e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k

+ P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1)

= e−rδt (P1C1,2,2 + P2C1,2,0 + P3C1,0,0 + P4C1,0,2 + P5C1,1,1)

= 0.9433 · (0.3996 · 0 + 0.1370 · 6.4890 + 0.2004 · 0 + 0.0630 · 0 + 0.2000 · 0)

= 0.8386

katal goume telik� pwc to C0,0,0, apoteleÐ thn dÐkaih tim  timolìghshc tou dikai¸matoc ston
qrìno t = 0.

Par�deigma 11. 'Estw pwc èqoume èna Eurwpaðkì dikaÐwma proaÐreshc agor�c (European Call
Spread), grammèno p�nw se dÔo metoqèc, me ta ex c qarakthristik�: arqik  tim  S1 = 40 kai
S2 = 40 eur¸, tim  ex�skhshc K = 10 eur¸, l xh se T = 7/12 tou qrìnou, et sio epitìkio qwrÐc
kÐnduno r = 0.1, metablhtìthta σ1 = 0.2 kai σ2 = 0.3 antÐstoiqa, suntelest  autosusqètishc
ρ = 0.5 kai N = 2 perÐodoi. EpÐshc δt = T/N = (7/12)/2 = 0.291. µ1 = r − 0.5σ21 = 0.08,
en¸ µ2 = r − 0.5σ22 = 0.055. (Parapompec.) EpÐshc oi timèc twn paramètrwn u1 = 1.1284,
u2 = 1.1986, d1 = 0.8862 kai d2 = 0.8343. e−rδt = 0.9713. Oi timèc twn pijanot twn eÐnai
P1 = 0.3704, P2 = 0.1262, P3 = 0.2296, P4 = 0.0738 kai P5 = 0.200.

H tim  thc metoq c S1 upologÐzetai b�sei tou B1 kai mporeÐ na p�rei gia N = 2 tic parak�tw
timèc:

S1
(2,0,2) = S1

0u
0
1d

2
1 = 31.4173 S1

(2,0,4) = S1
0u

0
1d

2
1 = 31.4173

S1
(2,0,0) = S1

0u
0
1d

2
1 = 31.4173

S1
(2,1,1) = S1

0u
0
1d

1
1 = 35.4498 S1

(2,2,0) = S1
0u

0
1d

0
1 = 40.0000

S1
(2,3,1) = S1

0u
1
1d

0
1 = 45.1342 S1

(2,4,0) = S1
0u

2
1d

0
1 = 50.9274

S1
(2,1,3) = S1

0u
0
1d

1
1 = 35.4498 S1

(2,2,2) = S1
0u

0
1d

0
1 = 40.0000

S1
(2,2,4) = S1

0u
0
1d

0
1 = 40.0000 S1

(2,4,2) = S1
0u

2
1d

0
1 = 50.9274

S1
(2,3,3) = S1

0u
1
1d

0
1 = 45.1342 S1

(2,4,4) = S1
0u

2
1d

0
1 = 50.9274

79



Kef�laio 6 Upìdeigma pènte alm�twn

H tim  thc metoq c S2 upologÐzetai b�sei tou B1 kai mporeÐ na p�rei gia N = 2 tic parak�tw
timèc:

S2
(2,0,2) = S2

0u
0
2d

0
2 = 40.0000 S2

(2,0,4) = S2
0u

2
2d

0
2 = 57.4642

S2
(2,0,0) = S2

0u
0
2d

2
0 = 27.8434

S2
(2,1,1) = S2

0u
0
2d

1
2 = 33.3727 S2

(2,2,0) = S2
0u

0
2d

2
2 = 27.8434

S2
(2,3,1) = S2

0u
0
2d

1
2 = 33.3727 S2

(2,4,0) = S2
0u

0
2d

2
2 = 27.8434

S2
(2,1,3) = S2

0u
1
2d

0
2 = 47.9434 S2

(2,2,2) = S2
0u

0
2d

0
2 = 40.0000

S2
(2,2,4) = S2

0u
2
2d

0
2 = 57.4642 S2

(2,4,2) = S2
0u

0
2d

0
2 = 40.0000

S2
(2,3,3) = S2

0u
1
2d

0
2 = 47.9434 S2

(2,4,4) = S2
0u

2
2d

0
2 = 57.4642

Sq ma 6.3: Triwnumikì dèndro dÔo metoq¸n dÔo qronik¸n bhm�twn

H tim  tou dikai¸matoc sto qrìno l xhc upologÐzetai b�sei tou B2 kai mporeÐ na p�rei gia
N = 2 tic parak�tw timèc:

C2,0,0 = max
(

0, S1
(2,0,0) − S

2
(2,0,0) −K

)
= max(31.4173− 27.8434− 10, 0) = 0

C2,0,2 = max
(

0, S1
(2,0,2) − S

2
(2,0,2) −K

)
= max(31.4173− 40− 10, 0) = 0

C2,1,1 = max
(

0, S1
(2,1,1) − S

2
(2,1,1) −K

)
= max(35.4498− 33.3727− 10, 0) = 0
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C2,2,0 = max
(

0, S1
(2,2,0) − S

2
(2,2,0) −K

)
= max(40− 27.8434− 10, 0) = 2.1566

C2,2,2 = max
(

0, S1
(2,2,2) − S

2
(2,2,2) −K

)
= max(40− 40− 10, 0) = 0

C2,0,4 = max
(

0, S1
(2,0,4) − S

2
(2,0,4) −K

)
= max(31.4173− 57.4642− 10, 0) = 0

C2,1,3 = max
(

0, S1
(2,1,3) − S

2
(2,1,3) −K

)
= max(35.4498− 47.9434− 10, 0) = 0

C2,2,4 = max
(

0, S1
(2,2,4) − S

2
(2,2,4) −K

)
= max(40− 57.4642− 10, 0) = 0

C2,3,1 = max
(

0, S1
(2,3,1) − S

2
(2,3,1) −K

)
= max(45.1342− 33.3727− 10, 0) = 1.7615

C2,3,3 = max
(

0, S1
(2,3,3) − S

2
(2,3,3) −K

)
= max(45.1342− 47.9434− 10, 0) = 0

C2,4,0 = max
(

0, S1
(2,4,0) − S

2
(2,4,0) −K

)
= max(50.9274− 27.8434− 10, 0) = 13.084

C2,4,2 = max
(

0, S1
(2,4,2) − S

2
(2,4,2) −K

)
= max(50.9274− 40− 10, 0) = 0.9274

C2,4,4 = max
(

0, S1
(2,4,4) − S

2
(2,4,4) −K

)
= max(50.9274− 57.4642− 10, 0) = 0

Apì ed¸ kai èpeita, phgaÐnoume anadromik� mèqri na ft�soume sthn arqik  tim  tou dikai¸-
matoc (apì to tèloc proc thn arq  tou dèntrou) kai b�sei tou B3, gia N = 2 mporoÔme na p�roume
tic parak�tw timèc:

Ci,j,k = e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k

+ P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1)
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kai mporeÐ na p�rei tic parak�tw timèc:

C1,1,1 = 0.9713 · (0.3704 · 0 + 0.1262 · 2.1566 + 0.2269 · 0 + 0.0738 · 0 + 0.2 · 0)

= 0.2643

C1,0,2 = 0.9713 · (0.3704 · 0 + 0.1262 · 0 + 0.2269 · 0 + 0.0738 · 0 + 0.2 · 0) = 0

C1,0,0 = 0.9713 · (0.3704 · 0 + 0.1262 · 1.7615 + 0.2269 · 0 + 0.0738 · 0 + 0.2 · 0)

= 0.2159

C1,2,0 = 0.9713 · (0.3704 · 0.9274 + 0.1262 · 13.084 + 0.2269 · 1.7615 + 0.0738 · 0
+ 0.2 · 2.1566) = 2.7600

C1,2,2 = 0.9713 · (0.3704 · 0 + 0.1262 · 0.9274 + 0.2269 · 0 + 0.0738 · 0 + 0.2 · 0)

= 0.1136

Telik�,

C0,0,0 = 0.9713 · (0.3704 · 0.1136 + 0.1262 · 2.7600 + 0.2269 · 0.2159 + 0.0738 · 0
+ 0.2 · 0.2643) = 0.4799

katal goume pwc to C0,0,0, apoteleÐ thn dÐkaih tim  timolìghshc tou dikai¸matoc ston qrìno
t = 0.

Parat rhsh 16. Sthn perÐptwsh pou to parap�nw dikaÐwma  tan Amerik�niko (American
Call Spread) gia na k�name timolìghsh me to upìdeigma twn pènte alm�twn, ja exet�zame se
k�je kìmbo tou dèndrou an mac sumfèrei na exask soume to dikaÐwma   na to krat soume kai na
suneqÐsoume proc ta pÐsw th diadikasÐa. Sunoptik�, exet�zoume ston kìmbo (i, j, k):

• An exaskhjeÐ to dikaÐwma, h axÐa tou (apìdosh) eÐnai Ðsh me to mègisto metaxÔ tou mhdenìc

kai thc posìthtac S1
(i,j,k) − S

2
(i,j,k) −K, dhlad  max

(
0, S1

(i,j,k) − S
2
(i,j,k) −K

)
.

• An den exaskhjeÐ to dikaÐwma, tìte h axÐa tou upologÐzetai wc ex c:

Ci,j,k = e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k + P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1).

Gia na exet�soume an mac sumfèrei   ìqi h prìwrh ex�skhsh tou dikai¸matoc ston kìmbo (i, j, k),
sugkrÐnoume tic dÔo parap�nw timèc. An h pr¸th tim  upertereÐ thc deÔterhc mac sumfèrei h
prìwrh ex�skhsh tou dikai¸matoc (miac kai ston kìmbo autì h ex�skhsh dhmiourgeÐ megalÔterh
axÐa). AntÐjeta, an h deÔterh tim  upertereÐ thc pr¸thc, tìte h prìwrh ex�skhsh den mac
sumfèrei (to dikaÐwma den sumfèrei na exaskhjeÐ prìwra se autìn ton kìmbo). 'Ena Amerik�niko
dikaÐwma agor�c den sumfèrei potè na exaskhjeÐ prin thn l xh, �ra h axÐa tou ja eÐnai Ðdia me
aut  enìc EurwpaðkoÔ dikai¸matoc agor�c. Sunoptik�, h axÐa tou American Call Spread ston
kìmbo (i, j, k) dÐnetai apì thn sqèsh:

Ci,j,k = max[e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k

+ P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1),max(0, S1
(i,j,k) − S

2
(i,j,k) −K)],

en¸ gia American Put Spread dÐnetai apì thn sqèsh:

Ci,j,k = max[e−rδt(P1Ci+1,j+2,k+2 + P2Ci+1,j+2,k

+ P3Ci+1,j,k + P4Ci+1,j,k+2 + P5Ci+1,j+1,k+1),max(0,K − S1
(N,j,k) − S

2
(N,j,k))].
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6.3 Basik� shmeÐa kefalaÐou

Sto kef�laio autì parousi�same ènan akìma trìpo timolìghshc dikaiwm�twn grammèna se para-
p�nw apì mÐa metoqèc (ed¸ exet�same thn perÐptwsh twn dÔo metoq¸n), gnwstì kai wc upìdeigma
pènte alm�twn, ìpwc parousi�sthke apì touc Kamrad & Ritchken [24]. To upìdeigma autì den
eÐnai tÐpota �llo par� mÐa �mesh epèktash tou triwnumikoÔ upodeÐgmatoc timolìghshc ìtan to
dikaÐwma pou jèloume na timolog soume eÐnai grammèno p�nw se dÔo upokeÐmenouc tÐtlouc. 'O-
pwc eÐdame h basik  filosofÐa tou eÐnai Ðdia me aut  tou upodeÐgmatoc tess�rwn alm�twn pou
parousi�sthke sto prohgoÔmeno kef�laio, me thn diafor� pwc t¸ra se k�je qronik  stigm ,
lamb�noume upìyhn kai èna orizìntio �lma pou antistoiqeÐ sthn pijanìthta oi dÔo metoqèc na
parameÐnoun amet�blhtec. Pio sugkekrimèna parousi�same:

• Thn majhmatik  filosofÐa tou upodeÐgmatoc twn pènte alm�twn.

• Thn algorijmik  prosèggish ¸ste na k�noume timolìghsh me to upìdeigma autì.

• K�poia arijmhtik� paradeÐgmata gia thn kalÔterh katanìhsh tou upodeÐgmatoc.
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7

Arijmhtik  melèth tou upodeÐgmatoc twn tess�rwn

kai pènte alm�twn

O stìqoc thc paroÔsac enìthtac eÐnai h arijmhtik  melèth thc sumperifor�c twn upodeigm�twn
timolìghshc twn tess�rwn kai pènte alm�twn pou parousi�sthkan sta dÔo prohgoÔmena kef�-
laia. H melèth aut  ja gÐnei se dipl  b�sh: afenìc sugkrÐnontac ta upodeÐgmata metaxÔ touc kai
afaitèrou sugkrÐnont�c ta èqontac wc gn¸mona thn timolìghsh me b�sh thn prosomoÐwsh Monte-
Carlo. O lìgoc pou ja gÐnei autì, eÐnai giatÐ sthn suntriptik  pleioyhfÐa twn peript¸sewn den
up�rqei kleist  morf  timolìghshc dikaiwm�twn grammèna se parap�nw apì mÐa metoqèc. H ti-
molìghsh me thn prosomoÐwsh Monte-Carlo apoteleÐ Ðswc thn pio koin¸c apodekt  mejodologÐa
timolìghshc dikaiwm�twn (tìso EurwpaðkoÔ tÔpou, all� kurÐwc exwtikoÔ) kai h filosofÐa thc
opoÐac eÐnai pwc h tim  tim  tou dikai¸matoc mporeÐ na ekfrasteÐ wc h proexoflhmènh mèsh tim 
twn mellontik¸n qrhmatoro¸n k�tw apì èna (kat�llhlo) oudètero wc proc ton kÐnduno mètro
pijanìthtac. To mètro autì kataskeu�zetai apì tic oudèterec wc proc ton kÐnduno pijanìth-
tec. Gia na k�noume timolìghsh enìc dikai¸matoc (ed¸ EurwpaðkoÔ tÔpou) me thn prosomoÐwsh
Monte-Carlo ja prèpei katarq�c na uiojet soume èna majhmatikì upìdeigma sÔmfwna me to opoÐo
exelÐssontai oi timèc twn metoq¸n aut¸n ston qrìno. Katìpin, mèsw teqnik¸n prosomoÐwshc, ja
genn soume p�ra poll� sen�ria gia tic telikèc timèc twn metoq¸n kai katìpin mèsa sto plaÐsio
thc oudeterìthtac wc proc ton kÐnduno, h tim  tou dikai¸matoc ja eÐnai h proexoflhmènh mèsh
tim  twn telik¸n tim¸n twn metoq¸n (an�loga bèbaia me thn sun�rthsh apìdoshc tou dikai¸matoc
pou èqoume). Sthn paroÔsa ergasÐa den ja gÐnei anafor� sthn mejodologÐa Monte Carlo, all�
basist kame se aut� pou didaqj kame apì to m�jhma ProsomoÐwsh Qrhmtooikonomik¸n SenarÐwn
kai stic shmei¸seic tou maj matoc bl. Mpalt�c [7]. Gia perissìterec plhroforÐec anaforik� me
thn mejodologÐa Monte Carlo kai thn efarmog  thc sto plaÐsio timolìghshc dikaiwm�twn, o en-
diaferìmenoc anagn¸sthc mporeÐ na diab�sei to Kef�laio 4 ston Brandimarte [14]), to Kef�laio
4 souc Clewlow & Strickland [25]   to Kef�laio 8 ston Haug [21].

Epeid  h diadikasÐa p�nw sthn opoÐa ja basistoÔme gia thn prosomoiwsh Monte-Carlo eÐnai h
gewmetrik  kÐnhsh Brown, diaisjhtik� ja perimènoume tìso to upìdeigma twn tess�rwn alm�twn
ìso kai to upìdeigma twn pènte alm�twn na sugklÐnoun sto apotèlesma thc Monte-Carlo. M�li-
sta, h sÔgklish aut  gÐnetai me ènan polÔ sugkekrimèno trìpo (sÔgklish se katanom ) all� den
ja poÔme ed¸ perissìtera kaj¸c to jèma autì xefeÔgei apì ton skopì thc ergasÐac aut c. Pio
sugkekrimèna, sto kef�laio autì:

• 'Eqontac wc shmeÐo anafor�c thn mejodologÐa Monte Carlo, ja exet�soume arijmhtik� thn
sumperifor�, sumperilambanomènhc kai thc taqÔthtac sÔgklishc, tìso tou upodeÐgmatoc
tess�rwn ìso kai twn pènte alm�twn, se èna pedÐo dikaiwm�twn EurwpaðkoÔ tÔpou.

• Ja exet�soume thn sumperifor� (euaisjhsÐa) twn upodeigm�twn aut¸n sunatr sei twn dia-
fìrwn upokeÐmenwn paramètrwn touc (σ, r, T , N , λ). H melèth aut  ja gÐnei b�sei thc
sÔgkrishc twn apotelesm�twn touc wc proc to apotèlesma thc mejodologÐac Monte Carlo
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all� kai thc metaxÔ touc apìstashc.

Se ì,ti akoloujeÐ ìpou B.E.G. ennoeÐtai upìdeigma timolìghshc tess�rwn alm�twn dikaiwm�twn,
ìpouK.R. ennoeÐtai upìdeigma timolìghshc pènte alm�twn, en¸ ìpou M.C. ennoeÐtai Monte Carlo.
H mple gramm  sumbolÐzei to B.E.G., h kìkkinh to K.R. Tèloc, o ìroc apìstash sumbolÐzei thn
diafor� stic timèc metaxÔ twn upodeigm�twn.

7.1 European Call on Maximum

Sthn par�grafo pou akoloujeÐ, ja exet�soume mia sugkekrimènh perÐptwsh enìc dikai¸matoc
proaÐreshc agor�c EurwpaðkoÔ tÔpou grammènou se dÔo metoqèc pou den plhr¸noun mèrisma. To
dikaÐwma autì eÐnai to Call on Maximum of two assets, me apìdosh max

[
max(S1(T ), S2(T )) −

K, 0
]
. To sumbìlaio autì dÐnei ston k�toqì tou to dikaÐwma na agor�sei thn mègisth twn dÔo

metoq¸n, sthn l xh, sthn tim  pou èqei sumfwnhjeÐ. Se ì,ti akoloujeÐ jewroÔme ìti ρ = 0.5.

7.1.1 Sumperifor� tou upodeÐgmatoc pènte alm�twn gia diaforetikèc
timèc tou λ

PÐnakac 7.1: Timèc tou upodeÐgmatoc timolìghshc pènte alm�twn dikaiwm�twn kai diafor� apì thn
ektÐmhsh thc tim c tou dikai¸matoc me thn prosomoÐwsh Monte-Carlo gia di�fora λ. S1 = 40,
S2 = 40, K = 40, r = 0.04879, σ1 = 0.2, σ2 = 0.3, T = 7/12, N = 50, M = 1000000
ta monop�tia thc Monte-Carlo. (H tim  tou upodeÐgmatoc tess�rwn alm�twn timolìghshc eÐnai
5.47017 kai h tim  thc Monte Carlo eÐnai 5.48772).

Eu Call On Max
λ K.R. Apìstash K.R. apì M.C.

1.0 5.4701 0.0175
1.2 5.4802 0.0075
1.4 5.4737 0.0139
1.6 5.4662 0.0215
1.8 5.4576 0.0300
2.0 5.4480 0.0396

1.11803 5.4825 0.0051

Ston PÐnaka 7.1 parousi�zontai oi timèc tou upodeÐgmatoc pènte alm�twn gia di�forec timèc λ
kai h apìstas  touc apì thn tim  pou mac dÐnei h mejodologÐa Monte Carlo. Skopìc mac eÐnai
na exet�soume thn sumperifor� tou upodeÐgmatoc timolìghshc pènte alm�twn gia thn perÐptwsh
tou European Call on Max, gia di�forec timèc λ, èqontac wc shmeÐo anafor�c thn mejodolo-
gÐa timolìghshc Monte Carlo. Katarq�c, apì thn exÐswsh 6.13 parathroÔme pwc kaj¸c to λ
metab�lletai, paÐrnoume diaforetikèc timèc gia thn tim  tou dikai¸matoc me b�sh to upìdeigma
pènte alm�twn, efìson gia k�je mÐa tim  tou λ ja all�zoun oi pijanìthtec P1, P2, P3, P4 kai
P5. Kaj¸c metab�lletai to λ, paÐrnoume diaforetikèc apost�seic apì thn tim  pou mac dÐnei h
mejodologÐa Monte Carlo. Gia timèc λ < 1, den gÐnetai anafor� miac kai h pijanìthta orizontÐou
b matoc P5 bgaÐnei arnhtik . Sthn ergasÐa aut  ja akolouj soume touc Kamrad & Ritchken [24]
oi opoÐoi ektÐmhsan pwc to λ = 1.11803 faÐnetai na eÐnai mÐa kal  tim  gia dikai¸mata grammèna se
dÔo tÐtlouc, epeid  gia thn tim  aut  kat� mèso ìro p ran tic mikrìterec diaforèc apì thn tim 
pou dÐnei h mejodologÐa Monte Carlo gia to Ðdio dikaÐwma. H tim  aut  tou λ antistoiqeÐ sthn
pijanìthta orizontÐou �lmatoc P5 = 0.2. Pr�gmati, parathroÔme pwc gia mia tim  tou λ kont�
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sto 1.1 paÐrnoume kai thn mikrìterh apìstash apì to B.S. To apotèlesma autì eÐnai mia prìqeirh
epal jeush tou isqurismoÔ twn Kamrad & Ritchken [24].
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7.1.2 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c metab�lletai to N kai to λ.

(aþ) λ = 1.1 (bþ) λ = 1.2

(gþ) λ = 1.3 (dþ) λ = 1.4

(eþ) λ = 1.5

Sq ma 7.1: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo,
S1 = 40, S2 = 40, K = 40, r = 0.04879, σ1 = 0.2, σ2 = 0.3, T = 1, M = 1000000 ta diaforetik�
monop�tia thc prosomoÐwshc Monte-Carlo kai λ metablhtì.
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AfoÔ exet�same pwc sumperifèretai to upìdeigma pènte alm�twn wc proc tic diaforetikèc timèc
tou λ, t¸ra ja exet�soume thn taqÔthta sÔgklishc kai twn dÔo upodeigm�twn. To upìdeigma twn
pènte alm�twn èqei pleonèkthma ènanti tou upodeÐgmatoc twn tess�rwn alm�twn, miac kai lamb�-
nei upìyin mÐa akìma kat�stash pou antistoiqeÐ sto endeqìmeno oi dÔo metoqèc na parameÐnoun
amet�blhtec. Autì èqei wc apotèlesma na par�gei perissìterec timèc se k�je perÐodo (�ra kai
perissìtera telik� sen�ria) kai gia to lìgo autì perimènoume diaisjhtik� to upìdeigma twn pènte
alm�twn na proseggÐzei grhgorìtera thn tim  Monte-Carlo apì ìti to upìdeigma twn tess�rwn
alm�twn. Apì to Sq ma 7.1 faÐnetai pwc to upìdeigma pènte alm�twn gia mÐa tim  tou λ kont�
sto 1.1, sugklÐnei pio gr gora kai pio omal� apì to tess�rwn alm�twn sthn tim  Monte-Carlo.
M�lista, to apotèlesma tou diwnumikoÔ upodeÐgmatoc me perÐpou 50 epanal yeic mporeÐ na su-
gkrijeÐ me to apotèlesma tou triwnumikoÔ upodeÐgmatoc me perÐpou dèka me dekapènte epanal yeic.
Epomènwc, h prìtash twn Kamrad & Ritchken [24] gia to λ faÐnetai na epalhjeÔetai toul�qiston
optik�. Se k�je perÐptwsh anaforik� me thn tim  tou λ, to upìdeigma twn pènte alm�twn faÐnetai
na sugklÐnei pio omal� apì to upìdeigma twn tess�rwn alm�twn sthn tim  Monte-Carlo. Kaj¸c
ìmwc aux�netai to λ (p�nw apì thn tim  λ = 1.2) h taqÔthta sÔgklishc mei¸netai. To apotèlesma
autì eÐnai �llh mia prìqeirh epal jeush tou isqurismoÔ twn Kamrad & Ritchken [24].

7.1.3 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c aux�netai to N

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c all�zei to λ (gia to upìdeigma twn
pènte alm�twn) gia ènan arijmì epanal yewn mèqri kai thn tim  N = 50. Ed¸ ja diathr soume
stajerì to λ (gia to upìdeigma twn pènte alm�twn) kai ja jewr soume diaforetikèc peript¸seic
gia to N . Ja qrhsimopoi soume thn tim  pou p ran oi Kamrad & Ritchken, gia λ = 1.11803.

(aþ) (bþ)

Sq ma 7.2: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
r = 0.04879, S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ1 = 0.2 σ2 = 0.3 T = 7/12,M = 1000000
ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo.

Sto Sq ma 7.2, blèpoume tic timèc tou upodeÐgmatoc twn tess�rwn kai pènte alm�twn kai
thn apìstas  touc apì thn tim  Monte-Carlo. ParathroÔme pwc oi timèc tou upodeÐgmatoc twn
pènte alm�twn proseggÐsoun grhgorìtera kai pio omal� thn tim  thc prosomoÐwshc Monte-Carlo
kai m�lista h sÔgklish kai gia ta dÔo upodeÐgmata faÐnetai belti¸netai kaj¸c o arijmìc twn N
bhm�twn aux�netai. EpÐshc, ston PÐnaka 7.2 parousi�zontai oi timèc upodeÐgmatoc tess�rwn kai
pènte alm�twn gia λ = 1.11803 (to λ ephre�zei mìno tic timèc to upodeÐgmatoc pènte alm�twn)
gia di�forec timèc tou N kai h apìstash aut¸n apì thn tim  Monte-Carlo. To sumpèrasma eÐnai
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to Ðdio: Kaj¸c to N megal¸nei h diafor� kai twn dÔo upodeigm�twn apì thn tim  Monte-Carlo
phgaÐnei sto mhdèn kai m�lista to upìdeigma twn pènte alm�twn sugklÐnei pio gr gora.

PÐnakac 7.2: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn dikaiwm�twn gia λ =
1.11803. S1 = 40, S2 = 40, K = 40, r = 0.04879, σ1 = 0.2, σ2 = 0.3 T = 7/12, M = 1000000
ta b mata thc prosomoÐwshc Monte-Carlo, kaj¸c to N metab�lletai. (H tim  Monte Carlo eÐnai
5.4877)

Eu Call On Max Apìstash B.E.G. kai K.R. apì M.C
N B.E.G. K.R. B.E.G. K.R.

10 5.4011 5.4621 0.0865 0.0255
30 5.4584 5.4791 0.0292 0.0086
50 5.4701 5.4825 0.0175 0.0051
70 5.4752 5.4840 0.0125 0.0036
100 5.4790 5.4852 0.0087 0.0025

7.1.4 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c metab�lletai to σ1

Sthn par�grafo aut  ja diathr soume stajerì to λ (gia to upìdeigma twn pènte alm�twn)
kai ja af soume to σ1 na metab�lletai. O stìqoc mac eÐnai na exet�soume thn euaisjhsÐa twn
apotelesm�twn kai twn dÔo upodeigm�twn (tess�rwn kai pènte alm�twn) wc proc th metablhtìthta
twn tim¸n thc pr¸thc upokeÐmenhc metoq c (to sumpèrasma eÐnai Ðdio an all�zei to σ2). P�li ja
qrhsimopoi soume thn tim  pou p ran oi Kamrad & Ritchken, gia λ = 1.11803. Ston PÐnaka
7.3, parajètoume tic timèc twn dikaiwm�twn tou upodeÐgmatoc twn tess�rwn kai pènte alm�twn
kai thn apìstas  touc apì thn antÐstoiqh tim  Monte-Carlo. ParathroÔme pwc anexart twc tou
epipèdou tou σ1, h sumperifor� tou upodeÐgmatoc twn tess�rwn kai pènte alm�twn den all�zei
kai eÐnai Ðdia me aut n pou eÐdame kai prohgoumènwc. ParathroÔme pwc anexart twc thc tim c tou
σ1 h tim  tou upodeÐgmatoc twn pènte alm�twn eÐnai pio kont� sthn tim  Monte-Carlo apì ìti eÐnai
h tim  upodeÐgmatoc twn tess�rwn alm�twn.

PÐnakac 7.3: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn dikaiwm�twn kai apì-
stash apì thn tim  Monte Carlo, gia di�fora σ1. S1 = 40, S2 = 40, K = 40, λ = 1.11803,
T = 7/12, r = 0.1, σ2 = 0.3 M = 1000000 ta diaforetik� monop�tia thc prosomoÐwshc Monte-
Carlo, N = 50.

APOSTASH APO M.C.
σ1 B.E.G. K.R. M.C. B.E.G. K.R.

0,1 5.7537 5.7579 5.7651 0.0114 0.0072
0,2 6.2949 6.3056 6.3144 0.0194 0.0087
0,3 7.0990 7.1070 7.1373 0.0382 0.0303
0,4 8.0985 8.1142 8.1250 0.0264 0.0107
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(aþ) σ1 = 0.1 (bþ) σ1 = 0.2

(gþ) σ1 = 0.3 (dþ) σ1 = 0.4

Sq ma 7.3: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
di�fora σ1, r = 0.1, S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ2 = 0.3 T = 7/12, M = 1000000
ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

T¸ra, gia na exet�soume thn taqÔthta sÔgklishc twn upodeigm�twn ja af soume to N na
paÐrnei timèc apì to N = 1 mèqri kai to N = 50 kai ja af soume p�li to σ1 na metab�lletai. Sto
Sq ma 7.3, gia to sugkekrimèno λ, parathroÔme thn apìstash twn tim¸n twn upodeigm�twn twn
tess�rwn kai pènte alm�twn epÐshc apì thn tim  Monte-Carlo. ParathroÔme pwc anexart twc
tou epipèdou tou σ1, h sumperifor� tou upodeÐgmatoc twn pènte alm�twn kai tou upodeÐgmatoc twn
tess�rwn den all�zei ìpwc eÐdame kai prohgoumènwc. ParathroÔme pwc oi timèc tou upodeÐgmatoc
pènte alm�twn proseggÐzoun grhgorìtera kai pio omal� autèc thc mejodologÐac M.C. apì ìti to
upìdeigma tess�rwn alm�twn.

7.1.5 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c metab�lletai to r

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c all�zei to λ, to σ1. Ed¸ ja diathr -
soume stajerì to λ kai ja af soume to r na metab�lletai, ¸ste na exet�soume thn euaisjhsÐa
twn apotelesm�twn wc proc to epitìkio dÐqwc kÐnduno. Ja qrhsimopoi soume thn tim  pou p ran
oi Kamrad & Ritchken, gia λ = 1.11803. Ja exet�soume poiì apì ta dÔo upodeÐgmata phgaÐnei
grhgorìtera sthn tim  M.C.
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PÐnakac 7.4: Timèc upodeÐgmatoc tess�rwn kai pènte alm�twn timolìghshc dikaiwm�twn European
Call On Max kai apìstash apì thn tim  Monte Carlo, gia di�fora r, S1 = 40, S2 = 40, K = 40,
λ = 1.11803, σ1 = 0.2, σ2 = 0.3, T = 7/12, M = 1000000 ta diaforetik� monop�tia thc
prosomoÐwshc Monte-Carlo, N = 50.

APOSTASH APO M.C.
r B.E.G. K.R. M.C. B.E.G. K.R.

0,1 6.2949 6.3056 6.3144 0.0194 0.0087
0,15 7.1379 7.1467 7.1601 0.0221 0.0133
0,2 8.0080 8.0151 8.0335 0.0254 0.0184
0,3 9.7912 9.7952 9.8247 0.0335 0.0295

(aþ) r = 0.1 (bþ) r = 0.15

(gþ) r = 0.2 (dþ) r = 0.3

Sq ma 7.4: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
S1 = 40, S2 = 40, K = 40, λ = 1.11803 σ1 = 0.2, σ2 = 0.3 T = 7/12, M = 1000000 ta
diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo kai r metablhtì.

Ston pÐnaka 7.4, blèpoume tic timèc twn dikaiwm�twn twn upodeigm�twn twn tess�rwn kai pènte
alm�twn kai thn apìstas  touc apì thn tim  Monte-Carlo kaj¸c to r metab�lletai. EpÐshc, sto
Sq ma 7.4, af noume to N na paÐrnei timèc apì to N = 1 mèqri kai to N = 50 kai p�li to r na
metab�lletai kai parathroÔme thn apìstash twn tim¸n twn upodeigm�twn twn tess�rwn kai pènte
alm�twn epÐshc apì thn tim  Monte-Carlo. ParathroÔme pwc anexart twc tou epipèdou tou r, h
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sumperifor� tou upodeÐgmatoc twn pènte alm�twn kai tou upodeÐgmatoc twn tess�rwn den all�zei
ìpwc eÐdame kai prohgoumènwc. Blèpoume pwc to upìdeigma twn pènte alm�twn proseggÐzei
grhgorìtera kai pio omal� apì to upìdeigma twn tess�rwn alm�twn thn tim  M.C. Monadik 
exaÐresh apoteleÐ h perÐptwsh r = 0.3 ìpou kai ta dÔo upodeÐgmata deÐqnoun na sumperifèrontai
to Ðdio, all� mia tètoia tim  tou r jewreÐtai polÔ meg�lh gia na emfanÐzetai sthn pr�xh.

7.1.6 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c aux�netai to T

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c metab�lletai to σ1 kai to r. Ed¸ ja
diathr soume stajerì to σ1 kai to r (ja qrhsimopoi soume thn tim  pou p ran oi Kamrad &
Ritchken, gia λ = 1.11803) kai ja af soume to T na metab�lletai, ¸ste na exet�soume thn
euaisjhsÐa twn apotelesm�twn wc proc to qrìno l xhc tou dikai¸matoc.

(aþ) T = 3/12 (bþ) T = 5/12

(gþ) T = 9/12 (dþ) T = 1

Sq ma 7.5: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo,
S1 = 40, S2 = 40, K = 40, λ = 1.11803 σ1 = 0.2, σ2 = 0.3 r = 0.1, M = 1000000 ta diaforetik�
monop�tia thc prosomoÐwshc Monte-Carlo kai T metablhtì.
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PÐnakac 7.5: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn kai apìstash apì thn
tim  Monte Carlo, gia di�fora T . S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ1 = 0.2, σ2 = 0.3,
r = 0.1, M = 1000000 ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

APOSTASH APO M.C.
T B.E.G. K.R. M.C. B.E.G. K.R.

3/12 3.7523 3.7600 3.7641 0.0118 0.0040
5/12 5.1087 5.1181 5.1245 0.0157 0.0063
9/12 7.3786 7.3902 7.4016 0.0230 0.0114

1 8.8753 8.8880 8.90379 0.0284 0.0157

Ston PÐnaka 7.5, parajètoume tic timèc twn dikaiwm�twn twn upodeigm�twn twn tess�rwn kai
pènte alm�twn kai thn apìstas  touc apì thn tim  Monte-Carlo kaj¸c to T aux�netai (k�je
tim  tou T h prosomoÐwsh M.C. ja dÐnei diaforetik  tim ). ParathroÔme pwc anexart twc tou
epipèdou tou T , h sumperifor� tou upodeÐgmatoc twn tess�rwn kai pènte alm�twn den all�zei kai
eÐnai Ðdia me aut n pou eÐdame kai prohgoumènwc. ParathroÔme pwc anexart twc thc tim c tou T h
tim  tou upodeÐgmatoc twn pènte alm�twn eÐnai pio kont� sthn tim  thc Monte-Carlo apì ìti eÐnai
h tim  tou upodeÐgmatoc twn tess�rwn alm�twn. Gia na exet�soume thn taqÔthta sÔgklishc twn
upodeigm�twn ja af soume p�li to N na paÐrnei timèc apì to N = 1 mèqri kai to N = 50 kai ja
af soume to T na metab�lletai. Sto Sq ma 7.5 (gia to sugkekrimèno λ pou prìteinan oi Kamrad
& Ritchken [24]), parathroÔme thn apìstash twn tim¸n twn dÔo upodeigm�twn apì thn tim 
Monte-Carlo. Blèpoume pwc anexart twc tou epipèdou tou T , h sumperifor� tou upodeÐgmatoc
twn tess�rwn kai pènte alm�twn den all�zei ìpwc eÐdame kai prohgoumènwc: To upìdeigma twn
pènte alm�twn proseggÐzei pio gr gora kai pio omal� sthn tim  M.C. apì ìti to upìdeigma twn
tess�rwn alm�twn.

7.1.7 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c metab�lletai to K.

Prohgoumènwc eÐdame ti sumbaÐnei sta upodeÐgmata kaj¸c metab�lletai to σ1, to r kai to T . Ed¸
ja diathr soume stajerèc tic paramètrouc autèc (ja qrhsimopoi soume thn tim  pou p ran oi
Kamrad & Ritchken, gia λ = 1.11803) kai ja af soume toK na metab�lletai, ¸ste na exet�soume
thn euaisjhsÐa twn apotelesm�twn wc proc thn tim  ex�skhshc. Sto Sq ma 7.6, parousi�zontai
oi timèc tou upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn gia λ = 1.11803, kaj¸c
kai h apìstash aut¸n apì thn tim  Monte-Carlo. Gia na exet�soume thn taqÔthta sÔgklishc
twn upodeigm�twn af noume p�li to N na paÐrnei timèc apì to N = 1 mèqri kai to N = 50
kai to K na metab�lletai. JewroÔme treic peript¸seic, mÐa ITM, mÐa ATM kai mÐa OTM thn
qronik  stigm  t = 0. Katarq�c parathroÔme pwc kaj¸c to N aux�netai, tìso to upìdeigma
twn tess�rwn alm�twn ìso kai to upìdeigma twn pènte alm�twn sugklÐnoun sthn tim  Monte-
Carlo. M�lista, oi timèc tou upodeÐgmatoc twn pènte alm�twn proseggÐzoun se k�je mÐa apì
tic peript¸seic grhgorìtera kai pio omal� thn tim  Monte-Carlo sugkritik� me to upìdeigma twn
tess�rwn alm�twn.
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(aþ) K = 35 (bþ) K = 40

(gþ) K = 45

Sq ma 7.6: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
S1 = 40, S2 = 40, T = 1, σ1 = 0.2, σ2 = 0.3, ρ = 0.5, r = 0.04879, M = 1000000, N = 50,
λ = 1.11803 kai K metablhtì.

Parat rhsh 17. Sto par�rthma B' parajètoume ta apotelèsmata thc arijmhtik c an�lushc
gia thn perÐptwsh pou to parap�nw dikaÐwma eÐnai p¸lhshc, dhlad  sthn perÐptwsh tou European
Put on Max. To sumbìlaio autì dÐnei to dikaÐwma ston k�toqì tou na poul sei thn mègisth twn
dÔo metoq¸n (sthn l xh) sthn tim  ex�skhshc. Ta sumper�smata sta opoÐa katal goume eÐnai
akrib¸c ta Ðdia me aut� thc Paragr�fou 7.1.8. To upìdeigma twn pènte alm�twn sugklÐnei pio
gr gora kai pio omal� apì ìti to upìdeigma twn tess�rwn alm�twn sthn tim  Monte-Carlo gia
thn tim  tou λ pou p rame parap�nw. Epomènwc den ja sqoli�soume peraitèrw ta sq mata kai
touc pÐnakec kaj¸c katal goume sta akrib¸c Ðdia sumper�smata.

7.1.8 Sumper�smata

Me b�sh thn parap�nw an�lush katal goume sta akìlouja sumper�smata gia thn perÐptwsh enìc
dikai¸matoc proaÐreshc agor�c EurwpaðkoÔ tÔpou:

• Tìso to upìdeigma twn tess�rwn ìso kai to upìdeigma twn pènte alm�twn krÐnontai apo-
telesmatik� kaj¸c kai ta dÔo sugklÐnoun sthn tim  Monte-Carlo, me kÔria diafor� sto
qrìno sÔgklishc kai thn diakÔmansh stic timèc touc.
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• Anexart twc thc tim c twn diafìrwn paramètrwn (σ, r, T , N ,K), blèpoume ìti to upìdeigma
pènte alm�twn (gia λ = 1.11803) sugklÐnei pio gr gora kai pio omal� apì to upìdeigma
twn tess�rwn alm�twn sthn tim  pou dÐnei h prosomoÐwsh Monte-Carlo gia thn tim  tou
dikai¸matoc.

• Gia mÐa tim  λ kont� sto 1.1, faÐnetai optik� toul�qiston pwc to upìdeigma twn pènte alm�-
twn dÐnei to kalÔtero dunatì apotèlesma. Autì bèbaia eÐnai k�ti pou prèpei na epalhjeujeÐ
kai majhmatik� kai apoteleÐ anoiqtì er¸thma gia mÐa mellontik  ergasÐa.

7.2 Basik� shmeÐa kefalaÐou

Sto kef�laio autì k�name arijmhtik  melèth tou upodeÐgmatoc twn tess�rwn kai pènte alm�-
twn. SugkrÐname ta apotelèsmat� touc wc proc thn tim  tou upodeÐgmatoc Monte-Carlo. Pio
sugkekrimèna, exet�same:

• thn sumperifor�, sumperilambanomènhc kai thc taqÔthtac sÔgklishc kai twn dÔo upodeig-
m�twn timolìghshc, se èna pedÐo dikaiwm�twn EurwpaðkoÔ tÔpou grammèna se dÔo metoqèc.

• thn sumperifor� (euaisjhsÐa) twn upodeigm�twn aut¸n sunart sei twn diafìrwn upokeÐme-
nwn paramètrwn touc (σ, r, T , N , λ).

katal xame se endiafèronta sumper�smata gia thn sumerifor� twn upodeigm�twn.
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EpÐlogoc

H Qrhmatooikonomik  Mhqanik  apoteleÐ ènan apì touc pio shmantikoÔc kl�douc pou brÐsketai me-
taxÔ thc epist mhc thc qrhmatooikonomik c kai twn majhmatik¸n kai asqoleÐtai me th dhmiourgÐa,
thn exèllixh kai thn ulopoÐhsh diafìrwn qrhmatooikonomik¸n ergaleÐwn kaj¸c kai th diatÔpwsh
emperistatomènwn lÔsewn se poll� qrhmatooikonomik� probl mata. H Qrhmatooikonomik  Mhqa-
nik  eÐnai mÐa epist mh pou anaptÔssetai sto pedÐo twn majhmatik¸n kai thc qrhmatooikonomik c.
Skopìc thc eÐnai h epÐlush problhm�twn pou aforoÔn ton kìsmo thc qrhmatooikonomik c all�
kai thc oikonomÐac genikìtera, qrhsimopoi¸ntac teqnikèc kai idèec apì to pedÐo twn Majhmatik¸n
kai Stoqastik¸n Majhmatik¸n, all� pio suskekrimèna apì to pedÐo twn Pijanot twn kai thc
Statistik c. 'Ena apì ta basikìtera probl mata thc Qrhmatooikonomik c Mhqanik c pou èqei
efarmogèc tìso sthn antist�jmish tou qrhmatooikonomikoÔ kindÔnou, ìso kai sthn kerdoskopÐa
eÐnai to prìblhma thc timolìghshc twn parag¸gwn sumbolaÐwn kai eidikìtera twn dikaiwm�twn
proaÐreshc, lìgw tou eidikoÔ tou qarakt ra touc.

Sthn paroÔsa Diplwmatik  ErgasÐa asqolhj kame sugkekrimèna me to prìblhma thc timo-
lìghshc dikaiwm�twn proaÐreshc, grammèna se mÐa kai perissìterec metoqèc (tÐtlouc), ta opoÐa
apoteloÔn èna apì ta dhmofilèstera eÐdh parag¸gwn sumbolaÐwn. Ta Dikai¸mata ProaÐreshc
(Options), apoteloÔn mÐa sumfwnÐa metaxÔ dÔo sumballomènwn, gia thn agorapwlhsÐa mÐac su-
gkekrimènhc posìthtac enìc periousiakoÔ stoiqeÐou se mÐa prokajorismènh qronik  stigm  kai
tim  sto mèllon. Prìkeitai gia sumfwnÐec oi opoÐec diapragmateÔontai tìso entìc, ìso kai ektìc
qrhmatisthriak¸n agor¸n, ìpwc gia par�deigma se tr�pezec, qrhmatopistwtik� idrÔmata, ìqi ana-
gnwrismènec qrhmatisthriakèc agorèc. Sun jwc oi ìroi touc eÐnai tupopoihmènoi kai kajorÐzontai
apì to Qrhmatist rio. 'Ena dikaÐwma proaÐreshc apoteleÐ èna polÔ endiafèron par�gwgo sumbì-
laio, kaj¸c h katoq  tou apaiteÐ thn katabol  enìc antitÐmou, gnwstì kai wc asf�listro (ìtan
k�noume timolìghsh, skopìc mac eÐnai h eÔresh aut c thc tim c). Pio sugkekrimèna, o agorast c
tou dikai¸matoc plhr¸nei to asf�listro kai apokt� to dikaÐwma ex�skhshc, en¸ o pwlht c tou
dikai¸matoc eispr�ttei to antÐtimo kai analamb�nei thn upoqrèwsh na thr sei ta sumfwnhjènta,
an kai mìno an h antÐjeth jèsh (o agorast c tou dikai¸matoc) apofasÐsei na exask sei.

To basikìtero kai pio aplì upìdeigma timolìghshc eÐnai to diwnumikì upìdeigma pou prot�jhke
arqik� apì ton Sharpe [27] to 1978 kai argìtera epekt�jhke apì touc Cox, Ross kai Rubinstein
[19] to 1979 kai  rje sth morf  pou eÐnai s mera. To upìdeigma autì upojètei ìti h upokeÐmenh
metoq  exelÐssetai ston qrìno me to pio aplì majhmatikì montèlo, dhlad  ìti thn epìmenh qronik 
stigm  h tim  thc metoq c ja anèbei   ja pèsei. Sthn Ðdia kateÔjunsh kineÐtai kai to triwnumikì
upìdeigma, to opoÐo prot�jhke apì ton Phelim Boyle [16] to 1988 kai epekt�jhke peraitèrw
apì touc Kamrad & Ritchken [24] to 1991. M�lista to upìdeigma twn opoÐwn exet�same sthn
paroÔsa ergasÐa. Ousiastik� to upìdeigma autì èrqetai na prosjèsei akìmh mÐa kat�stash (sto
diwnumikì upìdeigma), aut  tou orizontÐou �lmatoc, pou antistoiqeÐ sto endeqìmeno h tim  thc
metoq c na parameÐnei stajer . Kai ta dÔo aut� upodeÐgmata, eÐnai kataskeuasmèna me tètoio
trìpo, ¸ste na sugklÐnoun kat� mÐa idiaÐterh ènnoia (sÔgklish se katanom ) sto upìdeigma twn
Black-Scholes [15].
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Sthn paroÔsa ergasÐa, sto Kef�laio 2 parousi�same tìso to diwnumikì upìdeigma kai deÐxame
thn basik  tou filosofÐa. Sto Kef�laio 3 parousi�same thn epèktash tou diwnumikoÔ kai kata-
l xame sto triwnumikì upìdeigma kai katìpin sto kef�laio 4, k�name mÐa arijmhtik  sugkrhtik 
- melèth twn upodeigm�twn. Ta sumper�smata pou katal xame eÐnai ta akìlouja:

• Ta upodeÐgmata pou exet�sthkan, sto sÔnolì touc apodeÐqjhkan apotelesmatik�, me kÔria
diafor� ston qrìno sÔgklishc kai thn diakÔmansh stic timèc touc.

• Tìso to triwnumikì, ìso kai to diwnumikì gia meg�lo arijmì epanal yewn parousÐazoun
polÔ mikrèc diaforèc apì thn tim  pou jewr same wc shmeÐo anafor�c.

• Anexart twc thc tim c twn diafìrwn paramètrwn (σ, r, T , N), blèpoume ìti to triwnumikì
upìdeigma (gia λ = 1.22474) sugklÐnei grhgorìtera kai pio omal� apì to diwnumikì sthn
tim  pou dÐnei to montèlo Black-Scholes [15].

• An λ < 1, apì tic Exis¸seic 3.7 kai 3.8, kaj¸c kai apì ton PÐnaka 3.1 blèpoume pwc to
Pm ja p�rei arnhtikèc timèc, en¸ ta Pu kai Pd megalÔtera apì thn mon�da (Autì �llwste
apoteleÐ kai to megalÔtero prìblhma sthn an�lush tou Boyle [16] to 1988 kai gia ton lìgo
autì oi Kamrad & Ritchken [24] prìteinan na qrhsimopoi soume thn par�metro λ ≥ 1). Gia
λ ≥ 1, blèpoume pwc ta Pu, Pd kai Pm eÐnai metaxÔ tou mhdèn kai tou èna, eÐnai ìla jetik�
kai ajroÐzoun sth mon�da.

• Gia λ = 1, ìtan to N megal¸nei to diwnumikì kai to triwnumikì upìdeigma, dÐnoun thn Ðdia
tim .

• Gia mÐa tim  λ kont� sto 1.2, faÐnetai optik� toul�qiston pwc to triwnumikì upìdeigma
dÐnei to kalÔtero dunatì apotèlesma. Autì bèbaia eÐnai k�ti pou prèpei na epalhjeujeÐ kai
majhmatik� kai apoteleÐ anoiqtì er¸thma gia mi� mellontik  ergasÐa.

Apì ta parap�nw sumperaÐnoume pwc tìso to diwnumikì, ìso kai to triwnumikì upìdeigma
sumperifèrontai p�ra polÔ kal�. To triwnumikì bèbaia uperèqei ènanti tou diwnumikoÔ, ìmwc
h upologistik  tou isqÔc pou apaiteÐ eÐnai megalÔterh apì to diwnumikì upìdeigma. EÐnai polÔ
qr sima kai efarmìzontai suqn� sthn pr�xh (h timolìghsh Amerik�nikwn dikaiwm�twn sto qrh-
matist rio axi¸n Ajhn¸n, gÐnetai me b�sh to diwnumikì upìdeigma). 'Ena endiafèron er¸thma pou
prokÔptei se autì to shmeÐo, eÐnai to pwc mporoÔme na k�noume timolìghsh dikaiwm�twn pou eÐnai
grammèna se parap�nw apì mÐa metoqèc, mi�c kai ta parap�nw upodeÐgmata aforoÔn mÐa upokeÐme-
nh metoq  kai oi ependutèc sthn pr�xh endiafèrontai suqn� gia parap�nw apì mÐa metoqèc (autì
sumbaÐnei eÐte gia lìgouc diaforopoÐhshc tou qrhmatooikonomikoÔ kindÔnou pou antimetwpÐzoun
eÐte gia lìgouc antist�jmishc). H poluplokìthta tou parap�nw erwt matoc aux�nei grammik�
me ton arijmì twn upokeÐmenwn metoq¸n tou dikai¸matoc. Sthn paroÔsa ergasÐa exet�same thn
perÐptwsh dikai¸matoc grammènou p�nw se dÔo metoqèc.

Sthn perÐptwsh pou èqoume èna dikaÐwma grammèno se dÔo metoqèc, krÐnetai aparaÐthth h
epèktash tou diwnumikoÔ kai tou triwnumikoÔ upodeÐgmatoc pou parousi�sthkan sto pr¸to mèroc
thc ergasÐac. To aplì diwnumikì upìdeigma twn Cox, Ross & Rubinstein [19] tropopoieÐtai sto
upìdeigma twn tess�rwn alm�twn sÔmfwna me touc Boyle, Evnine & Gibbs (1989) [13], en¸ to
triwnumikì upìdeigma tropopoieÐtai sÔmfwna me to upìdeigma pou prot�jhke apì ton Phelim Boyle
[16] to 1988 kai epekt�jhke peraitèrw apì touc Kamrad & Ritchken [24] to 1991, sto upìdeigma
pènte alm�twn. H filosofÐa twn dÔo upodeigm�twn eÐnai pwc oi logarijmikèc apodìseic twn
metoq¸n susqetÐzontai metaxÔ touc kai exelÐssontai ston qrìno me b�sh thn gewmetrik  kÐnhsh
Brown.

H majhmatik  filosofÐa tou upodeÐgmatoc twn tess�rwn alm�twn eÐnai pwc kataskeu�zoume
mÐa diakrit  katanom  tess�rwn alm�twn sthn perÐptwsh aut  kai exis¸noume tic pr¸tec ropèc
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twn katanom¸n aut¸n, me tic ropèc thc kanonik c katanom c, thn opoÐa akoloujoÔn oi logarijmh-
kèc apodìseic twn upokeÐmenwn metoq¸n. ParomoÐwc, h majhmatik  filosofÐa tou upodeÐgmatoc
twn pènte alm�twn eÐnai pwc kataskeu�zoume mÐa diakrit  katanom  pènte aut  th for� alm�twn
kai exis¸noume tic pr¸tec ropèc twn katanom¸n aut¸n, me tic ropèc thc kanonik c katanom c,
thn opoÐa akoloujoÔn oi logarijmikèc apodìseic twn upokeÐmenwn metoq¸n.

Sto Kef�laio 5 parousi�same ta basik� qarakthristik� tou upodeÐgmatoc tess�rwn alm�twn.
Sto Kef�laio 6 parousi�same to upìdeigma pènte alm�twn kai ta basik� tou qarakthristik�. Sto
kef�laio 7 k�name mÐa arijmhtik  sugkrhtik  - melèth twn upodeigm�twn, èqontac wc gn¸mona thn
tim  pou dÐnei h mejodologÐa Monte Carlo. Ta sumper�smata pou katal xame eÐnai ta akìlouja:

• Ta upodeÐgmata pou exet�same, sto sÔnolì touc apodeÐqjhkan apotelesmatik�, me kÔria
diafor� ston qrìno sÔgklishc kai thn diakÔmansh stic timèc touc.

• Tìso to upìdeigma tess�rwn ìso kai twn pènte alm�twn gia meg�lo arijmì epanal yewn
parousÐazoun polÔ mikrèc diaforèc apì thn tim  pou jewr same wc shmeÐo anafor�c.

• Anexart twc thc tim c twn diafìrwn paramètrwn (σ, r, T , N ,K), blèpoume ìti to upìdeigma
pènte alm�twn (gia λ = 1.11803) sugklÐnei grhgorìtera kai pio omal� apì to tess�rwn
sthn tim  pou dÐnei h mejodologÐa Monte Carlo.

• An λ < 1, apì to sÔsthma Exis¸sewn 6.13, kaj¸c kai apì ton PÐnaka 6.3 blèpoume pwc
to P5 ja p�rei arnhtikèc timèc, en¸ ta P1, P2, P3 kai P4 eÐnai megalÔtera apì thn mon�da.
Gia λ ≥ 1, blèpoume pwc ta P1, P2, P3 kai P4 eÐnai metaxÔ tou mhdèn kai tou èna, eÐnai ìla
jetik� kai ajroÐzoun sth mon�da.

• Gia λ = 1, ìtan to N megal¸nei to upìdeigma twn tess�rwn kai pènte alm�twn dÐnoun thn
Ðdia tim .

• Gia mÐa tim  λ kont� sto 1.1, faÐnetai optik� toul�qiston pwc to upìdeigma pènte alm�twn
dÐnei to kalÔtero dunatì apotèlesma. Autì bèbaia eÐnai k�ti pou prèpei na epalhjeujeÐ kai
majhmatik� kai apoteleÐ anoiqtì er¸thma gia mÐa mellontik  ergasÐa.

Kat� thn di�rkeia thc melèthc aut c proèkuyan k�poia polÔ eniafèronta erwt mata pou xefeÔ-
goun ìmwc apì to epÐpedo twn proptuqiak¸n spoud¸n kai ja  tan endiafèron na apanthjoÔn sto
mèllon se k�poia ergasÐa. Gia par�deigma, gnwrÐzoume ìti ston kìsmo thc qrhmatooikonomik c
èqoume èntonh metablhtìthta kai qamhlìterh metablhtìthta, èqoume dhlad  ta legìmena volatil-
ity regimes. Pwc mporoÔn ta upodeÐgmata twn tess�rwn kai pènte alm�twn na tropopoihjoÔn gia
aut  thn perÐptwsh? GnwrÐzoume epÐshc pwc to epitìkio den eÐnai stajerì, all� stoqastikì. Pwc
mporoÔn ta upodeÐgmata aut� na tropopoihjoÔn kat�llhla lamb�nontac upìyhn thn stoqasthkì-
thta tou epitokÐou? Pwc mporoÔn ta upodeÐgmata aut� na tropopoihjoÔn kai na qrhsimopoihjoÔn
¸ste na k�noun timolìghsh exwtik¸n dikaiwm�twn (p.q. Asiatik� dikai¸mata   dikai¸mata me
fr�gmata)?
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Aþ

Arijmhtik  melèth tou diwnumikoÔ kai triwnumikoÔ

upodeÐgmatoc timolìghshc gia thn perÐptwsh tou

EurwpaðkoÔ dikai¸matoc p¸lhshc

O stìqoc mac kai ed¸ eÐnai na k�noume mia arijmhtik  melèth thc sumperifor�c tou triwnumikoÔ
kai tou diwnumikoÔ upodeÐgmatoc timolìghshc gia dikai¸mata grammèna se mÐa metoq , gia thn pe-
rÐptwsh enìc EurwpaðkoÔ dikai¸matoc p¸lhshc. Ta sumper�smata sta opoÐa katal goume eÐnai
akrib¸c ta Ðdia me aut� thc Paragr�fou 7.1.8. Gia èna Eurwpaðkì dikaÐwma p¸lhshc, to triw-
numikì dèndro sugklÐnei pio gr gora kai pio omal� apì ìti to diwnumikì sthn tim  tou montèlou
Black-Scholes. Epomènwc den ja sqoli�soume peraitèrw ta sq mata kai touc pÐnakec kaj¸c ta
sumper�smata gia thn perÐptwsh enìc EurwpaðkoÔ dikai¸matoc p¸lhshc eÐnai akrib¸c Ðdia me aut�
tou EurwpaðkoÔ dikai¸matoc agor�c pou parousi�sthkan sto Kef�laio 4.

Aþ.1 Sumperifor� tou triwnumikoÔ dèndrou gia diaforeti-
kèc timèc tou λ (stajerì N)

PÐnakac Aþ.1: Timèc triwnumikoÔ dèndrou kai diafor� apì thn tim  B.S., gia di�fora λ, S0 = 50,
K = 50, r = 0.1, σ = 0.4, T = 1, N = 50. (H tim  tou diwnumikoÔ montèlou eÐnai 5.3624 kai tou
B.S eÐnai 5.4011)

Eu Put
λ T.U. Apìstash T.U. apì B.S

1.0 5.3635 0.0375
1.2 5.3919 0.0091
1.4 5.3829 0.0182
1.6 5.3724 0.0286
1.8 5.3605 0.0405
2.0 5.3471 0.0539

1.22474 5.3909 0.0101
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Aþ.2 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
apì to Black-Scholes kaj¸c metab�lletai to N kai to
λ.

(aþ) λ = 1.2 (bþ) λ = 1.22474

(gþ) λ = 1.4 (dþ) λ = 1.6

(eþ) λ = 1.8 (�þ) λ = 2
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Aþ.3 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
apì to Black-Scholes kaj¸c aux�netai to N

PÐnakac Aþ.2: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50, K = 50, r = 0.1, σ = 0.4,
T = 5/12, λ = 1.22474, N metablhtì kai apìstash aut¸n apì montèlo B.S.(H tim  tou montèlou
B.S eÐnai 4.0759)

APOSTASH APO B.S.
N D.U. T.U. D.U. T.U.
10 3,9504 4,0443 0,1256 0,0317
50 4,0506 4,0694 0,0254 0,0065
100 4,0633 4,0727 0,0127 0,0033
200 4,0696 4,0743 0,0064 0,0016
300 4,0717 4,0749 0,0042 0,0011
500 4.0734 4.0753 0,0025 0,0006

(aþ) N = 10 (bþ) N = 50

(gþ) N = 70 (dþ) N = 100

Sq ma Aþ.2: Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc apì montèlo B.S., gia S0 = 50,
K = 50, r = 0.1, σ = 0.4, T = 5/12, λ = 1.22474.
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Aþ.4 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
apì to Black-Scholes kaj¸c metab�lletai to σ

PÐnakac Aþ.3: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50, K = 50, r = 0.1, T = 5/12,
λ = 1.22474, N = 50, σ metablhtì kai apìstash aut¸n apì montèlo B.S.

APOSTASH APO B.S.
σ D.U. T.U. B.S. D.U. T.U.
0,3 2,8253 2,8394 2,8446 0,0193 0,0052
0,4 4,0506 4,0694 4,0760 0,0254 0,0065
0,5 5,2792 5,3027 5,3108 0,0316 0,0081
0,6 6,5058 6,5338 6,5430 0,0377 0,0097

(aþ) σ = 0.3 (bþ) σ = 0.4

(gþ) σ = 0.5 (dþ) σ = 0.6

Sq ma Aþ.3: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50, K = 50, r = 0.1, T = 5/12,
λ = 1.22474, N = 50, σ metablhtì kai apìstash aut¸n apì montèlo B.S.
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Aþ.5 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
apì to Black-Scholes kaj¸c metab�lletai to r

PÐnakac Aþ.4: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50,K = 50, σ = 0.4, T = 5/12,
λ = 1.22474, N = 50, r metablhtì kai apìstash aut¸n apì montèlo B.S.

APOSTASH APO B.S.
r D.U. T.U. B.S. D.U. T.U.
0,1 4,0506 4,0694 4,0706 0,0254 0,0065
0,2 3,1591 3,1775 3,1848 0,0257 0,0074
0,3 2,4221 2,4396 2,4485 0,0264 0,0089
0,4 1,8237 1,8399 1,8508 0,0271 0,0108

(aþ) r = 0.1 (bþ) r = 0.2

(gþ) r = 0.3 (dþ) r = 0.4

Sq ma Aþ.4: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50, K = 50, σ = 0.4, T = 5/12,
λ = 1.22474, N = 50, r metablhtì kai apìstash aut¸n apì montèlo B.S.
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Aþ.6 Apìstash diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
apì to Black-Scholes kaj¸c metab�lletai to T

PÐnakac Aþ.5: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50, K = 50, r = 0.1, σ = 0.4,
λ = 1.22474, N = 50, T metablhtì kai apìstash aut¸n apì montèlo B.S.

APOSTASH APO B.S.
T D.U. T.U. B.S. D.U. T.U.

3/12 3,3272 3,3419 3,3470 0,0198 0,0051
5/12 4,0506 4,0694 4,076 0,0254 0,0065
9/12 4,94 4,9649 4,9738 0,0338 0,0088

1 5,3624 5,3909 5,4011 0,0387 0,0102

(aþ) T = 3/12 (bþ) T = 5/12

(gþ) T = 9/12 (dþ) T = 1

Sq ma Aþ.5: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia S0 = 50, K = 50, r = 0.1, σ = 0.4,
λ = 1.22474, N = 50, T metablhtì, gia Eurwpaðk� dikai¸mata p¸lhshc kai apìstash aut¸n apì
montèlo B.S.
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Aþ.7 Diafor� diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc ka-
j¸c metab�lletai o arijmìc twn N periìdwn

PÐnakac Aþ.6: Timèc diwnumikoÔ kai triwnumikoÔ dèndrou, gia λ = 1 (stajerì), S0 = 50, K = 50,
r = 0.1, σ = 0.4, T = 1, N metablhtì, gia Eurwpaðk� dikai¸mata p¸lhshc.

Eu Put
N D.U. T.U. Diafor� D.U. me T.U.
10 5.2098 5.1176 0.0922
50 5.3624 5.3471 0.0152
100 5.3817 5.3743 0.0074
150 5.3882 5.3832 0.0049
300 5.3946 5.3948 0.0001
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Arijmhtik  melèth tou upodeÐgmatoc twn tess�rwn

kai pènte alm�twn gia thn perÐptwsh dikai¸matoc

p¸lhshc

O stìqoc mac kai ed¸ eÐnai na k�noume mia arijmhtik  melèth thc sumperifor�c tou upodeÐgmatoc
timolìghshc twn tess�rwn kai pènte alm�twn gia thn perÐptwsh tou European Put on Max.
Ta sumper�smata sta opoÐa katal goume eÐnai akrib¸c ta Ðdia me aut� tou kefalaÐou 7, ìpou
k�name arijmhtik  an�lush gia to European Call on Max. To upìdeigma twn pènte alm�twn (gia
λ = 1, 11803) sugklÐnei pio gr gora kai pio omal� apì ìti to upìdeigma twn tess�rwn alm�twn
sthn tim  thc mejodologÐac Monte Carlo. Epomènwc den ja sqoli�soume peraitèrw ta sq mata
kai ta graf mata, �ra den ja proboÔme se aitiolìghsh thc k�je perÐptwshc. Ta sumper�smata
eÐnai akrib¸c Ðdia me aut� tou kefalaÐou 7.

Bþ.1 Sumperifor� tou upodeÐgmatoc pènte alm�twn gia dia-
foretikèc timèc tou λ

PÐnakac Bþ.1: Timèc tou upodeÐgmatoc timolìghshc pènte alm�twn dikaiwm�twn kai diafor� apì thn
ektÐmhsh thc tim c tou dikai¸matoc me thn prosomoÐwsh Monte-Carlo gia di�fora λ. S1 = 40,
S2 = 40, K = 40, r = 0.04879, σ1 = 0.2, σ2 = 0.3, T = 7/12, N = 50, M = 1000000 ta
monop�tia thc Monte-Carlo. (H tim  tou upodeÐgmatoc tess�rwn alm�twn eÐnai 1.1333 kai h tim 
thc prosomoÐwshc Monte Carlo eÐnai 1.1416)

Eu Put On Max
λ K.R. Apìstash K.R. apì Monte Carlo

1.0 1.1333 0.0083
1.2 1.1452 0.0035
1.4 1.1437 0.0020
1.6 1.1421 0.0004
1.8 1.1403 0.0013
2.0 1.1385 0.0031

1.11803 1.1458 0.0041
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Bþ.2 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn
apì thn tim  Monte-Carlo kaj¸c metab�lletai to N
bhm�twn kai to λ).

(aþ) λ = 1.1 (bþ) λ = 1.2

(gþ) λ = 1.3 (dþ) λ = 1.4

(eþ) λ = 1.5

Sq ma Bþ.1: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
di�fora λ, S1 = 40, S2 = 40, K = 40, r = 0.04879, σ1 = 0.2, σ2 = 0.3, T = 1, M = 1000000 ta
diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo.
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Bþ.3 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn
apì thn tim  Monte-Carlo kaj¸c aux�netai to N

PÐnakac Bþ.2: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn gia λ = 1.11803.
S1 = 40, S2 = 40, K = 40, r = 0.04879, σ1 = 0.2, σ2 = 0.3 T = 7/12, M = 1000000 ta b mata
thc prosomoÐwshc Monte-Carlo, kaj¸c to N metab�lletai. (H tim  tou montèlou Monte Carlo
eÐnai 1.1416)

Eu Put On Max Apìstash B.E.G. kai K.R. apì M.C
N B.E.G. K.R. B.E.G. K.R.

10 1.0842 1.1472 0.0574 0.0055
30 1.1248 1.1456 0.0168 0.0039
50 1.1595 1.1458 0.0083 0.0041
70 1.1370 1.1459 0.0046 0.0042
100 1.1398 1.1460 0.0018 0.0043

(aþ) (bþ)

Sq ma Bþ.2: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo,
antÐstoiqa gia k�je gr�fhma, r = 0.04879, S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ1 = 0.2
σ2 = 0.3 T = 7/12, M = 1000000 ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo,
N = 50.

Bþ.4 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn
apì thn tim  Monte-Carlo kaj¸c metab�lletai to σ1

PÐnakac Bþ.3: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn kai apìstash apì thn
tim  Monte Carlo, gia di�fora σ1, S1 = 40, S2 = 40, K = 40, λ = 1.11803, T = 7/12, r = 0.1,
σ2 = 0.3 M = 1000000 ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

APOSTASH APO M.C.
σ1 B.E.G. K.R. M.C. B.E.G. K.R.

0,1 0.2703 0.2763 0.2761 0.0057 0.0002
0,2 0.8158 0.8265 0.8241 0.0083 0.0023
0,3 1.2145 1.2317 1.2171 0.0025 0.0046
0,4 1.4590 1.4763 1.4719 0.0128 0.0044

110



Par�rthma Arijmhtik  melèth

(aþ) σ1 = 0.1 (bþ) σ1 = 0.2

(gþ) σ1 = 0.3 (dþ) σ1 = 0.4

Sq ma Bþ.3: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
di�fora σ1, r = 0.1, S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ2 = 0.3 T = 7/12, M = 1000000
ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

Bþ.4.1 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn
tim  Monte-Carlo kaj¸c metab�lletai to r

PÐnakac Bþ.4: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn kai apìstash apì thn
tim  Monte Carlo, gia di�fora r, S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ1 = 0.2, σ2 = 0.3,
T = 7/12, M = 1000000 ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

APOSTASH APO M.C.
r B.E.G. K.R. M.C. B.E.G. K.R.

0,1 0.8158 0.8265 0.8241 0.0083 0.0023
0,15 0.57677 0.5855 0.5852 0.0084 0.0003
0,2 0.3967 0.4037 0.4052 0.0084 0.0014
0,3 0.1718 0.1755 0.1794 0.0075 0.0038
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(aþ) r = 0, 1 (bþ) r = 0, 15

(gþ) r = 0, 2 (dþ) r = 0, 3

Sq ma Bþ.4: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
di�fora r, S1 = 40, S2 = 40, K = 40, λ = 1.11803 σ1 = 0.2, σ2 = 0.3 T = 7/12, M = 1000000
ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

Bþ.5 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn
apì thn tim  Monte-Carlo kaj¸c aux�netai to T

PÐnakac Bþ.5: Timèc upodeÐgmatoc timolìghshc tess�rwn kai pènte alm�twn kai apìstash apì thn
tim  Monte Carlo, gia di�fora T . S1 = 40, S2 = 40, K = 40, λ = 1.11803, σ1 = 0.2, σ2 = 0.3,
r = 0.1, M = 1000000 ta diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.

APOSTASH APO M.C.
T B.E.G. K.R. M.C. B.E.G. K.R.

3/12 0.6583 0.6661 0.6638 0.0054 0.0023
5/12 0.7591 0.7685 0.76613 0.0070 0.0024
9/12 0.8487 0.8602 0.8580 0.0093 0.0022

1 0.8715 0.8840 0.88221 0.0106 0.0018
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(aþ) T = 3/12 (bþ) T = 5/12

(gþ) T = 9/12 (dþ) T = 1

Sq ma Bþ.5: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
di�fora T , S1 = 40, S2 = 40, K = 40, λ = 1.11803 σ1 = 0.2, σ2 = 0.3 r = 0.1, M = 1000000 ta
diaforetik� monop�tia thc prosomoÐwshc Monte-Carlo, N = 50.
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Bþ.6 Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn
apì thn tim  Monte-Carlo kaj¸c metab�lletai to K.

(aþ) K = 35 (bþ) K = 40

(gþ) K = 45

Sq ma Bþ.6: Apìstash upodeÐgmatoc tess�rwn kai pènte alm�twn apì thn tim  Monte Carlo, gia
S1 = 40, S2 = 40, T = 1, σ1 = 0.2, σ2 = 0.3, ρ = 0.5, r = 0.04879, M = 1000000, N = 50,
λ = 1.11803, kai K metablhtì.
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Gþ

K¸dikec

Sto par�rthma autì parajètoume ìlouc touc k¸dikec thc ergasÐac.

Gþ.1 Diwnumikì upìdeigma: Eurwpaðkì dikaÐwma agor�cTable of Contents
................................................................................................................................. 1

function [price] = BinomialEurCall(S_0,K,T,N,sigma,r)
%BinomialEurCall function calculates the fair price
%of an European call option using the binomial model for N periods.

%Inputs:
%S_0=current price of the asset i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
dt=T/N;%length of one time step
u = exp(sigma*sqrt(dt));%up jump of asset(model parameter)
d=1/u; %down jump of asset(model parameter)
p=(exp(r*dt) - d)/(u-d);%pseudo probability of upward movement
disc=exp(-r*T);%discount
tree = zeros(1 , N+1);
%Binomial table with dimantions 1,N+1 /preallocate for efficiency
%for k=0:N
% St(1,k+1)=S_0*(u^k)*(d^(N-k)) ;

%end
%for j=0:N
% tree(1,j+1)=max(0, S_0*(u^j)*(d^(N-j)) -K);

%end
for j=0:N

%binomial distribution formula
tree(j+1) = ((nchoosek(N,j)*p^j*(1-p)^(N-j))*

max(0,S_0*(u^j)*(d^(N-j))-K ))*disc ;
end
price= sum(tree)%Output: Fair price for the European call option
end

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ###### µ### µ###### spread\BinomialEurCall.m Line: 27 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Published with MATLAB® 7.8
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Gþ.2 Triwnumikì upìdeigma: Eurwpaðkì dikaÐwma agor�cTable of Contents
................................................................................................................................. 1

function [price] = TrinomialEurCall(S_0,K,T,N,sigma,r,lamda)
%TrinomialEurCall function calculates the fair price
%of an European call option using the binomial model for N periods.

%Inputs:
%S_0=current price of the asset i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
%lamda = 1.22474, stretch parameter
mi = r-0.5*sigma^2;

dt = T / N;%length of one time step
disc = exp(-r * dt);%discount
%%%%%%%%%%%%
u = exp(sigma * lamda* sqrt(dt));
%up jump of asset(model parameter)
d = 1/u;%down jump of asset(model parameter)
%%%%%%%%%%%%%%%%%%%%%%%%%
Pu=1/(2*lamda^2)+((mi*sqrt(dt))/(2*lamda*sigma));
%pseudo probability of jump u
Pd=1/(2*lamda^2)-((mi*sqrt(dt))/(2*lamda*sigma));
%pseudo probability of jump d
Pm=1 - (1/lamda^2);%pseudo probability of jump m

tree = zeros(N,N+1);%Trinomial table with dimantions N,N+1

%estimate final asset's price at time of maturity
%i corresponds to Time(N+1), j corresponds to asset_1(j+1)
for j = 0:2*N
St( N+1,j+1) = S_0*u^max(j - N, 0) * d^max(N - j, 0) ;
end

%estimate final options's price at time of maturity
for j = 0:2*N
tree( N+1,j+1) = max(0, (St( N+1,j+1) - K)) ;
end

%binomial distribution formula
for i=N-1: -1 :0
for j=0:i*2
tree(i+1,j+1) = disc*(Pu*tree(i+2,j+3) + Pm*tree(i+2,j+2)

+ Pd*tree(i+2,j+1));
end
end

price = tree(1,1)%Output: Fair price for the European call option
end

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ###### µ### µ###### spread\TrinomialEurCall.m Line: 44 Column: 59
Expression or statement is incorrect--possibly unbalanced (, {, or [.

1
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Gþ.3 Diwnumikì upìdeigma: Eurwpaðkì dikaÐwma p¸lhshcTable of Contents
................................................................................................................................. 1

function [price] = BinomialEurPut(S_0,K,T,N,sigma,r)
%BinomialEurPut function calculates the fair price
%of an European put option using the binomial model for N periods.

%Inputs:
%S_0=current price of the asset i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
dt=T/N;%length of one time step
u = exp(sigma*sqrt(dt));%up jump of asset(model parameter)
d=1/u; %down jump of asset(model parameter)
p=(exp(r*dt) - d)/(u-d);%pseudo probability of upward movement
disc=exp(-r*T);%discount
tree = zeros(1 , N+1);%Binomial table with dimantions 1,N+1
%for k=0:N
% St(1,k+1)=S_0*(u^k)*(d^(N-k)) ;

%end
%for j=0:N
% tree(1,j+1)=max(0, S_0*(u^j)*(d^(N-j)) -K);

%end
for j=0:N

%binomial distribution formula
tree(j+1) = ((nchoosek(N,j)*p^j*(1-p)^(N-j))*

max(0,K -S_0*(u^j)*(d^(N-j)) ))*disc ;
end
price= sum(tree)%Output: Fair price for the European put option
end

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ####### µ### µ###### spread\BinomialEurPut.m Line: 26 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Published with MATLAB® 7.8
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Gþ.4 Triwnumikì upìdeigma: Eurwpaðkì dikaÐwma p¸lhshcTable of Contents
................................................................................................................................. 1

function [price] = TrinomialEurPut(S_0,K,T,N,sigma,r,lamda)
%TrinomialEurPut function calculates the fair price
%of an European put option using the binomial model for N periods.

%Inputs:
%S_0=current price of the asset i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
%lamda = 1.22474, stretch parameter
mi = r-0.5*sigma^2;

dt = T / N;%length of one time step
disc = exp(-r * dt);%discount
%%%%%%%%%%%%
u = exp(sigma * lamda* sqrt(dt));
%up jump of asset(model parameter)
d = 1/u;%down jump of asset(model parameter)
%%%%%%%%%%%%%%%%%%%%%%%%%
Pu=1/(2*lamda^2)+((mi*sqrt(dt))/(2*lamda*sigma));
%pseudo probability of jump u
Pd=1/(2*lamda^2)-((mi*sqrt(dt))/(2*lamda*sigma));
%pseudo probability of jump d
Pm=1 - (1/lamda^2);%pseudo probability of jump m

tree = zeros(N,N+1);%Trinomial table with dimantions N,N+1

%estimate final asset's price at time of maturity
%i corresponds to Time(N+1), j corresponds to asset_1(j+1)
for j = 0:2*N
St( N+1,j+1) = S_0*u^max(j - N, 0) * d^max(N - j, 0) ;
end

%estimate final options's price at time of maturity
for j = 0:2*N
tree( N+1,j+1) = max(0, (K- St( N+1,j+1) )) ;
end

%binomial distribution formula
for i=N-1: -1 :0
for j=0:i*2
tree(i+1,j+1) = disc*(Pu*tree(i+2,j+3) + Pm*tree(i+2,j+2)

+ Pd*tree(i+2,j+1));
end
end

price = tree(1,1)%Output: Fair price for the European put option
end

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ####### µ### µ###### spread\TrinomialEurPut.m Line: 44 Column: 58
Expression or statement is incorrect--possibly unbalanced (, {, or [.

1

118



Par�rthma K¸dikec

Gþ.5 Montèlo Black-Scholes: Eurwpaðkì dikaÐwma agor�cTable of Contents
................................................................................................................................. 1

function[C]= BlackScholesEurCall(S_0,K,T,sigma,r)
%BlackScholesEurCall function uses Black Scholes simulation to estimate
%the fair price of European Call Options

%Inputs:
%S_0=initial price of the asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%T=time to option maturity
%sigma=volatility of the asset
%d1,d2 are model properties
d1 = (log(S_0/K) + (r + sigma^2/2)*T)/(sigma*sqrt(T));
d2 = d1 - (sigma*sqrt(T));

C = S_0*normcdf(d1) - K*(exp(-r*T)*normcdf(d2));
%Output: Fair price for the European Call option
end

Input argument "S_0" is undefined.

Error in ==> BlackScholesEurCall at 12
d1 = (log(S_0/K) + (r + sigma^2/2)*T)/(sigma*sqrt(T));

Published with MATLAB® 7.8
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Gþ.6 Montèlo Black-Scholes: Eurwpaðkì dikaÐwma p¸lhshcTable of Contents
................................................................................................................................. 1

function[P] = BlackScholesEurPut(S_0,K,T,sigma,r)
%BlackScholesEurPut function uses Black Scholes simulation
%to estimate the fair price of European Put Options

%Inputs:
%S_0=initial price of the asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%T=time to option maturity
%sigma=volatility of the asset
%d1,d2 are model properties
d1 = (log(S_0/K) + (r + sigma^2/2)*T)/(sigma*sqrt(T));
d2 = d1 - (sigma*sqrt(T));

% # ##µ# ### ## call option
P = K*(exp(-r*T)*normcdf(-d2))-S_0*normcdf(-d1)
%Output: Fair price for the European Put option
end

Input argument "S_0" is undefined.

Error in ==> BlackScholesEurPut at 12
d1 = (log(S_0/K) + (r + sigma^2/2)*T)/(sigma*sqrt(T));

Published with MATLAB® 7.8
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Gþ.7 Apìstash metaxÔ diwnumikoÔ kai triwnumikoÔ upo-
deÐgmatoc: Eurwpaðkì dikaÐwma agor�cTable of Contents

................................................................................................................................. 1

S0=50; X=50; T=1; r=0.1; sigma=0.4;
%Convergence between Binomial Model and Trinomial Model
%for an European Call option
%Inputs:
%l=1.22474, stretch parameter
%S_0=initial price of the asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T

for i=1:50
N=i;

for lamda=1.22474;

%C_1 calls BinomialEurCall function for an European call option
C_1(i)=BinomialEurCall(S_0,K,T,N,sigma,r);
C_2(i)=TrinomialEurCall(S_0,K,T,N,sigma,r,lamda);
%C_2 calls TrinomialEurCall function for an European call option

plot(C,'b-'), hold on
plot(C_1,'r-'), hold off
%Figure properties
xlabel('N')%it displays the number of steps into time T
ylabel('Converge of lamda, between binomial and trinomial model')
%it displays the deviation between binomial model
%and trinomial model

end
end

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ###### µ### µ###### spread\BinomialEurCall.m Line: 27 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Error in ==> Bino_Trino_Convergence_Eur_Call at 19
C_1(i)=BinomialEurCall(S_0,K,T,N,sigma,r);

Published with MATLAB® 7.8
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Gþ.8 Apìstash metaxÔ diwnumikoÔ kai triwnumikoÔ upo-
deÐgmatoc: Eurwpaðkì dikaÐwma p¸lhshcTable of Contents

................................................................................................................................. 1

S0=50; X=50; T=1; r=0.1; sigma=0.4;
%Convergence between Binomial Model and Trinomial Model
%for an European Call option
%Inputs:
%l=1.22474, stretch parameter
%S_0=initial price of the asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T

for i=1:50
N=i;

for lamda=1.22474;

%C_1 calls BinomialEurCall function for an European call option
P(i) =Bino_Opt_Pr_Put( S0, X, r, sigma, N, T );
P_1(i)=Trinomial_Eu_Put( S0, X, r, sigma, N, T ,lamda);
%C_2 calls TrinomialEurCall function for an European call option

plot(P,'b-'), hold on
plot(P_1,'r-'), hold off
%Figure properties
xlabel('N')%it displays the number of steps into time T
ylabel('Converge of lamda, between binomial and trinomial model')
%it displays the deviation between binomial model
%and trinomial model

end
end

Undefined function or method 'Bino_Opt_Pr_Put' for input arguments of type 'double'.

Error in ==> Bino_Trino_Convergence_Eur_Put at 19
P(i) =Bino_Opt_Pr_Put( S0, X, r, sigma, N, T );

Published with MATLAB® 7.8
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Gþ.9 SÔgklish diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
wc proc to Black-Scholes : Eurwpaðkì dikaÐwma agor�cTable of Contents

................................................................................................................................. 1

%Convergence between Binomial Model and Trinomial Model
%to Black-Scholes formula for an European Call option
S_0=50; K=50; T=1; r=0.1; sigma=0.4; lamda=1.22474;
%Inputs:
%l=1.22474, stretch parameter
%S_0=initial price of the asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
%C calls BlackScholesEurCall function for an European Call option
C = BlackScholesEurCall(S_0,K,T,sigma,r);

for i=1:50
N=i;
%C_1 calls BinomialEurCall function for an European call option
C_1(i)=BinomialEurCall(S_0,K,T,N,sigma,r);
C_2(i)=TrinomialEurCall(S_0,K,T,N,sigma,r,lamda);
%C_2 calls TrinomialEurCall function for an European call option

x= C_1-C;%deviation between binomial model and BlackScholes method
y= C_2-C;%deviation between trinomial model and BlackScholes method

plot(x,'b-'), hold on
plot(y,'r-'), hold off
%Figure properties
xlabel('N')%it displays the number of steps into time T
ylabel('deviation')%it displays the deviation between binomial model,
%trinomial model and Black Scholes method

end

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ###### µ### µ###### spread\BinomialEurCall.m Line: 27 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Error in ==> Binom_Trinom_BlackSch_Convergence_Eur_Call at 19
C_1(i)=BinomialEurCall(S_0,K,T,N,sigma,r);

Published with MATLAB® 7.8
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Gþ.10 SÔgklish diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
wc proc to Black-Scholes : Eurwpaðkì dikaÐwma p¸-
lhshcTable of Contents

................................................................................................................................. 1

%Convergence between Binomial Model and Trinomial Model to
%Black-Scholes formula for an European Put option
S_0=50; K=50; T=1; r=0.1; sigma=0.4; lamda=1.22474;
%Inputs:
%l=1.22474, stretch parameter
%S_0=initial price of the asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
%P calls BlackScholesEurPut function for an European Put option
P = BlackScholesEurPut(S_0,K,T,sigma,r);

for i=1:50
N=i;
%P_1 calls BinomialEurPut function for an European Put option
P_1(i)=BinomialEurPut(S_0,K,T,N,sigma,r);
P_2(i)=TrinomialEurPut(S_0,K,T,N,sigma,r,lamda);
%P_2 calls TrinomialEurPut function for an European Put option

x= P_1-P;%deviation between binomial model and BlackScholes method
y= P_2-P;%deviation between trinomial model and BlackScholes method

plot(x,'b-'), hold on
plot(y,'r-'), hold off
%Figure properties
xlabel('N')%it displays the number of steps into time T
ylabel('deviation')%it displays the deviation between binomial model,
%trinomial model and Black Scholes method

end

P =

5.4011

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ####### µ### µ###### spread\BinomialEurPut.m Line: 26 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Error in ==> Bino_Trino_BlackSch_Convergence_Eur_Put at 19
P_1(i)=BinomialEurPut(S_0,K,T,N,sigma,r);

Published with MATLAB® 7.8

1

124



Par�rthma K¸dikec

Gþ.11 SÔgklish diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
wc proc to Black-Scholes wc proc thn par�metro λ:
Eurwpaðkì dikaÐwma agor�cTable of Contents

................................................................................................................................. 1

clear all;
%Convergence between Binomial Model and Trinomial Model for different
%values of stretch parameter lamda for an European Call option
S_0=50; K=50; T=1; r=0.1; sigma=0.4; N=50;
%Inputs:
%l=1.22474, stretch parameter
%S_0=initial price of the asset , i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
i=1;
for lamda=1.01:0.01:2

%C calls BinomialEurCall function for an European Put option
C=BinomialEurCall(S_0,K,T,N,sigma,r);

C_1=TrinomialEurCall(S_0,K,T,N,sigma,r,lamda);
%C_1 calls TrinomialEurCall function for an European Put option

x(i)=C-C_1; %deviation between Binomial and Trinomial model
i=i+1

end

plot(1.01:0.01:2,x)
%Figure properties
xlabel('lamda values') %it displays differetn lamda values
ylabel('deviation of Binomial-Trinomial')
%displays the deviation between Binomial and Trinomial model
axis([1 2 min(x) max(x)])

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ###### µ### µ###### spread\BinomialEurCall.m Line: 27 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Error in ==> Binom_Trinom_Lamda_Convergence_Eur_Call at 17
C=BinomialEurCall(S_0,K,T,N,sigma,r);

Published with MATLAB® 7.8
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Gþ.12 SÔgklish diwnumikoÔ kai triwnumikoÔ upodeÐgmatoc
wc proc to Black-Scholes wc proc thn par�metro λ:
Eurwpaðkì dikaÐwma p¸lhshcTable of Contents

................................................................................................................................. 1

clear all;
%Convergence between Binomial Model and Trinomial Model for different
%values of stretch parameter lamda for an European Call option
S_0=50; K=50; T=1; r=0.1; sigma=0.4; N=50;
%Inputs:
%l=1.22474, stretch parameter
%S_0=initial price of the asset , i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma=volatility of the asset
%T=time to option maturity
%N=number of steps into time T
i=1;
for lamda=1.01:0.01:2

%P calls BinomialEurPut function for an European Put option
P=BinomialEurPut(S_0,K,T,N,sigma,r);

P_1=TrinomialEurPut(S_0,K,T,N,sigma,r,lamda);
%P_1 calls TrinomialEurPut function for an European Put option

x(i)=P-P_1; %deviation between Binomial and Trinomial model

i=i+1

end

plot(1.01:0.01:2,x)
%Figure properties
xlabel('lamda values') %it displays differetn lamda values
ylabel('deviation of Binomial-Trinomial')
%displays the deviation between Binomial and Trinomial model
axis([1 2 min(x) max(x)])

Error: File: C:\Users\USER\Desktop\8_9\#######\######µ### ####### µ### µ###### spread\BinomialEurPut.m Line: 26 Column: 50
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Error in ==> Bino_Trino_Lamda_Convergence_Eur_Put at 17
P=BinomialEurPut(S_0,K,T,N,sigma,r);
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Gþ.13 Upìdeigma tess�rwn alm�twn gia to European Call
On MaximumTable of Contents

................................................................................................................................. 1

function [price] = BinomialEurCallTwoVarCallOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r)
%(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r)
%BinomialEurCallTwoVar function calculates the fair price
%of an European call option using the binomial model for N periods.

%Inputs:
%S_1=current price of asset, i=1,...,N
%S_2=current price of asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma_1=volatility of asset S_1
%sigma_2=volatility of asset S_2
%T=time to option maturity
%N=number of steps into time T
%rho= correlation cefficient between assets 1&2
mi_1=r-0.5*sigma_1.^2;% drift1 of continious lognormal distribution
mi_2=r-0.5*sigma_2.^2;% drift2 of continious lognormal distribution
dt=T/N;%length of one time step
u_1 = exp(sigma_1*sqrt(dt));%up jump of asset 1(model parameter)
u_2 = exp(sigma_2*sqrt(dt));%up jump of asset 2(model parameter)
d_1=1/u_1;%down jump of asset 1(model parameter)
d_2=1/u_2;%down jump of asset 2(model parameter)
discount=exp(-r*dt);%discount
x=mi_1/sigma_1;
y=mi_2/sigma_2;
p_uu=0.25*(1+rho+sqrt(dt)*((x)+(y)));%pseudo probability of jump u_1 u_2
p_ud=0.25*(1-rho+sqrt(dt)*((x)-(y)));%pseudo probability of jump u_1 d_2
p_du=0.25*(1-rho+sqrt(dt)*((-x)+(y)));%pseudo probability of jump d_1 u_2
p_dd=0.25*(1+rho+sqrt(dt)*((-x)-(y)));%pseudo probability of jump d_1 d_2

bino_tree = zeros( N+1, N+1 , N+1); %Binomial table with dimantions
%N+1,N+1,N+1

%estimate final asset's price at time of maturity
%i corresponds to Time(N+1), j corresponds to asset_1(j+1)
%and kcorresponds to asset_2(k+1)
for j=0:N

for k=0:N
St_1(N+1 , j+1, k+1) = S_1*u_1^(j)*d_1^(N-j);
St_2(N+1 , j+1, k+1) = S_2*u_2^(k)*d_2^(N-k);
end

end

%estimate final options's price at time of maturity
for j=0:N

for k=0:N
bino_tree(N+1 , j+1, k+1)= max(max(St_1(N+1 , j+1, k+1),

St_2(N+1 , j+1, k+1))-K,0);
end

end

%binomial distribution formula
for i=N-1:-1:0
for j=0:1:i
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for k=0:1:i
bino_tree(i+1,j+1,k+1)=discount*(p_uu*bino_tree(i+2,j+2,k+2)+...

p_ud*bino_tree(i+2,j+2,k+1)+...
p_du*bino_tree(i+2,j+1,k+2)+...
p_dd*bino_tree(i+2,j+1,k+1));

end
end
end

price=bino_tree(1,1,1)%Output: Fair price for the European call option
end

Error: File: C:\Users\USER\Desktop\fakelos.m Line: 7 Column: 4
Illegal use of reserved keyword "end".

Published with MATLAB® 7.8
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function [price] = BinomialEurPutTwoVarPutOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r)
%(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r)
%BinomialEurCallTwoVar function calculates the fair price
%of an European call option using the binomial model for N periods.

%Inputs:
%S_1=current price of asset, i=1,...,N
%S_2=current price of asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma_1=volatility of asset S_1
%sigma_2=volatility of asset S_2
%T=time to option maturity
%N=number of steps into time T
%rho= correlation cefficient between assets 1&2
mi_1=r-0.5*sigma_1.^2;
% drift1 of continious lognormal distribution
mi_2=r-0.5*sigma_2.^2;
% drift2 of continious lognormal distribution
dt=T/N;%length of one time step
u_1 = exp(sigma_1*sqrt(dt));
%up jump of asset 1(model parameter)
u_2 = exp(sigma_2*sqrt(dt));
%up jump of asset 2(model parameter)
d_1=1/u_1;%down jump of asset 1(model parameter)
d_2=1/u_2;%down jump of asset 2(model parameter)
discount=exp(-r*dt);%discount
x=mi_1/sigma_1;
y=mi_2/sigma_2;
p_uu=0.25*(1+rho+sqrt(dt)*((x)+(y)));
%pseudo probability of jump u_1 u_2
p_ud=0.25*(1-rho+sqrt(dt)*((x)-(y)));
%pseudo probability of jump u_1 d_2
p_du=0.25*(1-rho+sqrt(dt)*((-x)+(y)));
%pseudo probability of jump d_1 u_2
p_dd=0.25*(1+rho+sqrt(dt)*((-x)-(y)));
%pseudo probability of jump d_1 d_2

bino_tree = zeros( N+1, N+1 , N+1);
%Binomial table with dimantions N+1,N+1,N+1

%estimate final asset's price at time of maturity
%i corresponds to Time(N+1), j corresponds to asset_1(j+1)
%and kcorresponds to asset_2(k+1)

for j=0:N
for k=0:N
St_1(N+1 , j+1, k+1) = S_1*u_1^(j)*d_1^(N-j);
St_2(N+1 , j+1, k+1) = S_2*u_2^(k)*d_2^(N-k);
end

end

%estimate final options's price at time of maturity
for j=0:N

for k=0:N
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bino_tree(N+1 , j+1, k+1)= max(K-max(St_1(N+1 , j+1, k+1),St_2(N+1 , j+1, k+1)),0);
end

end

%binomial distribution formula
for i=N-1:-1:0
for j=0:1:i
for k=0:1:i
bino_tree(i+1,j+1,k+1)=discount*(p_uu*bino_tree(i+2,j+2,k+2)+...

p_ud*bino_tree(i+2,j+2,k+1)+...
p_du*bino_tree(i+2,j+1,k+2)+...
p_dd*bino_tree(i+2,j+1,k+1));

end
end
end

price=bino_tree(1,1,1)%Output: Fair price for the European call option
end

Error: File: C:\Users\USER\Desktop\fakelos1.m Line: 2 Column: 6
Illegal use of reserved keyword "end".

Published with MATLAB® 7.8
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function [price] = TrinomialEurCallTwoVarCallOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r,l)
%(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r,l)
%TrinomialEurCallTwoVar function calculates the fair price
%of an European call option using the binomial model for N periods.

%Inputs:
%l=1.11803;
%S_1=current price of asset, i=1,...,N
%S_2=current price of asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma_1=volatility of asset S_1
%sigma_2=volatility of asset S_2
%T=time to option maturity
%N=number of steps into time T
%rho= correlation cefficient between assets 1&2
mi_1=r-0.5*sigma_1.^2;
mi_2=r-0.5*sigma_2.^2;

dt=T/N;%length of one time step
u_1 = exp(sigma_1*l*sqrt(dt));%up jump of asset 1(model parameter)
u_2 = exp(sigma_2*l*sqrt(dt));%up jump of asset 2(model parameter)
d_1=1/u_1;%down jump of asset 1(model parameter)
d_2=1/u_2;%down jump of asset 2(model parameter)
discount=exp(-r*dt);%discount

%%%%%%%%%%%%%%%%%%%%%%%%%%
x=mi_1/sigma_1;
y=mi_2/sigma_2;
p_1=0.25*((1/l^2)+(rho/l^2)+(sqrt(dt)/l)*((x)+(y)));
%pseudo probability of jump u_1 u_2
p_2=0.25*((1/l^2)-(rho/l^2)+(sqrt(dt)/l)*((x)-(y)));
%pseudo probability of jump u_1 d_2
p_3=0.25*((1/l^2)+(rho/l^2)+(sqrt(dt)/l)*((-x)-(y)));
%pseudo probability of jump d_1 d_2
p_4=0.25*((1/l^2)-(rho/l^2)+(sqrt(dt)/l)*((-x)+(y)));
%pseudo probability of jump d_1 u_2
p_5=1-(1/l^2);%no movement pseudo probability
%%%%%%%%%%%%%%%%%%%%%%%%%%
bino_tree = zeros( N, N , N); %Binomial table with dimantions N,N,N

%estimate final asset's price at time of maturity
%i corresponds to Time(N+1), j corresponds to asset_1(j+1)
%and kcorresponds to asset_2(k+1)
for j=0:2*N

for k=0:2*N
St_1(N+1,j+1,k+1) = S_1*u_1^max(j - N, 0) * d_1^max(N - j, 0);
St_2(N+1,j+1,k+1) = S_2*u_2^max(k - N, 0) * d_2^max(N - k, 0);
end

end

%estimate final options's price at time of maturity
for j=0:2*N

for k=0:2*N
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bino_tree(N+1,j+1, k+1)= max(max(St_1(N+1 , j+1, k+1),
St_2(N+1 , j+1, k+1))-K,0);

end
end

%binomial distribution formula
for i=N-1:-1:0
for j=0:2*i
for k=0:2*i
bino_tree(i+1,j+1,k+1)=discount*(p_1*bino_tree(i+2,j+3,k+3)+...

p_2*bino_tree(i+2,j+3,k+1)+...
p_3*bino_tree(i+2,j+1,k+1)+...
p_4*bino_tree(i+2,j+1,k+3)+...
p_5*bino_tree(i+2,j+2,k+2));

end
end
end

price=bino_tree(1,1,1)%Output: Fair price for the European call option
end

Error: File: C:\Users\USER\Desktop\fakelos2.m Line: 1 Column: 55
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Published with MATLAB® 7.8
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function [price] = TrinomialEurPutTwoVarPutOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r,l)
%(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r,l)
%TrinomialEurCallTwoVar function calculates the fair price
%of an European call option using the binomial model for N periods.

%Inputs:
%l=1.11803;
%S_1=current price of asset, i=1,...,N
%S_2=current price of asset, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma_1=volatility of asset S_1
%sigma_2=volatility of asset S_2
%T=time to option maturity
%N=number of steps into time T
%rho= correlation cefficient between assets 1&2
mi_1=r-0.5*sigma_1.^2;
mi_2=r-0.5*sigma_2.^2;

dt=T/N;%length of one time step
u_1 = exp(sigma_1*l*sqrt(dt));
%up jump of asset 1(model parameter)
u_2 = exp(sigma_2*l*sqrt(dt));
%up jump of asset 2(model parameter)
d_1=1/u_1;%down jump of asset 1(model parameter)
d_2=1/u_2;%down jump of asset 2(model parameter)
discount=exp(-r*dt);%discount

%%%%%%%%%%%%%%%%%%%%%%%%%%
x=mi_1/sigma_1;
y=mi_2/sigma_2;
p_1=0.25*((1/l^2)+(rho/l^2)+(sqrt(dt)/l)*((x)+(y)));
%pseudo probability of jump u_1 u_2
p_2=0.25*((1/l^2)-(rho/l^2)+(sqrt(dt)/l)*((x)-(y)));
%pseudo probability of jump u_1 d_2
p_3=0.25*((1/l^2)+(rho/l^2)+(sqrt(dt)/l)*((-x)-(y)));
%pseudo probability of jump d_1 d_2
p_4=0.25*((1/l^2)-(rho/l^2)+(sqrt(dt)/l)*((-x)+(y)));
%pseudo probability of jump d_1 u_2
p_5=1-(1/l^2);%no movement pseudo probability
%%%%%%%%%%%%%%%%%%%%%%%%%%
bino_tree = zeros( N, N , N); %Binomial table with dimantions N,N,N

%estimate final asset's price at time of maturity
%i corresponds to Time(N+1), j corresponds to asset_1(j+1) \
%and kcorresponds to asset_2(k+1)

for j=0:2*N
for k=0:2*N
St_1(N+1,j+1,k+1) = S_1*u_1^max(j - N, 0)*d_1^max(N - j, 0);
St_2(N+1,j+1,k+1) = S_2*u_2^max(k - N, 0)*d_2^max(N - k, 0);
end

end

%estimate final options's price at time of maturity
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for j=0:2*N
for k=0:2*N
bino_tree(N+1,j+1, k+1)= max(K- max(St_1(N+1 , j+1, k+1),

St_2(N+1 , j+1, k+1)),0);
end

end

%binomial distribution formula
for i=N-1:-1:0
for j=0:2*i
for k=0:2*i
bino_tree(i+1,j+1,k+1)=discount*(p_1*bino_tree(i+2,j+3,k+3)+...

p_2*bino_tree(i+2,j+3,k+1)+...
p_3*bino_tree(i+2,j+1,k+1)+...
p_4*bino_tree(i+2,j+1,k+3)+...
p_5*bino_tree(i+2,j+2,k+2));

end
end
end

price=bino_tree(1,1,1)%Output: Fair price for the European call option
end

Error: File: C:\Users\USER\Desktop\fakelos3.m Line: 3 Column: 64
Expression or statement is incorrect--possibly unbalanced (, {, or [.

Published with MATLAB® 7.8
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function [ value ] = MonteCarloEuCallOnMax(S_1 ,S_2 ,sigma_1,sigma_2,rho,T,r,M,K)
%(S_1 ,S_2 ,sigma_1,sigma_2,rho,T,r,M,K)
%MonteCarloEuCallOnMax function uses Monte Carlo simulation to estimate
%the fair price of European Call Options

%Inputs:
%S_1=initial price of asset 1, i=1,...,N
%S_2=initial price of asset 2, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%T=time to option maturity
%M=number of different paths
%sigma_1=volatility of asset 1
%sigma_2=volatility of asset 2
%rho= correlation cefficient between assets 1&2
randn('state',100);
eps1 = randn(1,M);%table with dimensions 1,M
eps2 = rho*eps1 + sqrt(1-rho^2)*randn(1,M);%table with dimensions 1,M
S1T = S_1*exp((r - 0.5*sigma_1^2)*T + sigma_1*sqrt(T)*eps1);
%current price of asset 1
S2T = S_2*exp((r - 0.5*sigma_2^2)*T + sigma_2*sqrt(T)*eps2);
%current price of asset 2
DiscPayoff = exp(-r*T)*max(max(S1T,S2T)-K, 0);%payoff of the model
SD = std(DiscPayoff);%standard deviation of the model
SE=SD/sqrt(M)%standard error of the model
value = mean(DiscPayoff)
%Output: Fair price for the European call option

end

Input argument "M" is undefined.

Error in ==> MonteCarloEuCallOnMax at 17
eps1 = randn(1,M);%table with dimensions 1,M

Published with MATLAB® 7.8
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function [ value ] = MonteCarloEuPutOnMax(S_1 ,S_2 ,sigma_1,sigma_2,rho,T,r,M,K)
%(S_1 ,S_2 ,sigma_1,sigma_2,rho,T,r,M,K)
%MonteCarloEuPutOnMax function uses Monte Carlo simulation to estimate
%the fair price of European Put Options

%Inputs:
%S_1=initial price of asset 1, i=1,...,N
%S_2=initial price of asset 2, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%T=time to option maturity
%M=number of different paths
%sigma_1=volatility of asset 1
%sigma_2=volatility of asset 2
%rho= correlation cefficient between assets 1&2
randn('state',100);
eps1 = randn(1,M);%table with dimensions 1,M
eps2 = rho*eps1 + sqrt(1-rho^2)*randn(1,M);
%table with dimensions 1,M
S1T = S_1*exp((r - 0.5*sigma_1^2)*T + sigma_1*sqrt(T)*eps1);
%current price of asset 1
S2T = S_2*exp((r - 0.5*sigma_2^2)*T + sigma_2*sqrt(T)*eps2);
%current price of asset 2
DiscPayoff = exp(-r*T)*max(K-max(S1T,S2T), 0);
%payoff of the model
SD = std(DiscPayoff)%standard deviation of the model
SE=SD/sqrt(M)%standard error of the model
value = mean(DiscPayoff)
%Output: Fair price for the European Put option

end

Input argument "M" is undefined.

Error in ==> MonteCarloEuPutOnMax at 17
eps1 = randn(1,M);%table with dimensions 1,M

Published with MATLAB® 7.8
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%Convergence between Binomial Model and Trinomial Model
%to MonteCarlo formula for an European Call option
S_1=40;S_2=40;K=35;T=7/12;
sigma_1=0.2;sigma_2=0.3;rho=0.5;
r=0.04879;l=1.11803;M=1000000;N=50;
%Inputs:
%M=number of different paths
%l=1.11803, stretch parameter
%S_1=initial price of asset 1, i=1,...,N
%S_2=initial price of asset 2, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma_1=volatility of asset 1
%sigma_2=volatility of asset 2
%T=time to option maturity
%N=number of steps into time T
%rho= correlation cefficient between assets 1&2
%C calls MonteCarloEuCallOnMax function for an European Call option
C = MonteCarloEuCallOnMax(S_1 ,S_2 ,sigma_1,sigma_2,rho,T,r,M,K);

for i=1:N
N=i;

%C_1 calls BinomialEurCallTwoVarCallOnMax function for an European call option
C_1(i)=BinomialEurCallTwoVarCallOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r);
C_2(i)=TrinomialEurCallTwoVarCallOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r,l);
%C_2 calls TrinomialEurCallTwoVarCallOnMax function for an European call option

x= (C-C_1);%deviation between binomial model and MonteCarlo method
y= (C-C_2);%deviation between trinomial model and MonteCarlo method

plot(x,'b-'), hold on
plot(y,'r-'), hold off
%Figure properties
xlabel('N')%it displays the number of steps into time T
ylabel('deviation')%it displays the deviation between binomial model,
%trinomial model and MonteCarlo method

end

SE =

0.0075

value =

9.4229
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S_1=40;S_2=40;K=40;T=1;
sigma_1=0.2;sigma_2=0.3;rho=0.5;
r=0.04879;l=1.2;M=1000000;N=50;
%Inputs:
%M=number of different paths
%l=1.11803, stretch parameter
%S_1=initial price of asset 1, i=1,...,N
%S_2=initial price of asset 2, i=1,...,N
%K=exercise price of option
%r=yearly interest rate
%sigma_1=volatility of asset 1
%sigma_2=volatility of asset 2
%T=time to option maturity
%N=number of steps into time T
%rho= correlation cefficient between assets 1&2
%P calls MonteCarloPutOnMin function for an European call option
P = MonteCarloEuPutOnMax(S_1 ,S_2 ,sigma_1,sigma_2,rho,T,r,M,K) ;

for i=1:N
N=i;

%P_1 calls BinomialEurPutTwoVarPutOnMax function for an European put option
P_1(i)=BinomialEurPutTwoVarPutOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r);
P_2(i)=TrinomialEurPutTwoVarPutOnMax(S_1,S_2,K,T,N,sigma_1,sigma_2,rho,r,l);
%P_2 calls TrinomialEurPutTwoVarPutOnMax function for an European put option

x= P_1-P;%deviation between binomial model and MonteCarlo method
y= P_2-P;%deviation between trinomial model and MonteCarlo method

plot(x,'b-'), hold on
plot(y,'r-'), hold off
%Figure properties
xlabel('N')%it displays the number of steps into time T
ylabel('deviation')%it displays the deviation between binomial model,
%trinomial model and MonteCarlo method

end

SD =

2.8068

SE =

0.0028

value =

1
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